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A class of nonlinear space-time transformations is exhibited, which forms a nonlinear realization of the Poin-
caré group. The transformations leave the expression I = x2 + f (x#/x0) invariant;f is an arbitrary function of
the ratios x#/x0. The infinitesimal generators are constructed as differential operators in the Minkowski
space. The transformations are defined only in a restricted region ¥ (the allowed region) of the Minkowski
space. By introducing auxiliary variables,the transformations can be recast in their usual linear form;this,
however,is in general possible only in a region £ (the linear region) which is different from %. The region
structure is analyzed in general and given explicitly for a special form of the function f. Among the physical
ideas suggested by the nonlinear formalism is the notion of “relativity of coincidence.” This expresses the fact
that events coincident (or having arbitrary small Minkowski separation) in one frame of reference will not be
coincident (or will have finite Minkowski separation) in a transformed frame.

1. BACKGROUND AND MOTIVATION

In some previous papers,a class of nonlinear space-
time transformations was constructed, which turned
out to be realizations of the Lorentz group (Refs. 1 and
2). These papers were quite preliminary and tentative
in character, certain results were announced without
proofs,ideas were suggested,but no organized deve-
lopment was presented. The present paper contains a
systematic exposition (with proofs) of a class of non-
linear realizations of the Poincaré group and some
suggestions concerning their relevance.

Since both the formal development and the general
goals were materially altered during the study,the
following comments may help to place this investiga-
tion in its proper context.

The initial purpose of this study was the introduction
of intrinsic limitations (presumably of a quantum
character) of space-time measurements in the theo-
retical structure. Many such attempts have been made
(Halpern and Atkinson, Ref. 3, introduce a change in
topology rather than in metric. See Ref.1 for a very
incomplete list of such efforts). The difficulty always
is that the experiments neither demand nor exclude
such modifications, while the resulting theories tend
to become cumbersome and arbitrary. However,the
results of high energy scattering do not give informa-
tion about small space~time regions (Ref. 4) in situa-
tions where enough energy is available to explore
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such regions. The participating objects appear to
fragment in various pieces (Ref.5). The resulting
picture is at least consistent with an intrinsic limit in
the measurement of space—time regions.

Another difficulty is that modifications of the space-
time structure in microscopic domains would appear
to demand a modification of the Poincaré group, while
it is yet required that for large space-time separa~
tions (note that even the notion of “large” is not really
defined in the context of the Poincaré group) the usual
invariance and causality principles are operative,
The compatibility of the confinement of such modifi-
cations and the existence of an invariance group has
been a perennial source of trouble. To investigate
this point,a particular modification of Lorentz invari-
ance was suggested (Ref.6). The basic invariant,
which replaces x2,is”?

I =x2 + f{xi/x0). (1)

Here x2? = (x9)2 — (x)2;the space-time coordinates
are x¢, u=0,1,2,3;x0 = ¢ is the time coordinate;

7 =1, 2, 3 denotes the space coordinates, f isa (so far)
arbitrary function of the ratios xi/x9,which in some
sense is supposed to express the limitations on the
measurability of space time domains. It is not a
priori obvious that the invariant (1) allows this inter-
pretation. It was shown,however,in Ref. 1 that the
transformationsleaving (1) invariant forma group. In
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general (for arbitrary f) the transformations are not
defined over all of Minkovski space X(X is the set

— o < x# < + ©) but only in an allowed region . The
forbidden or excluded region % = X — % was interpre-
tedasa domaininwhichno space-time measurements
could be carried out. The size of this domain was re-
lated to the limits of measurability. The relation be-
tween % and f was hinted at in previous studies,8 but
theprecise connectionis moreintricate; itisgiven in
this paper, Sec. 3.

The group of transformations which leaves (1) invari-
ant is isomorphic to the homogeneous Lorentz group.
Since the transformations are nonlinear,this is an
example of a (nonlinear) realization® of the Lorentz
group by means of nonlinear transformations on a
subset 2 of the Minkowski space X. Even though the
original purpose was the study of possible modifica-
tions of local space-time structure and Lorentz in-
variance, the implementation of this idea led to non-~
linear realizations of the Lorentz group. It is in this
sense that the emphasis of the investigation is shifted
from the physical implications of modified invariance
requirements to the physical significance of nonlinear
realizations of Lorentz (or Poincaré) invariant theo-
ries. (A deeper analysis might well show that these
are in fact not unrelated). This reorientation in the
direction of the physical aspects of the nonlinear re-
alizations is especially interesting since nonlinear
realizations of internal symmetry groups have been
particularly important in particle physics (Ref. 10).

For example,the chiral group SU(2) ® SU(2) does not
possess a linear three-dimensional representation;

it does possessalinear four-dimensional representa-
tionas well as anonlinear three-dimensional realiza-
tion. This suggests a direct physical role for the
three-dimensional nonlinear realization as the‘trans-
formation law for the pion field (Ref. 11). It wasnoted

by Meetz (Ref. 12) that the fundamental three-dimen-
sional nonlinear realization of the chiral group is the
set of transformations which leaves the metric of a
three- dimensional space of constant curvature invari-
ant. By combining these ideas, it is seen that in this
case a direct physical significance can be attributed
toa set of nonlinear transformations which area {non-
linear) realization of a geometrical invariance group.
Even though no such interpretation has as yet been
given for the nonlinear realizations of the Lorentz
group, the analogy is certainly suggestive. In spite of
this observation,the role (if any) of the nonlinear re-
alization is still far from clear. One of the problems
is that,to obtain an interesting (and testable) theory,
a commitment has to be made regarding a physical
interpretation of the nonlinear realizations. In order
to obtain a sensible physical interpretation, on the
other hand, the formalism must be developed suffi-
ciently to provide a framework which allows the con-
venient formulation of a variety of physical ideas.
The formalism itself imposes restrictions on the
physical interpretation.

This paper is primarily devoted to the construction of
a special class of nonlinear realization of the Lorentz
and Poincaré groups. The formalism developed can
be handled rather easily and avoids the tedious mani-
pulations of previous papers. Althoughthe development
of the formalism is the main concern here, it will be
clear throughout this paper that a specific physical
interpretation must eventually be made. The con-
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siderations in this paper are all preparations to that
end-several suggestions and hints scattered through
the paper all point in that direction.

Section 2 contains the explicit form of the nonlinear
transformations for both the Lorentz group and the
Poincaré group. The group property is demonstrated,
the explicit form of the infinitesimal generators is
given, and it is established that the commutation rules
of the infinitesimal generators are those of the Poin-
caré algebra.

The region structure,their boundaries in particular,
are analyzed in Sec.3. The relationship between the
nature of fand the character of the region is obtained

in that section. Two fairly simple choices for f are
treated in some detail.

The last section, 4, contains a number of disconnected
comments, further results, and conjectures. Perhaps
most important is the suggestion of the “relativity of
coincidence,” which asserts that coincidence becomes
a frame-dependeni notion, so that events occurring at
the same space-time point in one system would not be
coincident in a transformed system. This takes rather
careful discussion,but it appears that the formalism
allows (in fact demands) this somewhat curious nofioi.

2. THE GROUP CHARACTER OF THE NONLINEAR
TRANSFORMATIONS

A. The Homogeneous Group

The question to be discussed in this section is the
existence and character of the transformations in the
Minkowski space X,which leave I invariant,

I =x2 + f(xt/x9). ' (1)
It is sometimes useful to introduce o (x) as
ailx) = xi/x0, (2a)

o thus represents a particular combination of the
space-time coordinates. If an ordinary homogeneous
Lorentz transformation A is carried out, o’ constructs
the same combination of transformed quantities ac-
cording to

ai(Ax) = (Ax)i/(Ax)O. (2b)
The function f is thus a function of the o variables;
it will be assumed to be a real,bounded function of
these variables. Although not strictly necessary,it

will be assumed further that / depends only on the ab-
solute value of

a = Jle()]2. (2¢)

Certain regularity properties of f are also needed,
butitisnotnecessarytoassumethat /' is everywhere
continuous. For physical applications,a form of f
where the limits of f(a) as |a| — 1 from above

(la] > 1) and velow ([a] < 1) are different is particu-
larly interesting. Such functions are included in the
class considered.

With these general stipulations for the function f,
consider the transformations13 @(A):

Q(A):x"# = (ALx")R(x|A) = (Ax)"R(x|A), (3a)

R2x|A) =1+ = [(flelx) — /@)
X

_ A fxPy f(Ax)E 3
=1+ = [f(x()) f((Ax)Oﬂ' (3b)
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The transformation @(A) is formally similar to a
scale transformation;the scaling factor R depends on
both x and A as (3b) shows. It follows from the as-
sumed boundedness of f that R2,as given by (3b),
could be singular only on the light cone where x2 = 0.
It is easy to show that if f possesses a finite deriva~
tive at a = 1,the expression for R2 is finite on the
light cone. Inthe more general case, that /(¢) posses-
ses finite discontinuities at || = 1 (with finite but
different right and left derivatives at |a| = 1),R? is
again finite on the light cone. Thus with the restric-
tions imposed on f the radical R is everywhere non-
singular. The transformations (3) form a group, which
leaves I invariant. The proof of the invariance of I is
straightforward. (3a) shows immediately that

x'i/x'0 = (Ax)i/(Ax)O. (4a)
Constructing x2 = &, X' #x'V from (3a) gives

)2 = x2%1 + ﬁ {f(i—i)) —f(i:ioﬂ } (4b)

Here (3b) and (4a) have been used. (4b) expresses the
invariance of I.

To show that the transformations @ form a group, it
is only necessary to verify the group postulates;just
the closure property needs some discussion. Let x
be subjected to two successive transformations: Q(A )
takes x# — x%, @Q(A,) takes x’'# — x”¢, Then applica-
tion of (3a) yields

X" = (A4, AYx R(x|A DR | A,) (5)

Substituting (3b) in the expressions for R and recog-
nizing that

x"/x"0 = (AgA1x)i/(AyA 1 x)0 (6)
leads to the important relation
R(x [AyA) =R(x | AR@E' | Ay). (7

Combining (7) and (5) and using the properties of
the Lorentz matrices gives

Q(AzAl) =Q(A2)Q(A1)- (8)
(8) shows that the transformations @(A) do indeed
provide a realization of the Lorentz group.

There is a standard procedure of constructing the in-
finitesimal generators of nonlinear coordinate trans-
formations. Let the transformations in an » dimen-
sional space x, - - - x, be given by

C=Fixy e x, Ay e AL (9a)

(A -++ 1) are parameters of the transformation;then
the infinitesimal generators are the operators

M, = 5 oF; i K=1
K_i___l aAK )\:oa—xi—, = e 8. (gb)
Applying this prescription to the transformation (3)
yields after some calculation
) 0

M, =M,” — (1/2x2)(M,, f)D (10)
In (10) the M “:) are the usual infinitesimal generators
of the homogeneous Lorentz group:

0) 0 d
M =x ——x .
H Voaxe T F axv

D is the dilatation operator:

(11a)

D= xi—a— + xo—a— .

axt ox0

The straightforward calculation of the commutators

of M, and M,, shows that the commutation rules of
the M have the same structure as those of M 5‘3) , S0
that the Lie algebra of the operators M, is the same

as that of the M (the Lorentz generators).

The arguments just presented establish the group
character of the transformations Q(A) [Eq. (3)]. 1t is,
however, clear from the square root structure[in (3b)]
that there may well be points x and transformations
A such that R?(x|A) is negative. In that case,x’# is
imaginary. Since the x# refer to space-time points
(they are either directly observable as in classical
theory or they label field operators), it is a reasonable
requirement that they should be real. Consequently,
the definition of the transformations must be restrict-
ed to those space-time points which will yield real
images. Formulated more precisely,define § as that
subset of Minkovski space such that R2(x | A) is non-
negative for all A:

={x#:R2(x| A) 2 0 VA}. (12)

The excluded or forbidden region is , which is that
subset of X where R2(x|A) is negative for some A.
The transformation @ is thus restricted to ¥ ; it,
however, needs to be shown that the restriction of @
to % does not destroy the group structure. In particu-
lar, it needs to be shown that if x € A, x' € Y VA.

To see this, consider Eq. (7). If x ¢ 9,R(x|A,A ;) and
R(x|A,) are both real for all A; and A,. It follows
from (7) that R(x'|A,) is real for all A and all A,,.
Since x’ is the image of x under Q(A,), it is seen that
R(x'|A,) is real for all A,, hence x’ € . It can be
shown similarly that if x ranges over all of 9, so does
the image x’.

(11b)

It is possible to introduce auxiliary variables £* so
that the transformations @ (A) reassume their linear
form. Define the transformationl4 U:x — ¢:

gn = xbV1 + fla(x))/x2.
(13) is so designed that

£2=x2 + fla(x)) =1. (14)
(13) can be easily inverted (U~ takes & — x):

xb = £Vl — fla(t))/ 2.
It can be established by direct calculation that if Q(A)
takes x — x’ the corresponding transformation from
¢ — £’ is just the Lorentz transformation A. It should
be noted that [in contrast to @(A)] the transformation
U can be singular. Further, the transformation U is
defined in a subset £ of the Minkovski space (the
“linearizable” region). As (13) shows

£ ={x1+ fla(x))/x2 = O} (15)

The collection of real ¢# values obtained via (13a)
will be called the set =. In general this set does not
contain all £+ values (— © < £ < + «), E is the
(real) image of X under U. The region structure will

be discussed in more detail in Sec. 3.

(13a)

(10v)

It is finally interesting to see that if A is a pure
space rotation [so that (Ax)0 = x0, Ay = 7], the last
two terms in R2[in (3b)] cancel, so that the trans-
formations @ become linear again. This is a common
feature of the nonlinear realizations in particle
physics; when restricted to a subgroup, the nonlinear
realizations become linear again.
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B. The Inhomogeneous Transformations

It is also possible to construct a set of nonlinear
transformations Q(A, a), which are related to the
Poincaré group in the same way that the transforma-
tions Q(A) are related to the Lorentz group. (a is a
4-vector a*, characterizing a translation). The
transformations @(A, «) have the property that, as
f— 0, @ reduces to (A, a), while (A, a) becomes Q(A)
when a = 0. @ is given by

Q:x¥ - x'¥ = (SExV)R(x|S), (16)
with
Skxv = Alxv + A(x)ak, (167a)
p}
AR =/, (16'b)
x2 + f

R2(x|S) =1 + if<-’f> _ (_—1— f((i’i> (16'c)

x2 7 \x0 Sx)2 " \(Sx)0
The basic result is that the transformations (15) with
the definitions (16) form a group, leaving K(x, y)
invariant:
K(x,y) = [xA™1(x) — yA71(y)]2. am
The proofs are given by verifying the group postulates

“and by calculating K(x’, ¥’). The derivation becomes
a routine manipulation once it is recognized that

A(x') = R(x|S)A(x),
R(x|S))R(x"|S,) = R(x|S,S,)
[%’ is defined by (15)].
For example, 15 the invariance of K is shown by the

following chain of equalities in which (18a) and (15)
figure most prominently:

K(x',y") = [*A™Y(x") —y'A71(y")]2

=[(Sx)A™1(x) — (Sy)A~1(3))2

={[A(®) + @aAJA7L(x) — [A(y) + aA()]ATI()}2

=K(x,¥). (19)
(18b) is particularly useful for establishing that two
successive transformations, Q(A;a,) takes x - x’,
QA 2az) takes x’ — x”, can be replaced by a single
transformation from x — x”, so that

Q(AgAy, Ayay + a,) = Q(Aya,)R(A aq). (20)

This relationship shows that the transformations (15)
form a realization of the Poincaré group. The basic
identities (18) facilitate the manipulations involveq;

they themselves are obtained by substitution of the
appropriate formula.

(18a)
(18b)

The form of @, shows that if A is picked as the
identity Lorentz transformation, S does not reduce to
a translation. The resulting transformation will be
called a pseudotranslation T

Txt =xVF+ agtA.

Since A depends on x [Eq. 16'b)], (21) is not just a
translation; it represents a distortion of the space as
well. The pseudotranslations form an Abelian sub-
group, as (20) shows.

(21)

The infinitesimal generators can be obtained follow-
ing the method outlined in connection with the homo-
geneous group (9). The calculations get a little longer,
but present no difficulty. In addition to the generators
M, [Eq. (10)], there are now the four generators of
the pseudotranslations P;:
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p=Lfaol + L 24 )
t axh  AZ(x) px

The P, are obviously distinct from (1/i)8/ox4 With
the explicit operator forms of P, and M, , the various
commutation relations may be o%tained by explicit
calculation. This shows that the algebra of the gen-
erators M and P [of the transformations (15)] is
precisely the Poincaré algebra,l® so that the trans-
formations (15) are a nonlinear realization of the
Poincaré group.

(22)

3. THE REGION STRUCTURE

For the eventual physical utilization of the nonlinear
realizations, a knowledge of the characteristics of the
regions in which they are defined is essential. The
linearizable region £, defined by (15), is obviously
bounded by a surface B, given by

22 + fla(x)) =1=0. (23)

The boundary is invariant under the nonlinear (homo-
geneous) transformations; its precise nature depends
on the character of f. If fis continuous and satisfies

[1/(1 — a?)}f(@) <0 Va, (24)

the surface B, is a closed surface enclosing the
origin. (o is written frequently instead of «i.) To
prove this statement, write (23) in terms of the «a
variables; this gives

(x0)2 = fla)/(1 — a?).
If the condition (24) is satisfied, (25) will yield two
finite real roots for x0 for each value of a. Since a
fixed @ corresponds to a ray through the origin in
the Minkovski space (xt = oix9), this states that each
ray through the origin intersects the surface B, in
two real points. This, together with continuity,
implies that the surface is closed and encloses the
origin. The equation for B‘C can be written in the
suggestive form

(x0)2 + (x)2 = —[(1 + a2)/(1 — a?)|fla).

(25)

(26)

A. Boundaries

The allowed region A was defined by (12); the deter-
mination of its boundary is a little less direct than
that of £. Define the (real) numbers M and m by

M = sup fla(x)), (27a)
£2>0

m = inf fla(x)). (27b)
¥<0

M and m are finite by virtue of the conditions imposed

on f. If fis assumed to depend on just the absolute

value of @, M and m are given by

M = sup fla), (28a)
lal<1
m = |irixf1 Aa). (28b)
The surfaces which form the boundary of % are
x2 + fla(x)) =M, x2>0, (29a)
x2 + fla(x)) =m, x2<0, (29b)

To derive this result, one observes first that the set
of points defined by

x2>0, (30a)

x2 + fla(x)) > M (30b)
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all lie in %, for consider the expression for R2(x|A)
for such points,

R2(x|A) = x72{x2 + fla(x)) — fla(A(x))}
> x72{M — fa(Ax))} > 0. (31)

The first inequality, in (31), follows from (30b) and the
positive character of x2; the second inequality follows
from the definition of M. Thus R2(x{A) > 0 for all
points defined by (30); hence, they all lie in9(.

On the other hand the points for which x2 > 0 and

x2 + fla(x)) =M — €, € > 0,lie inA. To see this,
note that for such pomts
R2(x|A) = x~2{M — € — fla(A(x))}. (32)

As A runs through all Lorentz transformations A,

a assumes all its values. so that there will be a A,
for which fla(A(x))) equals M. For this Ay, R2(x|A,)
will be negative; hence x belongs to %, The proof of
(29b) proceeds in the identical manner. It is very in-
teresting to observe that if f is assumed to be con-
tinuous and the condition (24) is satisfied (i.e., the
boundary surface B, encloses the origin), the bounds
m =M = 0. This, in turn, means by (20) and (23) that
the regions £ and % are identical. Consider for sim-
plicity the case where f depends on one variable o.
Then (24) shows that

flay <0 for la| <1, (33a)
fla)y >0 for |al| > 1, (33b)

If /is continuous, one must have /(1) = 0. But now it
follows from (28) that M = sup, ., fla) = 0 and

lai>1(@) = 0.

This result requires bo!//i the continuity of f and the
condition (24). A semi-intuitive justification for (24)
will emerge from a further consideration of the
pseudotranslations.

m = inf

B. Pseudotranslations

The pseudotranslations were defined by Q(1, T):

xH - x'h = (TX)ER(x | T), (34a)
with

T 5k = xb+ grA (34b)

R2(x|T) =1+ x72f(a(x)) — (Tx)2f(a(Tx)). (34c)

The reality requirements restrict the translations to
the region

U ={x; R2(x| T) >0 VT}. (35)

However, yet another condition has to be satisfied, for
A(x) has also to be real to yield real translations. By
(16b) this yields

1+ x72f = 0. (36)

(36) combined with (15) shows that a necessary con-
dition for a translation to exist is that x € £; the point
must lie in the “linearizable region.” This is not
sufficient, for (35) must be satisfied as well to guar-
antee the possibility of a real translation. Call the
set where both (36) and (35) are satisfied ¥ ,; then

the following important result can be obtained: Letl?
a and b be two points in % ,, with an invariant distance
K(a, b) given by (17); then there exists a unique
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pseudotranslation T(g), which takes a > a’, b - b/,
in such a way that
K(b, a) = K(b’, a") = I(b"). (37)

The first equality is obvious from (19); the second is
the main result;/ is the one point invariant (1).

Proof: Consider (34b) for a sequence of real
values of ¢*; by assumption ¢ and b will have real
images under (1, 7). Using (18a), one has for a
general value of ¢

a'vA~Ya') = (a* + ¢*A)R(a | T)[R-1(a | T)A~1(a)]

=atA a) + g-.  (38a)
Since ¢ is real and a € U ;, A 1(a) is real.18 Hence
one can find a real number qo, such that

—qh =a"A" ). (38b)

Study the translation defined by qg given by (38). It
follows directly from (38a) and (38b) that for that .
translation a'*A~1(a’) = 0, so that
_1(0/) _ b/pA—l(b/)]Z

= (b2 + f(b'/b0).  (39)

K(b',a') = [aA

This appears to prove (37). However, a certain
amount of care must be exercised since the trans-
formation @(1, g,) has certain singular features.

Con51der a sequence of numbers q which converges
to — ‘10 given by (38b). Then qn defmes a translation.
Define further

eh =a" + qhAa). (40)

If q approaches q “A—l(a) then €, approaches
zero. Conversely, a given e defines q,,. Usmg a
sequence of translations, parametnzed by qn(or €,)
yields a sequence of translated points, x’” starting
from any given point x*. (The point x is distinct from
a.) The explicit form for x," can easily be written
down using (34), and the limit as €, — 0 can be taken.
This will give the translated point for the particular
pseudotranslation characterized by qo The result is

R
Vi et — (s~ a8 Tarca).

The result is independent of the manner in which the
limit €, =0 (or g — ¢f) is taken. If x does not lie on
the light cone, this is a finite well-defined expression.
Consequently, the pseudotranslation T(q,) translates
every point in 9% ; to a finite new, unambiguous point.
If the same procedure is repeated for the point a
itself, it is found that a, [which is the point a trans-
lated by T'(g,)] is again well deﬁned and unambiguous.
Taking the limit ¢, — 0 or q ——>q | (or € — 0), re-
quires the evaluatlon of the quadruple limit

a'f= lim J%), (42)

) € €

€2 = (€9)2 — (€)2. (427)

Inspection of this limit shows that it is no/ independ-
ent of the manner in which the limit is carried out.
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For example, if the limit is performed keeping €i/€0
= ot fixed and finite, the result is

a't = V= [(@"2/(1 — a2 f(a) (432)

a'0 =V—[1/(1 — a2)[f(a) (43b)
[It might be noticed that the condition (24) imposed on
f guarantees that a’? and a'0 are real.]

On the other hand, the limit could be defined by stipu-
lating that a’(V is defined by taking the limit (¥ -0
first, keeping €(2), ¢(® (O finite, while a’® is obtain-
ed by taking the limit (2 — 0, first, keeping ¢ (D, €(3),
€ (O finite, etc. With this definition of the limiting
process, a’¥ = 0. In any case a particular assignment
of the limiting process has to be made; the trans-
formation formulas themselves do not define a’#.

The choice made is to define a’# as the limit obtained
by letting e# — 0 first, keeping e¥(v = y) finite. With
this choice, the translation maps all points in % 4, to
finite points, a’ is the new origin in the sense that
K(b’, a') = I(a"); the coordinates a’#of @’ are (0,0, 0, 0).
This choice means that the region in which the trans-
formations are defined is the set % plus the point
(0,0,0,0).

C. Two Examplesl?

These general considerations can be illustrated by
the use of some examples. It is simplest to work in

X
#-)(i- ais)=0
ﬂ -
=L

E g

ug

FIG.1. The region structure for
=—([1—-a%/(1+a?).

X et
(""“) (" 'llll) =t
A

e gt

- =i

U

~

f=t

FIG.2. The region structure for
f=+@0Q-a2)/1+a?),
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two dimensions (x9, x’) = (¢, x). Consider first

fla) =— (1 —a?)/(1 + a?) =— (12 — x2)/(12 + x2),

(44)
This choice for f clearly satisfies (24); f is also con-
tinuous. Examination of (44) shows thatm =M = 0.
Consequently, £ = A,

The boundary of % is given by I = 0, or
I=(2—-x2)[1—1/(2+ x2)] =0. (45)

Thus the boundary curve is the unit circle with the
light cone attached (see Fig.1). The allowed region
% is the outside of the unit circle plus the origin; the
forbidden region ¥ is its interior. The quantity A for
this case becomes

A =VI—1/(Z + 9. (46)

Clearly, A is real for (x, {) outside the unit circle.
Furthermore, R2(x |S) can be written using (44) and
(16¢) as

R2(x|S) = 1 — 1/(2 + x2) + 1/[(S)2 + (Sx)2]. (47)
This form of R2 shows immediately that when

12+ x2>1, R2(x|S)>0 VS. 47
The expression (18b) can be usedto show that if xlies
outside the unit circle, so does x’, for

R2(x|S;)R2(x'|S,) = R2(x|S,S,). (18b)
If x lies outside the unit circle, R2(x|S,) and
R2(x|S,S,) are, by (47a), both positive for all S, and
S,; hence R2(x’|S,) is likewise positive for all x’ and
S,. Thus in this case the allowed region %, the
linearizable region £, the region where A is real, and
the region %A, (the region where translations are
defined) are all the same; they are all the exterior of
the unit circle. It is also simple to introduce the
auxiliary variables £* defined by (13a). Specialized
to the present case, the transformation formulas
become (£0 =71, &' = &)

{t2 2 2 2
U: g:x _t_‘_*__.i—l, U"l: ng .T__j-._é.;l
£2 + x2 T2 + §2
2 2 _ 2 2
r=g 2 E 21 PR Sl
(2 + x2 72 + £2
(48)

All points outside (the open region) the unit circle in
X have a unique image in =; the mapping is one to one
with a unique inverse. However, the origin in E is
excluded. If one considers as 9 all the points outside
and including the unit circle (the closed region), (48)
maps 9 into all of = including the origin; however, in
that case, the whole unit circle maps into the origin;
the mapping is not one to one; the inverse mapping is
not unique. So either the mapping U from X — = is
not one to one, or = is a Minkovski space with the
origin deleted.

The apparently very similar case

Aa)y =1 —a2)/1 + a) = (2 —x2)/(t2 + x2)  (49)
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can be discussed in the same way; the very different
results are just recorded. The linearizable region £
is now all of X {1 +[1/(t2— x2)][(12 — x2)/(t2 + x2)]
is always positive}. The region A is bounded by the
curves

(12 — x2)[1 + 1/(2 + x2)] = (50)
(see Fig. 2). The boundary is not a closed curve
surrounding the origin as was to be expected, since
the condition (24) is not satisfied.

4. FURTHER RESULTS, REMARKS
A. The Relativity of Coincidence

One of the interesting and unusual ideas which
emerges from the nonlinear realizations (from the
pseudotranslations in particular) deals with the coinci-
dence notion. In the first example of Sec. 3C, the set
Ais x2 + {2 = 1, to which is added the single point
(x=0,t=0),o0r

A={xt;x=0t=0+ (x2 + £2) = 1}. (51)
The origin is surrounded by the unit circle x2 + ¢2
< 1, which does not belong to 9. However, by the
theorem proven in Sec. 3, one can pick any point ¢ in
A as origin. What happens to the points in the neigh-
borhood of ¢ and arbitrarily near a (in Euclidean or
Minkowski sense) after the pseudotranslation has
been carried out? To investigate this, consider, for f
given by (44), the extremely simple case of two points
a and b in A located on the x axis. It can easily be
checked that, if a pseudotranslation is carried out
with ¢ = 0, ¢’ = 0, points on the x axisare translated
to points which lie on the real axis. Furthermore, the
translation is everywhere defined. Thus the calcula-
tion to be presented will transform ¢ to ¢’ which will
be the new origin a’ = (0,0). Written out in the case
to be considered is the translation of the points
a=(a% a’) = (0,a) and b = (b9, b’) = (0, b). Since a
and b he in%, a > 1,b > 1. However, the Euclidean
distance d (5 @) = b — a can be arbitrarily small (or
Zero). The invariant distance is (17)

Kp: =— (Vb2 —1 — a2 — 1)2 (52)
Evidently, as b approaches a, K;; can become arbit-
rarily small;if b >> 1 and a >> 1
(5,a)1?,

Kgz ——[dg (53)

as would be expected.

If now a translation is made, K;; must remain 1nvar1-
ant; however, the Euclidean dlstance dg (b,a")=b"—a
should always remain larger than 1, for b'ek, @ is
the origin, and % contains apart from the orlgm only
points outside the unit circle. To see how this comes
about, start by finding the pseudotranslation taking g
to the origin. This, by (38b), is given by

q61) —_ — ‘/az —_ 1,

af® = —o.

(54a)

(54b)

/:: - 1), (552)

This gives, using (34b),
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(Tyb)’ = b(1 — 1), (55b)
”5"(;2:1 (55¢)

Since both ¢ and b lie in 9%, X is real.

The calculation of R2(b|T,) according to (34c) yields

R2(b[Tg) =1 572 + b=2(1 — )2, (56)
From (55) and (56) and (34a) the coordinates of b’

can be found as

(b)) = b1 — )1 — b=2 + b-2(1 — r)~2, (57a)

by = 0. (57b)
Since g is mapped in a’ = (0, 0), the Euclidean dis-
tance between ¢’ and b’ is just

dE(b',a’) =1+ (b2 — 1)(1 = 1)2 (58)
Since b > 1, (b2 — 1)(1 — )2 is always positive;hence
dE(b’, a’) = 1. The Euclidean distance in the trans-
formed frame is therefore always larger than 1, as
required, no matter how close b and ¢ are. The in-
variant distance should, of course, be the same as a
calculation of K(b’, a’), using (57a), verifies. The situ-
ation can perhaps be made clearer by considering a
sequence of points 5, on the real axis converging to a:

= (1/2%b + [(2* — 1)/27]a. (59)

Clearly, b, = b, while lim __,, b, = a. Under the
pseudotranslation described, each b, maps into &/,
which has a Euclidean distance from a’, the origin
given by

(dE(B), a")) = V1 + (b2 — 1)(1 —1,)2, (60a)

A, = V(a2 — 1)/(b2 —1). (60b)

In the limit as » — ©, we have b, - a, A, — 1, so that

lim g% (b, a’) = 1. (60c)
n—o0
Hence, the limit of a sequence converging to ¢ will in
the new frame approach the unit circle around the
origin. This demonstrates the result announced that
events having an arbitrary small Euclidean or Minko-
vski separation (or coincident events) will appear
with a finite Minkovski separation (or no longer coin-
cident) in a transformed frame.

B. Remarks

The following remarks may help to round out the dis-
cussion and point to a number of questions.

(i) It was demonstrated in the first example of Sec. 3C
that in the = space the transformations Q assume
their linear forms. Since there are simple connection
formulas between the x and £ variables, why should
one not just work in the = space and forget the X
space ? It was pointed out that the mapping from

X — E is not one to one if the unit circle in X is
included. If the unit circle in X is not included, the
origin in = must be deleted. The crucial point is
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really the physical significance which must be attri-
buted to the x and £ variables. If the x variables in X
are observable and if two distinct points on the unit
circle X correspond to distinct physical situations, the
mapping U from X — = obliterates this distinction and
the physical difference in question cannot be express-
ed in the = space. If, however, the x variables are not
observable, or if no measurement can as a matter of
principle reveal a physical difference between points
on the unit circle, the mapping to =, which takes the
unit circle to the origin, does not destroy any physical
distinctions. In fact, the transformation from X — =
then maps all physical indistinguishable points in X
to a single point in = which is highly appropriate.

Although phrased in terms of the first example, the
remarks made are of more general validity. For, if
one insists that the “physical points” in X shall be in
9 and shall allow translations as well, (36) shows that
these points are necessarily in the region £, so that
the transformations can be recast in their linear
form. If further f is continuous and (24) is satisfied,
the situation is exactly as just described. The equi-
valence or lack of it depends then on the observability
of the variables and the different restrictions this
imposes. Consider, for example, the equation giving
the eigenvalues of the total momentum operator in X;

— g PuPyu(x) = m2u(x). (61)

This equation when transformed to the = space is just

o 23
agK pEv
(m is a constant).

u(€) = —m?2u(§) (62)

g

The distinction in the X and = description now can
enter through the different boundary conditions which
can be imposed on equations. If this is done—for
physical reasons—the X and = descriptions will not
be mere transcriptions of each other.

Of course, the formalism developed is much broader
than that. If one does not require that all points shall
be capable of translation, or if fis not continuous,

other differences not on an interpretive level appear
between X and = spaces.

(ii) It is interesting to note that if the x# are inter-
preted as position variables, and if the nonlinear
realizations are appropriate for the physical descrip-
tion, this framework suggests two distinct notions of
momenta. One is the generator of the translations
given explicitly by (22); the other is the quantity con-
Jugate to the variable x [the operator (1/i)3/9x]. The
belief that high energy scattering probes small space-
time regions rests on the identification of the physical
momentum with the canonical momentum [p = (1/7)
8/9x). Only then does the usual relation between
small distances and large momenta emerge via
Fourier transforms. If, on the other hand, the physi-
cal momenta are more properly identified with the
generators of the translations [P in (22)), the high
momentum behavior would not be so directly corre-
lated with thHe small distance behavior.

(iii) It was noted in remark (i) that the decision of
what quantities are observable is crucial for the
physical interpretation. As written, the impression
might be created that the variables are necessarily
positional variables. This, however, need not be the
case at all; it would be perfectly possible to carry
through the construction of the nonlinear realization
in a space where the underlying variables are
momentum variables. It would, therefore, appear
premature to reject the nonlinear realizations on the
grounds that they place undue emphasis on the posi-
tion variables.

(iv) There is always some subtlety in deciding just
what features of an invariance group should have
physical significance. Stated differently, is the
physics containedin the invariants, the abstract group,
the representations, the realizations? The experience
with internal symmetry groups indicates that the
dimensions of the irreducible representations have
a direct physical meaning. The eigenvalues of the
Casimir operators of the Poincaré group determine
masses and spins. It would be most intriguing if any
meaningful physical characteristics could be associ-
ated with nonlinear realizations.
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It is shown that in the exceptional case of a Lagrangian system, where the highest derivative of a generalized
coordinate cannot be expressed in terms of the lower derivatives and the generalized momenta, the procedure
to adopt in setting up the Hamiltonian formalism for the system (and consequently the quantization of the system)
is to pass to an equivalent Lagrangian which does not have this defect and to use this rather than the original

Lagrangian.
1. INTRODUCTION

In recent years intermittent contributions have
appeared in the literature concerning the treatment
of systems describable in terms of Lagrangians,
which depend on time derivatives of the generalized
coordinate(s) higher than the first.1 As has been
pointed out in Ref. 2, some of these contributions—
those dealing with the setting up of the generalized
Hamilton—-Jacobi theory for such systems—suffer
from the drawback that the authors apparently were
not aware of the classic work of Ostrogradsky on this
subject.3 This work shows that in all but one case it
is possible to establish a unique consistent Hamilton-
ian formalism and, consequently, following the usual
prescription, a unique quantum theory of such
systems.

Clearly the case when the Ostrogradsky approach
appears to fail is of some interest, and not long ago
a particular instance of this case was focussed on
by Hayes.4 The exceptional case in question is that
which occurs when in setting up the Hamiltonian
formalism one is unable to eliminate the highest
derivative(s) of the generalized coordinate(s) in
terms of lower derivatives and momenta. Hayes'
solution to this difficulty is to eliminate the highest
derivative using the equations of motion, but this is
a highly questionable procedure since if it is applied
equally to all terms, the Hamiltonian reduces to a
quantity which is altogether independent of generaliz-
ed coordinates and momenta. Actually what Hayes'
prescription amounts to in practice is the replace-
ment of a Hamiltonian of the form

H(g, p) = (p2/2m) + V(q) 1.1)

by a Hamiltonian

H(q, qq; b, py) = (p2/m) + (p3/m) + V(q) + 2Vlgy), )
(1.2

where the ¢, and p; are a new pair of canonically
conjugate variables independent of ¢ and p. Clearly,
(1. 2) is a Hamiltonian which yields the same equa-
tions of motion for ¢ as does (1. 1); but it is only one
of an infinity of such and, besides, added degrees of
freedom have been introduced which lead to degener-
acy when the system is quantized.

Initially, this is a disquieting prospect since it re-
duces the traditional quantum mechanical results for
systems such as the harmonic oscillator and the
hydrogen atom to merely one of an infinity of possible
results. However, on closer inspection, one learns
that the difficulty of the exceptional Ostrogradsky
case, on which all this ambiguity rests, is not a real
difficulty at all. We shall show that the correct pro-
cedure in such cases is to change from the original

Lagrangian to an equivalent one which does not give
rise to the exceptional case and then to use this
Lagrangian for setting up the Hamiltonian formalism
and the consequent quantization procedure.

In Sec. 2 we summarize briefly the Ostrogradsky
method and Hayes' instance of an exceptional case
where the method breaks down. In Sec. 3 we show
that in all instances of the exceptional case, one
can define an alternative equivalent Lagrangian
which does not give rise to this case and that using
this Lagrangian the Hamiltonian formalism and
the quantization procedure is unique.

2, THE OSTROGRADSKY METHOD AND AN
EXCEPTIONAL CASE

For simplicity we consider first a system des-
cribed by one generalized coordinate x since the
generalization of what follows to systems described
by arbitrary numbers of generalized coordinates is
quite straightforward, as we show briefly in the end.
Given then a system described by a Lagrangian

L = L(l, x,Dx, D2x,...,D"x), (2.1)
where D = d/d(, we obtain the Euler-Lagrange equa-
tion of motion

2
oL d oL +d oL

ox  dl a(Dx)  diz 3(D2%x)
+ (=)

N
dir 3(D"x)

(2. 2)

In order to cast this equation in Hamiltonian form, we
write

q;=D¥"1x, p,=08L/8DW), i=1,2,...,u, (2.3)
where
oL _oL_d oL , d2 oL _
8y 6y dt 3(Dy) di2 5(D2y)
Pt 2L g g
dir 3(Dny)
and define

H=pqgy+ pogq +--- t P4, + p,D*x—L, (2.5)
where H is supposed to be a function of l,q,,and p,,
the quantity D=y being eliminated by use of the equa-

tion p, = 9L/3(D"q). It then follows3 that

_oH

oH
CI,. e EE’ =y

b=— 5[17 (2. 6)
and so the equation of motion (2. 2) hasbeen expressed
in Hamiltonian form. Quantization of the system can

now be carried out in the usual way.
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The exception to the above discussion occurs when
D*x cannot be eliminated using the equation b=

0 L/6(D*x). We illustrate this situation by reference
to the example considered by Hayes.4 Here the
Lagrangian is given by

L = —3mxD2x — V(x), 2.7
from which we obtain the equation of motion
oV
mx + Frae 0. (2. 8)

The quantities ¢; and p; defined in Eq. (2. 3) are in this
case
ql = X,

9 = Dx, Pz = _.%7,”(’

(2.9)

by = sinDx,
the Hamiltonian is

H = pigy +p,D2x + smq D2x + Vig,) (2. 10)

and, as we see, we are unable to eliminate D2x in
terms of the g, and p,. It might be thought that since
due to (2.9), the terms in H involving D2x cancel out,
one can simply omit these terms from H. However,
if one does this in a straightforward way, one easily
verifies that the canonical equations do not agree
with (2. 8). What Hayes suggests is to drop the terms
in D2x and rewrite the remaining ones using the
third and fourth of Eqs. (2. 9) so as to yield

= (p3/m) + smq3 + ;V(qy) + zV(—(2/m)py).

From this Hamiltonian one obtains canonical equa-
tions equivalent to (2. 8). If we now make the canoni-
cal transformation — (2/m)p, = Q, zmq, = P,we
see that Eq. (2. 11) is equivalent to the Hamiltonian
form given in Eq. (1. 2). The shortcomings of such a
Hamiltonian have been mentioned already.

(2.11)

3. SOLUTION OF THE DIFFICULTY

In order to circumvent the above type of difficulty,
let us enquire into what exactly happens when one is
unable to eliminate D”x using the equation f, =
dL/3(Dnx). Clearly in such cases the Lagrangian
must be of the form

L(t,x,Dx,...,D* 1x Drx)

+ G(, x, Dx, .

= D*xF({, x, DX, ..., D"1x)
.., D"1ix),  (3.1)

Now when this happens, the Euler~Lagrange equation
(2. 2) is of order 2n — 2 at most.

Proof: Only the last two terms on the left-hand
side of (2. 2) could give rise to terms of order
higher than 2» — 2. Now for these two terms we
obtain, using Eq. (3. 1),

aL + ___)u_di oL
dir-1 a(Dn-lx)

s din 5(Dx)

(L (S _d)

di=1 \g(pr-1x)  dt
n-1 g
— (-———1)"‘1 d (an oF + oG s
dir1 a(D=-1x) a(D*1x) ol
L PR __a_F__an)
ox (D" 1x)
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1 P ; n
( 1)n-1 ar- ( _d(,__ ._E .__U_EDx —_
di*1 \3(D=1x) &t ox
— oF Dr 1y

(Dn-2x) >

and this is clearly of order 2» — 2 at most.

This result raises the suspicion that the system
under consideration may actually be describable in
terms of a Lagrangian involving derivatives of x up
to at most the (# — 1)th. This is indeed the case.

Proof: Consider the quantity J defined by

J{t, x, Dx, ..., D*1x)
nl
= [P" FdaF(, x, Dx, ..., D" 2x ). (3.2)
Obviously we have
aJd _ ~ DAl
77 = F(t, %, Dx, ..., D"2x, D=1lx)Drx + J
X do (ar(z x, Dx, . > ., D"2x, a)
-2
n o0F(t, x, Dx, ..., Dn2x, oz)>. (3.3)
=0 a(sz)

From this it follows that if we replace the Lagrang-
ian L in Eq. (3. 1) by the Lagrangian L’ given by

L' =_ fD”_lx(dOl daF(t, x, Dx, .a; , D7 2x, a)
n-2 . . -2
vy MDY, DR a)> +G, (3.4)
i=0 o(Dix)

we have obtained a new Lagrangian L’ which yields
the same equation of motion as L but which contains
derivatives of x up to at most the (n — 1)th. Note that
if the foregoing replacement procedure is applied to
the Lagrangian in Eq. (2. 7), we get the usual form

L' =mx? — V(x),

which shows the uniqueness of this form within the
context of the present discussion.

The lesson of this result is that if L’ does not give
rise to the exceptional case, it should be used in
place of L in setting up the Hamiltonian formalism.
If L’ also gives rise to the exceptional case, we can
reduce still further to a Lagrangian L” with the

(n — 2)th as the highest derivative and so on until we
arrive at a nonexceptional case. There is of course
the possibility that all the equivalent Lagrangians

in this sequence continue to be exceptional until you
have actually arrived at a Lagrangian depending on

x alone without any of its derivatives; this is a singu-
lar case in which the equation of motion is simply an
algebraic equation and clearly no Hamiltonian formu-
lation of such an equation can exist. Hence, barring
this singular case, we now see how to construct the
Hamiltonian and hence the quantum mechanical forma-
lism for all systems described by a Lagrangian of
the form (2. 1).

Basically what goes wrong with the Hamiltonian
formalism for a Lagrangian which gives rise to the
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exceptional case, is a redundancy of generalized co-
ordinates and momenta. The Hamiltonian method out-
lined in Sec. 2 says equivalently that the value of x at
any time /, can be derived from a knowledge of 2n
independent pieces of information about it at any other
time {,,the 2n pieces of information being essentially
the values of x and of its first 22 — 1 derivatives.
Now in the exceptional case also, the Hamiltonian
method naturally leads us to introduce the 2n quantities
g;and p, (i — 1, 2,...,n), but we do not need so many
since now the Euler-Lagrange equation is only of
order 2n — 2. 1t is this surfeit of generalized co-
ordinates and momenta which causes the trouble and
it is equally the reduction of the problem to its pro-
per size (by changing from L to L’ as above) which
avoids it.

In order to indicate how things go when we have more
than one generalized coordinate, we briefly consider
the case of a Lagrangian depending on two-general-
ized coordinates x and y and their first m and n time
derivatives, respectively. The exceptional case we
have been discussing now corresponds to a Lagrang-
ian of the form

L=F(, x,Dx,..., D"1x;3 Dy,...,D%)D"x

+ G(t,x,...,Dm1x;5 Dy, ...,Dmy). (3.5)
Clearly we can reduce this to an equivalent Lagrang-
ian involving derivatives of x up to at most the

(m — 1)th by adding to it the total derivative dK/di
with K given by

LM,
=~ daF(t, x,Dx, ..., D"2x,a;y,Dy, ..., D*y),
(3.6)

If this new Lagrangian is also exceptional with res-
pect to D™ 1x,we reduce it still further and so on
until we arrive at an unexceptional Lagrangian as far
as x goes. We then do the same with y. The singular
case in which an unexceptional Lagrangian is obtain-
ed only when all the derivatives of x or of ¥ have been
eliminated can occur here too. In general, this case
does not have a Hamiltonian formulation though in
particular instances it does. Consider, for example,
the Lagrangian

L = imw (x) — y%) + smw2(x2 + y2). (3.7
The Euler-Lagrange equations are
— 3y + wx = O, 3 8)
£+ wy =0,
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Turning now to the Hamiltonian formalism we see
that L is exceptional with respect to £. We therefore
pass to the equivalent Lagrangian L',

L' = mwxy + s mw2(x2 + y2). (3.9)
This is what we have termed the singular case as far
as x goes. The problem is that p,, the momentum
conjugate to x, is zero and hence x is not a canonical
variable; it must then be eliminated. It so happens
that this can be done because

!

oL
py = FL\;‘_ =mMwx

(3.10)

and hence when we set up the Hamiltonian according
to the usual rule

H=p5y— L. (3.11)
Using (3. 9) and (3. 10), we find
H = (1/2m)p2 + 3mw2y2. (3.12)

The canonical equations derived from this equation
are equivalent to the Euler-Lagrange equations (3. 8).
We stress, however, that this case is not typical and
that generally what we have called singular cases
have no Hamiltonian formulation. Notice, by the way,
that this example is analogue in particle mechanics
of the Lagrangian and Hamiltonian formalism for a
Dirac field.5

In summary then, we have shown that the exceptional
case which arises when the highest derivative in a
Lagrangian cannot be expressed as a function of the
lower derivatives and the generalized momenta can
be handled in general by replacing the original
Lagrangian by an equivalent one which does not have
this difficulty. The use of the equivalent Lagrangian
then allows the setting up in a unique way of the
Hamiltonian formalism and hence of the quantization
of the system.
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The equations governing the collision of two plane gravitational waves are derived. The general exact solution
representing this situation when both waves are linearly polarized are found, and some special solutions of pos-

sible physical interest are discussed in detail.

1. INTRODUCTION

A fundamental problem in gravitation theory is the
collisional interaction of gravitational waves. The
problem is interesting in that the nonlinear features
of general relativity should show up explicitly in the
failure of the superposition principle and the precise
nature of the diffusion of independent gravitational
fields through each other should be susceptible to in-
vestigation. Apart from the possible guide to the
quantization program which such an analysis could
provide (this is, after all, the unquantized equivalent
of the graviton-graviton interaction) it does appear
particularly appropriate to investigate this problem
at this time in view of the fact that gravitational
waves are now on the brink of observational ex-
perience.l The interpretation of Weber's reported
fluxes has rested almost entirely on the linearized
approximation, and there are manifest difficulties in
reconciling them with physically reasonable assump-
tions about the mechanism for generating them.2 It
is currently most popular to regard these waves as
arising from the gravitational collapse of objects at
the center of the galaxy, and there is some observa-
tional evidence for this.3 If the objects are distri-
buted randomly throughout the central region of the
galaxy,and are “popping off” at the rate of about one
a day, a typical wave will experience about 105 col-
lisions with other waves before emerging from the
central region (assumed to be about 103 light years
across). It is by no means evident that the cumula-
tive effect of such a large number of nonlinear inter-
actions will leave the emergent wave unscathed as
regards the linearized approximation. Furthermore,
if our galaxy is at all typical, other galaxies should
also be strong sources of gravitational waves, giving
rise to very large numbers of collisions in the inter-
galactic space. An understanding of the space-time
curvature resulting from the collision of gravitational
waves is therefore of considerable importance to cos~
mology.

The present study is restricted to colliding plane
waves, which represent to some approximation the
fields far from radiating sources. The results are
in no instance to be regarded as holding without
severe modifications for realistic waves having
curved wavefronts. However, the nonlinearity is
taken fully into account and the solutions discussed
should certainly act as a guide to a corresponding
discussion for more physically realistic situations.

Exact solutions representing a collision of two plane
waves have recently been given by the author4 and
independently by Kahn and Penrose?, the latter having
solved the problem with two impulsive waves. In this
paper, I will give a more detailed derivation of these
metrics. The field equations representing two arbit-
rary plane waves in collision will be established in
Secs. 2, 3, and 4, and will be solved first approxi-
mately by power series in Sec. 5, then exactly for the
case of linearly polarized waves in Sec. 6. Finally in

J. Math. Phys., Vol. 13, No. 3, March 1972 286

Sec. 7 there is a discussion of a physically more in-
teresting situation where the incoming waves each
consist of a pair of impulse waves in close succession.
Such waves have a finite energy flux and may be com-
pared with the bursts of radiation observed by Weber.

2. GRAVITATIONAL PLANE WAVES

In harmonic coordinates the metric of a plane wave
is®

ds? = — Udu? + 2dudy — (dx2 + dy?2), (2.1)
where
U= flu)(x2 — 32) + 2g(u)xy. (2.2)

The plane wave is said to have consfant polarizalion
if g(u) vanishes. By performing a suitable coordinate
transformation, the metric may be put in the Rosen
form?7

ds? = 2e M dydy — &ydxtdx, (2.3)
where
M= M(u)y gij = gij(u)y i= 2, 3.

The condition for constant polarization is equivalent
to the condition that g;; be diagonalizable by a linear
transformation on the x .

For the problem of two colliding waves the Rosen
coordinate system has the following immediate ad-
vantages over the harmonic coordinates:

(i) Both # and v are null coordinates, so that both
waves may be simultaneously represented in the
same coordinate patch.

(i1) In harmonic coordinates the Riemann tensor
components are functions of f(#) and g(u) not involv-
ing their derivatives. Hence sandwich waves involv-
ing discontinuities of the curvature tensor cannot be
represented in these coordinates if one insists on the
generally accepted Lichnerowicz conditions8 (con-
tinuity in the metric and its first derivatives). In
Rosen’s coordinates such discontinuities may be
represented since the Riemann tensor involves second
derivatives of g;;.

(iii) Plane waves have in general a five-parameter

group of symmetries. There is a two-parameter
Abelian subgroup of symmetries acting like planar
translations in the spacelike 2-surfaces « = const,
v = const. These symmetries, which will be seen to
be preserved by the interaction, are evident at once
from the Rosen form, but not from the harmonic co-
ordinates, by the independence of g, on xtin (2.3).

It is worth noting, however, that in general it is not
possible to cover a plane sandwich wave with a single
coordinate patch of the form (2. 3), as coordinate sin-
gularities will invariably appear.? This property is of
considerable geometrical interest as it is related to a
curious and important focussing property of plane
waves10 which has a significant bearing on the develop-
ment of singularities in the collision problem.

In order to discuss the collision problem, consider the
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space—time pictured in Fig.1l. u and v are null co-
ordinates

u,“v.ygiw = v,“z).ygl“' =0,

and x! and x2 are spacelike coordinates. In region I

(v <0, u< 0)the space-time is flat Minkowski space.

ds? = 2dudv — 26, dx'dx.

In region II (v < 0, u > 0) it is a plane wave with met-
ric of the form (2. 3), while in region IOI (v > 0, u < 0)
it is again a plane wave of form (2.3) but with M =
M(v) and & = g,.]-(v). The junction across the I-II and
I-1I boundaries must be smooth inthe sense of Lich-
nerowicz. The metric in the interaction zone IV is
determined by a characteristic initial value problem
with data specified on the pair of null hypersurfaces
u =0, v = 0 intersecting ina spacelike 2—surface.
According to a theorem of Penrose,11 if this data is
well set, the Einstein field equations will uniquely
determine the geometry in IV.

3. THE COORDINATE SYSTEM

Figure 1 represents a “head-on” collision of two plane
waves when viewed by any geodesic timelike observer
with world line x2 = const,x3 = const, % = kv, k£ > 0.
Other timelike observers will see the two wavefronts
approaching each other not head-on but at an angle;
hence this more general situation is also taken care
of by the present considerations. From an intuitive
point of view it is clear that since the incoming waves
have no dependence on the coordinates x%, the metric
in the interaction zone IV should also show no explicit
dependence on these coordinates. The validity of such
an assumption will follow from its ultimate success in
determining the metric in the interaction zone and
Penrose's theorem.

We assume then that throughout the space-time there
exist a pair of commuting spacelike Killing vectors
£, &5,

[511 ‘Ez] =0.

Under these conditions it is a straightforward matter
to show that there exists a coordinate system x#, u=
0,1, 2, 3, such that

£ =05 &, =04

and g, = g,,(x% x1). Furthermore, at each point of

the manifold there exist just two null directions
orthogonal to the 2-space spanned by £, and £,. Let
¥ and n* be null vectors in these two directions
chosen such that [, n# = 1. [, and n, are determined
up to a scaling factor, and they are clearly both of the
form (A, B, 0, 0) in our coordinates. Since g, = g,,
(x9, x1), it is possible to choose the scaling factor
such that A = A(x0,x1) and B = B(x0, x1), whence it
follows that there exist integrating factors ¥ (x0, x1),
¢(x9, x1) such that

W“ =u,, on, =Yy, (3.1)
where
oy o= u v, gy (3.2)

Hence % and v may be taken as the remaining co-
ordinates

Let m# be a complex null vector spanned by £} and
¢, satisfying

mim, = 0,

i nt mt and m* constitute a null tetrad,

LY = [EnY + pHlY — mEmY — mVmK, (3.3)

whose components in these coordinates may he set to
be
I, = 1,0,0,0),

np = (0’ (p_l, 01 0),

m“: (0) 0’ gz’ §3)5
where
Xi = Xi(u,v),

# =(0,¢,Y2 Y3),

nt = (4/; 0, X23X3)9 (3.4)

Yi=Yiuo0), &=tiy).

The following tetrad and coordinate freedoms remain:
(1) Scale transformations:

= A8, nW=A"ln, A =A(u,v). (3.5)

The scale functions ¢ and ¢ transform as follows
under such a transformation

V' = ATy,

(2) Spatial votations:
C = Cu,v).

@' =Aop.

me = eiCmkr, (3.6)
The & transform as follows
£ = oiCH,
(3) Relabeling of null hypersurfaces:
u' = flw), v’ =g).

This induces a transformation of ¥ and ¢

FIG. 1.

Colliding plane waves. # = const, v = const are
null hypersurfaces. In region I the metric is Minkowski
space. Regions II and Il represent incoming plane waves
which interact in region IV. A singularity eventually
develops along the boundary represented by the jagged
line.
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. d : d
V=Y —f9 ¢, =9 —g—'
du av
(4) Spalial coovdinate [vansformalions:
w=u v =v, x¥=xi+fYu,0). (3.8)
These induce transformations
; )
Yi':Yi+qDa—f~, Xi':Xi‘i'lP—a—'ﬂ.
ov ou
(5) Linear coovdinale trvansformations:
x¥ = al;xJ, a'; = consts. (3.9)

4. FIELD EQUATIONS

It will be convenient to express the field equations in
terms of the Newman—Penrose spin coefficients,12
defined as

=1, melY ﬂ:—n“;umﬂl”,
i1

s
— v — Wil 37 ¥
p=1. mmr, x=—mn
o=1, mmy

—_ Wi v
M= —mn,., mim,
v = — " v
L,,minY, v =—n, mn
L _
= g (§,, mblY — R,

= é(lmvn#mv — my,, TY),

-3
It

3 (1, nim? — m, m?),

2 ™ L 9~
It

\ _
=3 (lpwnﬂn" — mu,_vm#n"),

and Weyl tensor components

- 8
= Caﬁyblumﬁﬂm,
C nB Y md

aﬂybla 1Y ’

— 3Copys(19nB I né + 1onPmYin ),

W
¥o
¥y
Y,
¥

— Cypysn® 1B n¥ms,
— Caﬂyénarﬁﬂ nYr_n‘é.

If

3

¥y
In our case it is clear that all spin coefficients are
functions of # and v alone, and hence the differential
operators D = [#3/dx#, A = ntd/ox¥, § = mhd/dx# re-
duce simply to

D=L, A=y i, 5 =0

ov ou

when applied to spin coefficients.

The commutation relations [NP(4. 4)] give at once

K=V:07 p=5’ “':ﬁy B:&, T=71=2a
and
DYy =— (e + €)Y, (4.1)
Ag = (v + 7)o, (4.2)

AYP — DXi= (y +3)Y + (e + E)Xi — 4G E — 4kl

(4. 3)
DE = okl + (p + € — T)EY, (4. 4)
Ag = — X8 — (n+7 —7)EL (4.5)

Before writing down the field equations, it is con-
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venient to introduce modified “scale-invariant” spin
coefficients:

pO = p(p_l’ “‘0 = Hll/_l,
00 = gg~1l, A0 = y~1
EO = IL(E - 6)(/)— 11 GO = Z(’T/ - Y)IV-]"

Y0i = yip™1 X0 = Xiy~1
0 —2 0 -1 ~1,~
v :‘I’Q(P ’ \III:\I'l(p ’ ‘I'g=‘1'2<P 2 1’
0 -1 0 -2
Vo=V 7, ¥, =¥, °.

All these quantities as well as o, &, and the product
¢y are all invariantunder scale transformations (3. 5).

_Equations (4. 1) and (4. 2) may be written

€ +€=— g(logy) ,,

y+7=ylogy),.

Thus the real parts of € and y cannot be made scale-
invariant. On the other hand, these real parts never
make an explicit appearance in the remaining com-
mutation relations and field equations when written in
terms of scale-invariant spin coefficients; hence these
two equations are of no consequence and may be re-
garded as merely expressing € + € andy +7 in
terms of ¢ and ¥.

Equation (4.3) can be rewritten in terms of scale-
invariant expressions

Yo, — X0 = _ 4eM@E + ad), (4.6)
where
M =log(ey). (4.7)

This equation tells us that @ = 0 is a necessary and
sufficient condition for there to exist a spatial co-
ordinate transformation (3. 8) which makes X? and Y
simultaneously zero. Finally, the remaining com-
mutation relations (4. 4), (4.5) and the field equations
NP(4.2a)—(4. 2r) reduce to the following set of equa-
tions:

&, = 00 + (p0 +iE0)E, (4.8)
£, =— X0 — (u0 —iGO)g, (4.9)
PO, = (p9)2 — pOM , + 0030, (4.10)
PO, = —2u0p0 — 4eMaq (4.11)
po = 2p0u0 + 4eMaaq, (4.12)
PO, = — (10)2 — pOM , — \ORO, (4.13)
o, =o%20° — M, +2iE®) + ¥, (4.14)
00 , = (2iGO — u0)00 — X000 — 4e Ma2,

(4.15)
A0 = 20(p0 — 20 EO) + o0u0 + de M2,

(4.16)
20, =20 + M+ 2060 — ], (4.17)
@, = a(3p0 —iE0) + 507, (4.18)
@, =— a(3u0 +iGO) — 104, (4.19)
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+3i(GO, — E0 ) — 12¢"Ma@,

(4.20)
¥ =208 — 200% (4.21)
W9 = 100 — 2000, (4.22)
¥ = 2100 — 2420, (4.23)

Equations (4. 8)—(4.23) are all entirely in terms of
scale-invariant spin coefficients;thus the scale trans-
formation freedom (3.5) has effectively been eli-
minated.

Returning to Fig. 1, we have flat space in region I;
hence ¢ = 0 there. From Eqs. (4. 18) and (4.19) and
the uniqueness theorem of ordinary differential equa-
tions it follows that o must vanish in regions II and
III. Applying the uniqueness theorem again in IV
gives that a vanishes throughout the space—time
(N.B.: the integrability conditions for (4. 18) and
(4.19) are satisfied automatically as a consequence
of the other field equations). Hence, if Y and X*¢ can
be simultaneously transformed away by a transforma-
tion (3. 8) in region I, it is a consequence of the field
equations that they can be transformed away every-
where.

Assuming this to be done, we have that the metric is,
by (3.3), (3. 4),and (4.7),

ds? = 2eMdudv + g;;dx'dxi,
where

gil = — (§10 + Tigh),
Writing g;,dx'dx’ in the form

— e"U(eV coshW(dx2)2

+ ¢V coshW(dx3)2 — 2 sinhWdx2dx3),
where
U = — log(detg;,),

we have

£2 = ¢(U-VY2{} coshWei®
£2 = glurn)/2yT coshWeiv,

where

cos(f — ¢) = tanhW.
By means of a spatial rotation (3. 6) it is clearly pos-
sible to achieve that § = 3 7 — ¢ = 3 sin~1(tanhW).

From (4.8) and (4. 9) all remaining spin coefficients
may be expressed in terms of the functions U, V, W:

pozéva I““Oz_%Uu’
E0 = 3V, sinhW, GO = 3V, sinhW,
00 = 3iW, — 3V, coshW,

A0 = 3iW, + 3V, coshW,

where subscripts «, v refer to partial derivatives
taken with respect to these variables and 26 has been
chosen in the first or fourth quadrant.

Equations (4.11), (4. 12) give

qu - Uqu = eU(e_U)uv = 0’
hence

U = — log[f(u) + g(v)]. (4. 24)

A coordinate transformation (3.7) could be used to
make f(u) = u and g(v) = v, but we refrain from doing
this at this stage since it will turn out that in the

case of colliding waves such a coordinate transforma-
tion becomes singular on the junction surfaces « = 0
and v = 0.

Equations (4. 10), (4. 13), (4.20), (4. 15), and (4. 16) give

2U, — U2 +2U M, = W,2 + V 2 cosh?W, (4.25)
2U, — U2 +2UM, = W,2 + V, 2 cosh?W, (4. 26)
M, + U, = W,W, + V)V, cosh?W, (4.27)
2w, — UW, — UW, = 2V.V, coshW sinhW,  (4.28)

v, — UV, — UV, =—2(VW, + V,W,) tanhW,

uvy

(4, 29)

while the components of the Weyl tensor are com-
puted from the remaining field equations

¥) = L[V, coshW +2V,W,

x sinhW — V (U, — M,) coshW]

+ 3i[W,, —~ W, (U, — M,) — V,2 coshW sinhW],

(4. 30)
¥ = — L[V, coshW + 2VW,
X sinhW — V, (U, — M,) coshW]
— 3i[W,, — W, (U, — M,) — V2 coshW sinhW],
o (4.31)
¥, = 3zM,, — 3 i(VW, — VW) coshW,
0 0 — 4.32)
) =¥ = 0. (

The task of solving Eqgs. (4.25)—(4. 29) is not asdaunt-
ing as may appear at first sight, for it turns out that
Eqgs. (4.28) and (4.29) are just the integrability condi-
tions for Eqs. (4. 25)-(4.28). More precisely, if V and
W satisfy Eqs. (4.28) and (4. 29), then, apart from the
exceptional case where U, V and W are functions of

u or v alone, Egs. (4.26)—(4. 28) are automatically
satisfied for some function M, Thus we may concen-
trate on simply solving (4.28) and (4. 29), obtaining M
from (4.26) and (4. 27) by simple integration.

5. COLLIDING PLANE WAVES— APPROXIMATE
SOLUTIONS

Returning to the situation of Fig.1 we have, through-
out the space—-time, a metric of the form

ds2 = 2e Mdudv — e U(eV coshW(dx2)2

+ ¢V coshW(dx3)2 — 2 sinhWdx2dx3), (5.1)

where M and U are given by (4.7) and (4. 24) and M,
U, V and W satisfy Eqs. (4.25)-(4. 29).

In region I (Minkowski space~time) we may put
flu) = g(v) = 3

In region Il we have a plane u-wave,i.e.,

(i.e.,U=0), M=V=W=0.

g=3, M=Muw, V=V@w, Ws=Wu),
while in IIT there is a plane v-wave
f=% M=M@), V=V, W=Wo).
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From (4. 30), (4.31), and (4. 32) it follows that the
Riemann tensor is of Petrov type N in both regions:

0 0 0 0
Yo =¥ =) =¥ =0,
and 0 0
‘I’O = ‘I’O(U),

¥ = ¥w inm

V=0 =9)=92=0 inmL
The condition for constant polarization in either of
these regions, W = 0 [g;; diagonalizable by a linear
coordinate transformation (3.9)], is equivalent to the
condition that ¥§ or ¥ is real in II and III, respec-
tively.

The Lichnerowicz conditions (continuity of the metric
and its first derivatives) imply that at the I-II bound-
ary (u=0,v<0)

f=z,

From Eq. (4. 26) it follows then that also f,, = 0 at
this boundary, and differentiating this equation with
respect to « gives f,, = 0. On differentiating again,
however, one finds

M:V=W=fu:Mu=V =W =0.

u u

fuuuu = (Vuzu + Wu?u)

and it is not necessary that vV, or W, vanish at the

I-II boundary since \I/Z may have a discontinuity there.
In fact, assuming power series solutions at # = 0 (al-
though this restriction is unnecessarily strong and
may easily be weakened), we see that for u > 0

1
f=3 +a1u4+~-~,

V:b1u2+-~,

W=cuZ + -

M:d1u2+- Yy
where

alz—é(bf +c§)
and 0 .

V,=—by—dcy +-

A similar argument at the I-III boundary (v = 0,
u < 0) gives

=c,v? + ,
M=d2U2+ y
Vo= by +icy, + e,

where
ay =—1 (b3 +c3)

In the interaction zone IV it is clear from the re-
quired continuity of U that f(#) and g(v) will have just
the same functional forms that they take in II and III,
respectively. At the II-IV boundary we must have

vV, =W, = M, = 0,while at the II-IV boundary V, =
W, = M, = 0 in order to comply with the Lich-
nerowicz conditions. If power series are assumed for
all functions in IV, it is easy to compute the leading
terms from Eqgs. (4. 25)~(4.29):

— s e 2 PO
V_b1u2+ + b2 +

2
— 3(cqCob, + c3b, + ayby)uvd
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1
—z(cyeaby + ¢q2b,+ a by)utv? + - -1

w =C1u2 4 oo 621)2 e

+ 3(byb cy — ayeq)uvd

+3(bybycy —ajcy)utv? 4 -- -

’

M:d1u2+"' +d2U2 4+ e
+ z(cqcp + byby)u2v2 4 ¢ 0o
] .
Vo=—b, +icy + -+,
0 .
Uy =—b; —icy +---,

¥ = [eyeq + b1y — 2i(bycy — bycy)uw + -+ -,
¥ =) =0.

Further terms are easily calculated, but the basic
structure of the interaction is already apparent, at
least in the neighborhood of the collision plane u =
= 0. In linear theory \I'g and ‘I’g would remain un-
changed in IV éprinciple of superposition) and there
would be no ¥, term. In the full nonlinear theory a
\Ifg term quickly develops and the \118 and \112 become
modified (higher terms in the expansion must be com-

puted to see this).

However, in order to understand the collision process
in greater detail, and in particular to discuss the
nature of the solution at points far from « = v = 0, it
will be necessary to obtain some exact solutions.

6. COLLIDING PLANE WAVES—EXACT SOLUTIONS

In order to obtain exact solutions, it is necessary to
solve the pair of equations (4.28) and (4.29) for V
and W. The remaining equations are then integrable
for M. The situation is considerably simplified if it
is assumed that both incoming waves are linearly
polarized, i.e.,assume W = 0 in II and III. W satis-
fies the hyperbolic differential equations (4. 28), and
in IV we have an initial characteristic value problem
with W vanishing on the characteristics u = 0,v = 0.
It follows13 that W must vanish throughout the inter-
action zone IV. Another way of expressing this is to
say that if g;; can be simultaneously diagonalized in
II and 11, then it can be diagonalized throughout the
space~time. There now remains just the single
linear equation in V

2Vuv - Uqu - UvVu = 0.
If a change of variables is made to f = flu), g = g(v),
this equation becomes

LiVi=2(f+8)V,, +V, +V, =0, (6.1)

an Euler-Darboux equation.

It is clear, however, from the considerations of the
previous section that this coordinate transformation
is singular at u = 0 (f= 3),and at v = 0 (¢ = 3), since
u=0(% — HL/),v = 0O((z — g)1/4) at these surfaces.
Nevertheless, we may still apply this coordinate
transformation in the interiors of regions II, III, and
IV separately, assuming that V =  [6(3 — f)]1/2 at
the I-II boundary, V = + [6(z — £)1/2 at the I-III
boundary, and

VR (3 — N2GE) + (z — 8VRF() + H(,8)

at the boundaries of IV, where F, G, and H are regular
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functions. Once the equations are solved, we may re-
turn to variables # and v by a coordinate transforma-
tion in order to connect the different patches up in a
smooth manner. If it is not required that \IIZ and ¥
have actual discontinuities at the I-II and I-III boun-
daries, respectively (or perhaps that they suffer
something more drastic there, such as a &-function
discontinuity), one may assume f= § — a2u” in which
case Eq.(4.26) implies
V= [8(1—1/n)(z — )]V,
Given V=V, (/) in 1, V = V,(g) inHI, V(3,3}) = 0,
it is possible to solve (6. 1) in region IV explicitly by
Riemann's method.13,14 A gpecific Riemann~Green
function, satisfying

IR]= R, — ®R/2(f+8)), — R/20+8) 4 = 0,

R, —R/2(f+g)=0 atg=g,
R,—R/2(f+g)=0 atf=f,

R(fo,go) =1
isl4
, f+g 1/2 U" fo)(g"go)>
foga) = P_ t+2 )
R(,8; J0 &) <fo +g0> 1/2 ( f+ )y + &)

where P_; ,, is the Legendre function of order — 3,

Py (1 +22)
= Flz,5;1; —2)
=1 (4)2z + <1_'§>2zzﬂ (ﬂ?)zzs b
2-4 246 (6.2)
In region IV (f < 3, g < 3) the solution of (6. 1) is ob-

tained by integrating RL[V]— VL[R] over the rec-
tangle PNML of Fig, 2:

Vg 8o = BV)y — [TR(U, 8 fo, 80V, + V/2(f + &)df
—~ JNR(fg: 08IV, + V/2(f + £))dg,
i.e.,
V{, 8)
- . -1/2 1/2P._. 1 2(&"—f)(% ~_'g) i
U+e) Uf 1”<+<§+av+g>)&

[ +evi@ls+ [12P. <1+.__~___2(% —Nn—g
" b [0l )

x %[Jg‘ 7 nvz(n)]dn]. (6.3)

If V(f)and V(g) are regular functions for f > — 3§,

g > — 3,then in the region f + g > 0 the integrands
are regular. For P_, ,,(1 + 2z) becomes singular only
at z = — 1 which occurs at {£ = — g which is less than
Jf,and 7 = — f which is less than g. To investigate the
nature of the solution as f + g - 0, we must know the
behavior of P_; ,,(1 + 22} as z —» ®. This cannot be
obtained from the power series expansion (6.2) which
converges only for |z|< 1,but can be obtained from
the Laplace integral formulal5

Py (2) 2% Jodolz + (22— D172 cosp]i/2.  (6.4)

This can be written as
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m(z2 — 17" 17207 1K(m),
where
m = 2(z2 — 1)1/2/[z + (22 — 1)1/2]

and K(m) is the standard elliptic integral having the
asymptotic behavior18

lim [K(m) — log4 + 3 log(1 — m)] = 0.

m—>1
Hence
P_y,,(1 +22) = 77127 1/2]ogz

+ 4271/210g2 + O(273/210gz)] asz— . (6.5)

Thus from (6. 3) we have that for 3 > f> — 3, 3 >
g>—3,as f+g- 0,

V(f,8) = H(f, g) log(f + &),

where H(f, g) is regular at f + g = 0, Using U =
— In(f + g) and Eqgs. (4. 25)~(4. 32), we have that the
behavior of M and ¥%'s at f + g = 0 may be com-
puted:

M~ 3 (1— H2) log(f + &),

U, UG~ LH(1— B2)(f + 8)72,
9~ 21— B2)(f +£)72.

Thus f + g = 0 is a real curvature singularity of the
space-~time which cannot be eliminated by any co-
ordinated transformation. It is a curious fact that
arbitrarily weak incoming waves mus! produce curva-
ture singularities in the interaction zone, proving an
earlier conjecture of the author.4

Although (6. 3) is an explicit solution of (6. 1) for
arbitrary incoming wave functions V,(f}) and V,(g), it
is in general very difficult to perform the integra-
tions in (6.3). A specific solution which has been
found more or less by trial and error, and which has

g
\
b L M (40

P(f,,g.) N

0 Go f
f)‘

€9
e}

FIG.2. The f-g picture. In coordinates u’' = f(u),

v’ = g(v) the interaction zone IV is the region inside
the triangle. The sloping line f + g = 0 is the singu-
lar boundary, while the sides g = 3,f = % are the II~
1V and III-1V boundaries, respectively. Given V =
Volf) ong = & and V = V(g) on f= 3, V(f,2) may be
obtained explicitly at any point P in IV by a suitable
integration around the rectangle PNML,
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the desired behavior at f = 5 and g = 3 described
above, is

1 1 \
vk tanh‘1<2—r:—/i) Y2 ik, tanh—1<£l_}9> e,

2 T & . z+f (6.6)
In region I we must have V = V(f) = %, tanh™?
(z — /)1/2,and in region NI V = V,(g) = k, tanh™}
(3 — g)1/2. The complete solution is expressed mast
compactly by putting

p=Vi—f qg=vVi—g rv=Vi +}
w=v;+g t=Vf+g,
where

f=3% — (aw)"6(u), g=3% — (bv)"26(v),

(n; = 1) and 8(x) is the Heaviside step function.

Then
V =k, tanh™1p/w + k, tanh™1q/7,

V, =k, tanh™1p, V, =k, tanh™1q,
where
k2 =8(1—-1/n)

in order to comply with the junction conditions
across the I~II and I~III boundaries. Integration of
Eqs. (4.25) and (4.26) results in
M =[1— kky— 5(ky — ky)2] logt + kT logw

+ 3%2 logr + skiky loglpq + rw).
(i) Putting n, =n, = 4, ky = k, = — V6 gives
eM = (wr)3/2(pg + vw)3t-5,
\112 = V6a20(u)t-4r-3(pg + rw)(1— (p — q)2 + 8pgrw],
VO = VBb26(v) (=% ~3(pg + vw)[1 — (p — @)% + 8pgrw],
V9 = 2a2b2uv6(w)o(v)t=4r=lw-1[3(pq + rw)2 — 2pgrw],

which is the earlier solution given by the author?
representing two colliding shock waves. In region I,
where v < 0, only \1/2 is nonvanishing, and it becomes
singular at # = ¢~ 1, where v = 0. The behavior in
region III is similar.

(ii) Putting ny =n, = 2, ky = ky = — 2 gives

eM = rwt=3(pq + rw)?,
¥ = a2{w-16(aw) + 36(u)t~4r=2wq(pg + rw)),
w0 = b2[r16(bv) + 36(v)t—tw-2rp(pq + rw)],
V3 = abb(u)8(v)dr~w Y (pg + rw)2 — pgrw),

i

which is the solution of Penrose and Kahn5 represent-
ing two colliding impulse waves. \1'2 and \Ilg suffer a
§-function discontinuity at (¥ = 0,2 < 0) and (# < 0,

v = 0), respectively. Both solutions have the singular
behavior discussed above at f + g = 0, where { = 0.

It should be noted however that the exact solutions
discussed in this section are still not the most
general ones representing two linearly polarized
waves in collision. It has been tacitly assumed that
the polarization of the two waves match up in such a
way that the metric may be simultaneously diagonal-
ized in regions I, I, and III. In general, there will be

a constant phase difference between the waves making
it impossible to do this.
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7. COLLIDING WAVEPACKETS OF FINITE ENERGY

The solution (ii) above representing two colliding im-
pulse waves cannot be regarded as the limiting case
of a physically realistic situation since the energy
content of the incoming waves is apparently infinite.
This is certainly true if the energy flux is calculated
in the linearized approximation in region II by the
Landau~Lifschitz pseudotensorl?

co u
el = 2 S 9 (w)du?

> a2o(u)
= —d u
871G

for ‘1'2 = @b(u). Thus there is a constant energy flux
continuing indefinitely after # = 0. In the full non-
linear theory two possible definitions of gravitational
energy flux have been given by Penrose!8 in terms of
the focusing power of gravitational fields. One of
these definitions leads again to an infinite energy flux
while the other gives zero flux. In either case im-
pulse waves cannot be regarded as physically reason-
able solutions. Following a suggestion of Penrose,5
let us now assume that each incoming wave consists
of a pair of equal and opposite impulse waves in suc-
cession (Fig. 3),

\Ilg = ab(u) — ad(u — uy), u, > 0. (7.1)
In this case both the linearized pseudotensor approxi-
mation and Penrose's definition give the same finite
total energy per unit area

C4
‘/_2—8—7;-__ dzuo,

the total time for this burst of energy being V2 ¢ lug.

The exact solution having the curvature profile (7.1)
is best found by putting
F = v-0r2

G = e(U+V)/2’ M =0,

FIG.3. Incoming wave packets of finite energy. If each incoming
wave consists of a pair of equal and opposite impulse waves in close
succession at # = 0 and u = u,, v = 0 and v = v,, respectively, they
will both have finite total energy flux. The interaction region IV
again has a singular boundary.
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so that in II
ds? = 2dudv — F2dx2 — G2dy2.
The field equations (4.26) and (4. 31) read

FuG + FG,, =0,
v} =—F,, /F.

By substituting (7.1) the solution of these equations
is seen to be

F=1-—a2uy(u— uy) — au,,
G =1—a2uyu— uy) + aug.
Hence
f=FG—13% =% — a2u26(u)

+ (u— uy)2a?(1 + a2u2)b(u — u),

and U = — log(f + 3 ) becomes singular at f = — %,
where
u = (1/a2uy)(1 + a?u — au)

~ [ug/(augy)2]  for auy < 1.

The last approximation appears to be reasonable for
bursts such as those reported by Weber having a
total flux = 6 X 10° ergs/cm?2, and duration J'chuo s
0.5 sec. For then, u, ~ 1010 cm,a ® 5 X 10725 cm~?,
auy = 5 X 10-15, If the event is occurring at the
center of the galaxy, using the fact that a is inversely
proportional to distance from the source, we see that
the approximation would break down at distances

< 1,500 km, where au, ~ 1. Thus for two sources
which are very close to each other the waves will
interfere in a highly nonlinear manner.

The function V = — logF/G when expressed in terms
of fin region Il is

| —2tanh™i(z — f)1/2 fory > f > 3 — aPuy?
T ) — 2 tanhT[1 + (aug)"2(3 + f)7172]

for — 3 < f < 3 — a2u,2.

490

(7.2)

Assuming a similar form for the wave profile in III,

TG = bb(v) — bW — vy),

we can calculate V(f, g) in region IV from Eq. (6. 3).

In region IV’ (u < u;, v < v,) where only the first
pulses of the incoming waves have interacted the
solution is exactly given by solution (ii) of Sec. 6.
The most interesting feature of the solution in this
region is that it is dominated by ¥§ which jumps dis-
continuously across the boundaries # = 0,v = 0 from
zero to a finite value

¥8 = ab[1 + O(abuv)].

¥Q and ¥3, however, remain small (assuming aug K
1,bv, < 1),

9 = 3a2bv[l + O(b2v2)),
¥8 = 3b2au[l + O(a2u2))].
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In the region v > v, u > u, where both pulses have
interacted, it is not possible to evaluate the integral
(6.3) explicitly. However, by using the power series
(6.2) and the asymptotic form (6.5) for P_; ,»(1 + 22)
and substituting (7.2) into (6. 3), the following approxi-
mate results emerge, valid for auy, bv, = O(€) K. 1

VY = — abh hy(f + g) 2aupbyy[1 + 0(e?)},
¥Q = a%uy2bvy[3h,73 — (f + £)72(1 + 2k,71) + O(e2)],
¥ = bv2auy[3h,™3 — (f + g)72(1 + 2k,71) + O(€2)],

where &, and &y, 0 < i< 1, are defined by

u=(1-— h)a2u
and
f+g=hmh2+h2-1+0(2)> 0.

0)-1; v=(1~— hz)(bzv())—l;

Thus in the interaction zone ¥§ jumps back to small
but nonvanishing values = O(abau,bv,) = abO(€?). On
the other hand ¥§ = a20(e3), ¥ = 20(€3) are smal-
ler by one order of magnitude in ¢, and the solution is
dominated by the ¥9 term. The most impressive
feature is that ¥§ shows no sign of dying off the fur-
ther one goes into the interaction zone. Indeed the
tendency is to increase indefinitely as % + kg — 1,
which is just the singular behavior at f + g = 0 dis-
cussed in Sec. 6. It is, however, very unlikely that this
singular behavior is characteristic of real gravita-
tional waves. It is almost certainly a feature due to
the very high symmetry of plane waves and will be
lost when curved wavefronts are considered. How-
ever, the possible presence of a small but persistent
curvature in the wake of two colliding gravitational
waves even when the wavefronts are curved is by no
means ruled out. This could prove to be of some in-
terest in cosmology if, as seems likely on the basis of
Weber's measurements, the galaxies are strong emit-
ters of gravitational waves which will be in constant
collision with each other.

Finally there is another aspect of the plane wave solu-
tions which may carry over to some extent in the
curved wavefront case. In the case of single impulse
waves, solution (ii) of Sec. 6 shows that the amplitude
of the u-pulse is aw™1 which—»> © as g— — 3, i.e.,as
v—a~1, Thus the u-pulse is amplified by the v-pulse
and eventually becomes singular, and the v-pulse is
similarly amplified by the u-pulse. For the double im-
pulse waves considered in this section, a detailed cal-
culation shows a similar behavior. To first approxi-
mation, neglecting finite non-6-function contributions.

Y~ (3 +8)"12a[6(u) — 6(u — uy)]
~ hzla[b(u) — 6(u — uy)),
¥ ~ h71b[B6(v) — 6(v — vy)].

Thus again the waves are amplified by a factor which
becomes infinitely large as #; > 0,i.e.,u— (a2u,)"1
v-> (b2v,)71. The eventual singular behavior is just
another aspect of Penrose's result1? that plane gravi-
tational waves act as a perfect astigmatic lens. It is
certainly false for waves with curved fronts, but such
waves may still act as imperfect lenses providing a
certain degree of focussing and amplification for each
other. In view of the distressingly high energy fluxes
reported by Weber, it is not impossible to rule out the
possibility that such amplification as this is occurring

’
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to produce apparent fluxes which are considerably
higher than would be expected on the basis of the
linearized approximation. Clearly a better under-

standing of the interaction of gravitational waves with
more realistic wavefronts is a problem of consider-
able importance.
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It is shown that the total number of walks, starting and ending at the same point and having the same number of
steps, is the same for all polytype structures in the fcc,hep series and in the zincblende, wurtzite series and is
independent of the starting point. This result is proved by showing that the eigenvalues of a simple Hamiltonian
are the same within the two series considered. A relation is found between random walks in the two series of
structures that is useful in extending currently available tables of random walks for the zincblende structure.

1. INTRODUCTION

The study of random walks on lattices is of interest
in itself and plays an important role in the statistical
mechanies of solids.! Many problems concerned with
the thermodynamics of crystals involve the summing
of diagrams on lattices which can often be related to
the diagrams in a simple random walk process (e.g.,
the study of the Ising model above the transition tem-
peraturel). This paper is concerned with random
walks on two of the simplest series of polytype struc-
tures. The simplest structures occur in the fce,hep
series, where the close packed layers are arranged,
ABCABC: - +in fcc, and ABABAB---in hep. An in-
finite number of other possibilities may be imagined
—some with a repeating pattern and some without.
All these possible structures belong to the fec,hep
polytype series. A general discussion of polytype
structures is given by Verma and Krishna2: “Poly-
typism may be defined, in general, as the ability of a
substance to crystallize in a number of different
modifications, in all of which two dimensions of the
unit cell are the same while the third is a variable
integral multiple of a common unit. The different
polytypic modifications can be regarded as built up
of layers of structure stacked parallel to each other
at constant intervals along the variable dimension,
The two unit-cell dimensions parallel to these layers
are the same for all modifications. The third dimen-
sion depends on the stacking sequence,but is always
an integral multiple of the layer spacing. Different
manners of stacking these layers may result in struc-
tures having not only different morphologies but even
different lattice types and space groups.” As well as
the fcec, hep polytype series,we also discuss the zinc-
blende, wurtzite polytype series in this paper. Each
structure in this series may be derived by placing
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two atoms at each site in the fcc, hep series to form
two interpenetrating sublattices. Zincblende itself
has zinc on one sublattice and sulphur on the other
whilst diamond is an example of a crystal having
only one type of atom and the zincblende structure.

We write down a simple Hamiltonian, containing a
single state at each site,that permits hopping between
nearest neighbors only. The /th moment of the den-
sity of states formed from the eigenvalues of this
Hamiltonian is just the number of ways of returning
to a starting point from a walk of ! steps. The the-
orem is proved by using a unitary transformation

that shows that the density of states is identical for
all structures within a polytype series. It is also
shown that the number of returns is independent of the
starting point.

In Sec.VI,a connection is found between the density of
states for the fcc, hep series and the zincblende, wur-
tzite series. That such a connection exists is not
surprising as each structure in the latter series may
be derived from a structure in the former series. An
integral expression for the density of states of the
fce and zincblende structures is used to derive a re-
lationship between the number of returns to a starting
point for the two polytype series. Tables are given
for the total number of returns for walks with up to
nine steps in the fce,hep series and up to 18 steps in
the zincblende, wurtzite series.

1. THE HAMILTONIAN

We define a Hamiltonian
i)

where Visthe overlap between states |¢,)and |¢;) on
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to produce apparent fluxes which are considerably
higher than would be expected on the basis of the
linearized approximation. Clearly a better under-

standing of the interaction of gravitational waves with
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1. INTRODUCTION

The study of random walks on lattices is of interest
in itself and plays an important role in the statistical
mechanies of solids.! Many problems concerned with
the thermodynamics of crystals involve the summing
of diagrams on lattices which can often be related to
the diagrams in a simple random walk process (e.g.,
the study of the Ising model above the transition tem-
peraturel). This paper is concerned with random
walks on two of the simplest series of polytype struc-
tures. The simplest structures occur in the fce,hep
series, where the close packed layers are arranged,
ABCABC: - +in fcc, and ABABAB---in hep. An in-
finite number of other possibilities may be imagined
—some with a repeating pattern and some without.
All these possible structures belong to the fec,hep
polytype series. A general discussion of polytype
structures is given by Verma and Krishna2: “Poly-
typism may be defined, in general, as the ability of a
substance to crystallize in a number of different
modifications, in all of which two dimensions of the
unit cell are the same while the third is a variable
integral multiple of a common unit. The different
polytypic modifications can be regarded as built up
of layers of structure stacked parallel to each other
at constant intervals along the variable dimension,
The two unit-cell dimensions parallel to these layers
are the same for all modifications. The third dimen-
sion depends on the stacking sequence,but is always
an integral multiple of the layer spacing. Different
manners of stacking these layers may result in struc-
tures having not only different morphologies but even
different lattice types and space groups.” As well as
the fcec, hep polytype series,we also discuss the zinc-
blende, wurtzite polytype series in this paper. Each
structure in this series may be derived by placing

J. Math, Phys., Vol. 13, No. 3, March 1972

two atoms at each site in the fcc, hep series to form
two interpenetrating sublattices. Zincblende itself
has zinc on one sublattice and sulphur on the other
whilst diamond is an example of a crystal having
only one type of atom and the zincblende structure.

We write down a simple Hamiltonian, containing a
single state at each site,that permits hopping between
nearest neighbors only. The /th moment of the den-
sity of states formed from the eigenvalues of this
Hamiltonian is just the number of ways of returning
to a starting point from a walk of ! steps. The the-
orem is proved by using a unitary transformation

that shows that the density of states is identical for
all structures within a polytype series. It is also
shown that the number of returns is independent of the
starting point.

In Sec.VI,a connection is found between the density of
states for the fcc, hep series and the zincblende, wur-
tzite series. That such a connection exists is not
surprising as each structure in the latter series may
be derived from a structure in the former series. An
integral expression for the density of states of the
fce and zincblende structures is used to derive a re-
lationship between the number of returns to a starting
point for the two polytype series. Tables are given
for the total number of returns for walks with up to
nine steps in the fce,hep series and up to 18 steps in
the zincblende, wurtzite series.

1. THE HAMILTONIAN

We define a Hamiltonian
i)

where Visthe overlap between states |¢,)and |¢;) on
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neighboring sites,the summation in (1) being restric-
ted so that nearest neighbor pairs are counted only
once. The states are normalized so that

<¢1‘¢]> = 61'}'

All the structures considered in this paper may be
regarded as having M planes stacked vertically,
each plane containing N atoms. The density of states
n(E) per atom for the Hamiltonian (1) is given by

n(E) = — (1/aNM)Im 2, (¢, [1/(E — H) [ ¢, (2)

where the energy E has a small positive imaginary
part. The /th moment of the density of states is

J7 Bm(BME = (UUNM) T(o, \H! ¢) = Vir,,  (3)

where 7; is the number of returns to a given starting
point in a walk of ! steps;an average being taken
over all possible starting points in the structure and
the thermodynamic limit N,M — «© taken to eliminate
surface effects. In fact it is unnecessary to take an
average in (3) as it is shown at the end of Sec.1V,
that (¢;| H!| ¢, is independent of i for all structures
considered in this paper. For the moment, however,
we are content with an average. From (3) we see
that it is a necessary and sufficient condition that
the density of states n(E) be independent of the stack-
ing sequence for the 7, also to be independent of the
stacking sequence and therefore identical for all the
members of the polytype series.

. THE FCC, HCP POLYTYPE SERIES

This series consists of close packed layers,as
shown in Fig. 1, stacked vertically in the z direction
one on top of the other. There are three types of
layers—A, B, C all equivalent to within a horizontal
displacement. The fec sequence of layers is
ABCABC - --and hep is ABABAB- . Each close
packed layer is a Bravais lattice and so it is useful
to use Bloch's theorem to define states within each
plane

lk,n) = AN e®ilg, ), )

where k is a two-dimensional vector parallel to the
plane. We use an additional label » for each plane
where 1 < n < M and the summation over { is only
over the N states [¢,,) within the plane labeled by

zn. The origin of coordinates is chosen arbitrarily for
the first plane and in a manner to be prescribed for
subsequent planes. We see from (1) and (4) that

<k9n !Hlk,n> = Vzeik.é
&

= 2V(cosk, a + 2 coszk,a coszV3k,a)
=0, (5)
where the summation over § is over the six nearest

neighbors within the plane. It is important to note
that oy is real and that X only connects states with

the same k vector in accordance with Bloch's theorem.

(k is defined to be within the first Brillouin zone to
give exactly N states for each plane;the possibility
of two states differing by a reciprocal lattice vector
is therefore discounted.)

We now place the next layer on top of the first layer.
Each atom in the first layer has three nearest neigh-
bors in the second. We choose the atom in the second
plane that lies nearest to the origin in the first plane
and is in the yz plane (see Fig. 1) as the origin for the
second plane. This is a unique prescription and we
obtain the following matrix elements between adjacent
planes:

(k,n|Hlk,n+ 1)
= g for cyclic sequence AB,BC,CA,

= 6 for anticyclic sequence BA,CB,AC, (6)
where , )
8 = V(1 + 2 cos 3k.a expi V3 k,a). &)

Because of the translation group perpendicular to the
z axis,the Hamiltonian only connects states with the
same k vector in adjacent planes. From Egs.(5) and
(6), we see that by using Bloch's theorem perpendi-
cular to the z axis,the Hamiltonian is split into N
blocks each one being M X M and characterised by a
k vector. We can consider the eigenvalues of each
block separately. For hep we have an ABABAB- - -
stacking sequence and the structure of one of the
blocks is

P*¥a 0* (8)

]

' —
) s

1

where the k label on o, 6 has been dropped and the
only nonzero elements lie on and just above and below
the diagonal. The layers are stacked alternatively
cyclically, AB and anticyclically, BA and so we get a
sequence § 6* 6 0* 9 9* - - above the diagonal. The

L.

fce, hep series

A A
,’ N ’
AN

R

layer C AN SN
yer € &S BN
A N/ \,)/

FIG.1. The three possible stacking positions
for the fcc,hep series. The x,y axes lie in
the plane perpendicular to the stacking axis
2. The distance between nearest neighbors in
the plane is a and the distance between suc-
cessive layers is ¢ = @a. A polytype struc-
ture may be constructed from any sequence
of the three layers A, B,and C provided only
that the same layer does not occur twice in
adjacent layers, e.g.,ABCBABC is allowed
whereas ABBACBA is not,
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eigenvalues of (8) are unaltered by any unitary trans-
formation. The row and column indicated by arrows
in (8) are multiplied by 6/6* and 6*/6, respectively.
The transformed matrix becomes

(9)

and the stacking sequence that leads to (9) is
ABACAB:- - ,i.e.,the second B has been changed to
C. It is clear, therefore,that we can have either B
or C between two A's,A or B between two C's,or

C or A between two B's, and the Hamiltonian (1) will
have the same eigenvalues. A little thought will con-
vince the reader that any desired sequence may be
generated by this procedure. For example,we can
go from hep to fcc in the following way:

A

(10)

e N N N N N N N N N S
St bhhoww
EoNoNo o Yo koo Yo No R N
B s s b s s by b by
IO »
[ NI N S N S T T VR O )
TWOOQOOO ™ >

e ow
QOO D D b
T w

It is clear that we are generating an fcc sequence,
We are also generating a CBA for every ABC,and
will therefore finish up with a structure half of which is
ABCABCABC - -+ and the other half CBACBACBA" " ".
There will be an interface between these two sequ-
ences; however it will have negligible weight in the
thermodynamic limit. We could generate hcp from
fce by reversing the above procedure used in (10).

If we count a cyclic sequence AB,BC,CA as +1 and
an anticyclic sequence BA,CB,AC as —1, then the
sum of all these numbers for a given structure may
be called the cyclicity C of that structure and is con-
served under the unitary transformation described in
this section. Thus the hcp structure with an odd num-
ber of layers has C = 0, whereas the fcc structure has
C = M — 1,where M is the number of layers. A struc-
ture with cyclicity —C can be formed from a struc-
ture with cyclicity +C by reflection in the xy plane.
Therefore by inserting an appropriate small number
of interfaces (one in the case of hep to fce), it is pos-
sible to generate any structure and the interfaces
will have negligible weight in the thermodynamic
limit.

The equivalence of the number of returns in a random
walk on the fcc and hep lattices was first demonstra-
ted by C.Domb and M. F. Sykes.3 Their approach in-
volves the detailed consideration of lattice diagrams
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and it is not easy to see how it would generalize to
all close packed structures.

IV, THE ZINCBLENDE, WURTZITE POLYTYPE
SERIES

The zincblende, wurtzite series is rather more com-
plex than the fcc,hep series and contains two kinds of
atoms that may be called @ and b. We define each
atom in the fee, hep series to be of type a. A struc-
ture in the zincblende, wurtzite secies can be formed
from one in the fec, hep series by placing an atom of
type b a distance 2c above each a type atom in the

z direction (see Fig.1). The structure now consists

of two identical interpenetrating sublattices with

each atom in one sublattice having four nearest
neighbors in the other sublattice at the corners of a
tetrahedron.2,4 We may visualize this structure as
consisting of puckered planes, stacked vertically,and
containing a type atoms from the (z + 1)th layer with
b type atoms from the nth layer a distance ic¢ below
and displaced horizontally so that the nearest neighbor
bonds form hexagonal chains.2:4 Each atom has three
nearest neighbors in this puckered plane and each a
type atom has a nearest neighbor b in the plane above.
The translational symmetry of the structure perpendi-
cular to the z axis can again be used to define a two-
dimensional k vector. We now have two kinds of states
for the nth layer, k,n, a) for sublattice @ and k,n,b)
for sublattice 5. We thus have

(k,n,a]Hlk,n,b> =V (11)
for the vertical bonds and
&,n,b) Hlk,n+ 1,a)

= g, for cyclic sequence AB,BC,CA, (12)

= 6 for anticyclic sequence BA,CB,AC,

where 6, is defined in (7) and the origin of coordinates
in each a type layer is chosen in the way described in
the previous section. If we start with the wurtzite
structure which is derived from hcp and therefore
stacked ABABAB. .. each of the N blocks of H char-
acterized by a two-dimensional k vector looks like

b

< ©
%o
<@
feel C)<
faa
*

QO
Q)OQ

—_—
—_—

*

*
SERS

(13)

QDO<
SIS
Q>C>-<

-

where we have suppressed the k label on 6 and the
basis states for the matrix are ordered: - * k,n, @)
Ik,n,b) |k,n + 1,a) k,n + 1,b) -+, We perform
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the unitary transformation in which the two rows in~
dicated are multiplied by 6/6* and the two columns
are multiplied by 8*/9. The sequence above the dia-
gonal becomes V6 V6* Vo* Vo V6 Vo* which corresponds
to ABACABA. ... This is the same change in sequenc-
ing that we achieved for the fcc,hep series in the pre-
vious section and the argument,therefore, proceeds in
an identical manner from this point to show that the

density of states is the same for any desired sequence.

As a footnote to the preceding two sections, it can be
seen that the diagonal elements of H! are equal with-
in each of the M blocks in the Hamiltonian in either
of the two polytype series, provided that end affects
are neglected of course. This is because in the dia-
gonal elements of H!, a given 6 is always multiplied
by its conjugate 6*. Therefore (¢, |H|¢, is indepen-
dent of 7 and so the random walk can begin at any site
and the number of returns will be the same. This im-
portant result allows us to remove the (1/NM) 7, in
Eq.(3). Any site is “typical” in respect to random
walks as long as it is sufficiently far from the sur-
face that the walk does not reach the surface. This
result is perhaps a little surprising as all the struc-
tures considered in this paper, except fce, contain
sites not related by a vector in the translation group
of the structure.

V. DISCUSSION

It is amusing to notice that the two structures con-
sidered in Secs.HI and IV, which have the interesting
property with respect to random walks,are the clos-
est packed (12 neighbors) and loosest packed (4 neigh-
bors) of the three-dimensional structures. The main
interest is in the equivalence of the random walks;
however,the equivalence between the density of states
for the Hamiltonian (1) is also of some interest.

We have found it convenient in this work »nof to de~
fine a wave vector &, in the direction of the random
stacking. To do so is misleading even in the case of
structures periodic in the z direction as the essen-
tial simplicity is obscured. As an illustration of
this we consider the fcc and hep structures in the
001 direction. Defining a wave vector %,,the disper-
sion E;,, along 001 for the hcp, where the separa-
tion between adjacent planes is ¢ = (JZ_/§ ) a,is given
by the eigenvalues of a 2 X 2 matrix,

[ 8V 3V(1 + eiZsz):l
3V(1 + ei2keo) 6V ’ (14)
i.e.,Eppy = 8V(1 £ cosk,c) (15)

These two branches are shown in Fig. 2. The Bril-
louin zone has a hexagonal cross section perpendicu-
lar to the %, axis and a height 27/2c¢ in the &, direc-
tion. It is possible to describe the fcc lattice in a
similar manner although it is more usual to exploit
the cubic symmetry to its greatest extent and have
only one atom in each unit cell, so that z axis becomes
a 111 direction. However,we can define a k, vector
and the dispersion E;y, along 001 is now given by

the eigenvalues of a 3 X 3 matrix,

6V 3v 3Ve3ikc
[31/ 6V 3v ,
3Ve 3ik,c 3V 6V

(16)

Eqpq = 8V(1 + cosk,c)

and 6V [1 — coslk,c + 7/3). amn
These three branches are also shown in Fig.2. The
Brillouin zone again has a hexagonal cross section
perpendicular to the %, direction but its height is only
21/3 ¢ corresponding to a repeat distance of 3c for the
fce structure as opposed to 2¢ for hep. This zone is
only 4 the size of the Brillouin zone that is usually
used for the fcc structure;however, every k vector
has three modes associated with it instead of just one.
It can be seen immediately from ‘Fig, 2 that the ener-
gies are the same for the two cases as required by
the result of Sec.3;however,the k space description
is quite different;in particular the zero energy mode
is at the zone center in hep and at the zone boundary
in fcc. As the period in the z direction gets longer,
the height of the Brillouin zone shrinks and the num-
ber of modes associated with each k vector increases
until in the limit of no periodicity in the z direction,
k, becomes zero and there are M modes associated
with each k vector in the plane perpendicular to the

z axis.

In the theory of magnetic insulators,the Heisenberg
Hamiltonian with nearest neighbor ferromagnetic
coupling is often used.5 Within the states of one-spin
deviation, this Hamiltonian reduces to the simple hop-
ping Hamiltonian (1) apart from a constant. Thus the
density of spin waves states is the same for all struc-
tures in the fcc,hcp series and in the zincblende, wurt-
zite series.

It is probable that the work of this paper can be ex-
tended to more complex Hamiltonians than Eq. (1) pro-
vided that the hopping is resiricted to neavest neigh-
bors only. Recently, Thorpe and Weaire® have shown
that the density of states for a model of Si or Ge con-
taining four states per atom (when spin is not con-
sidered) in a tetrahedrally coordinated structure can
be related to the density of states of the Hamiltonian (1)
by a structure independent transformation. Thus for
this model the density of states for Si and Ge in the
valence and conduction bands is independent of the
structure within the zincblende, wurtzite polytype

hcp fce

1744 v

Vi 9v
I
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FIG. 2. The dispersion relation along the (001} direction for
the hep and fec structures. The Brillouin zone is hexagonal

in cross section perpendicular to the z axis and has a repeat
distance of 27/2c¢ for hep and 27/3¢ for fec along the z direc-
tion. This corresponds to the conventional zone for hep, but

the zone for fec is § of the conventional zone for that structure.
The figure illustrates that the eigenvalues are the same for the
two structures even though the labeling of the states in k space
is quite different.

e —» k, e
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series. This leads to the import result that the band
gap is also structure independent. The problem of the
difference in the band structure for the zincblende
and wurtzite structures when the hopping is not res-
tricted to nearest neighbors and when two atomic
species are present,has been considered by Birman.4

VI. RELATION BETWEEN THE TWO SERIES

In this section we derive a simple relationship between
the number of returns 7, in random walks on the two
polytype series considered in this paper. It is conveni-
ent to fix our attention upon the simplest member of
each series,i.e.,fcc and zincblende. It is not surpris-
ing that the 7, for these two lattices are related as
zincblende is the fcc lattice with two atoms at each
lattice point.

The fcc lattice has one atom in the unit cell and this
has 12 nearest neighbors which we may put at a(z1,
£1,0),a(x1,0,£1),a(0,+1,+1), The eigenvalues E, f°°
of the Hamiltonian (1) are given by

Eﬁcc =V etkes
‘v 1o
= o
where e

@,,, = CoSk a cosk,a + cosk,a cosk,a

(19)

The wave vector k is of course three-dimensional and
the sum over § is over the 12 nearest neighbors. Via
(3),the 7, for the fcc lattice (denoted by »icc) are
given by

+ cosk,a cosk a.

rice = Efcc)i
‘ VINM :L( &)

=t LSS

X (cosx cosy + cosy cosz + cosz cosx)ldxdydz.

(20)

The integrals in (20) can easily be evaluated for small
values of ! using

(2n)1 -
4n(n1)2

1
5= | "cos2n+lxdx = 0
T -1

1 n
-y 2nxdx =
— f ] cos

(21)

where # is an integer. The »i¢¢ for 1 up to 9 are
given in Table I. They agree with the values given by
Domb? for the fcec and hep lattices.

The zincblende structure has two atoms at each
lattice point of an fcc lattice. Each atom on one sub-
lattice has four nearest neighbors on the other sub-
lattice with may put at a/2(1, 1, 1), a/2(1,—1,—-1),
a/2(-1,1,—1) and a/2(—1,—1, 1). The eigenvalues EZP
for the zincblende structure are obtained from the

2 X 2 matrix

e o]

where B = 1 + e 8" 80 4 pilkythde . it Ra
and so

Egb =+ 2VV1+ axw (22)
where «, . also occurs in the dispersion relation for

the fecc lattice and is given by (19). The number of
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TABLE I. The number of returns to the origin », for the first few
walks on the fce, hep series [calculated from Eq. (20)] and for the
zincblende, wurtzxte series [calculated from Eq.(24)].

fee, hep polytype series zincblende, wurtzite polytype series

1 7, I} 7,

0 1 0 1
1 0 2 4
2 12 4 28
3 48 6 256
4 540 8 21716
5 4 320 10 31 504
6 42 240 12 387 136
7 403 200 14 4 951 552
8 4 038 300 16 65 218 204
9 40 958 400 18 878 536 624

returns %P for the zincblende are obtained from (3)
and (22):

E (Eﬁb)Zl
=4 o 2,”)3 f_,,‘-ff

+ cosz cosx)dxdydz,

+ cosx cosy + cosy cosz
(23)

where [ is an integer. There are no returns involving
walks with an odd number of steps. The summation
over k is over both branches of the spectrum (22).

It is clear that from (20) and (23) we can derive a
simple relation between 7 £ec and r3b

rzb = Z) 4m-i(m)rice (24)
We have used (24) to derive 2P for [ up to 18. This
extends the table given by Domb1 for the diamond
structure which goes to I = 12. The results are shown
in Table I. Notice that there are no returns consist-
ing of an odd number of steps. This is because all the
members of the zincblende, wurtzite series can be
split into two interpenetrating sublattices as des-
cribed in Sec.IV.

The density of states for the Hamiltonian (1) for the
fcc lattice has been calculated numerically by Frik-
kee7and expressed interms of elliptic integrals by
Joyce.8 Using (18) and (22), the density of states for
the zincblende structure can be found by a simple
transformation on the density of states for the fcc
lattice.®

VII. CONCLUSIONS

We have shown that the density of states for a simple
hopping Hamiltonian is the same for all structures in
the fce, hep polytype series and in the zincblende,
wurtzite polytype series. This result is then used

to show that the number of returns to the origin in a
walk starting from any point and having a given num-
ber of steps is the same for all members of each of
the two polytype series. A relationship is given be-
tween random walks on the two sets of structures.

Note added in proof: 1 would like to thank M. E.
Fisher for informing me of his unpublished proof of
the equivalence of random walks on the lattices of the
fec, hep polytype structures. This rather elegant
proof utilizes generating functions (see Ref.1) and its
extension to the zincblende,wurtzite polytype series
is discussed briefly in the Appendix of J. F. Nagle,
J.Math, Phys. 7, 1484 (1966).
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Moments and Correlation Functions of Solutions of Some Stochastic Matrix Differential Equations

J. A.Morrison
Bell Telephone Labovatories, Inc., Murray Hill, New Jersey
(Received 20 September 1971)

The (not necessarily linear) vector differential equation

9N _ tta(z), M(2), 2),

o u(0) = gfM(0)]

is first considered, where M(z) is a finite- state Markov process which has, in general, a nonstationary transi-
tion mechanism. The joint process {u(z), M(z)} is a Markov process, and forward and backward Kolmogorov
equations are derived for the transition probability density functions. Attention is then turned to the linear

matrix differential equation

W =AM, W),  WO) = 5[MO),

where W and y are n x m matrices and A is an 1 x » matrix, The forward equations for the corresponding

probability density functions are used to obtain two different, but equivalent, formulations for the calculation of
the moments of any given order, and of the correlation functions, of the solution. The calculation of the mo-
ments and correlation functions is reduced to the solution of systems of linear ordinary differential equations,
with prescribed initial conditions. The inhomogeneous matrix equation

D _ AMM(z), 2)Y(2) + BM(2), 2),

Y(0) = [M(0)]

is also considered. Some applications, in particular to the calculation of the average modal powers in ran-
domly coupled transmission lines, will be given elsewhere,

1. INTRODUCTION

This paper is concerned with the calculation of the
moments and correlation functions of the solutions of
the stochastic matrix differential eguation

W A1), W), (1.1)
satisfying the initial condition
W(0) = o[M(0)], (1.2)

where M(z) is a continuous parameter, finite- state
Markov chain! which has, in general, a nonstationary
transition mechanism. Here W(z) and y(*) aren Xm
matrices and A(*, ) is an » X% matrix valued func-
tion of its arguments, Application of the results to
the calculation of the average power in each of two
randomly coupled modes, traveling in the same direc-
tion in a transmission line, will be made in another
paper.

The results of this paper generalize and extend those
of a recent paper by McKenna and Morrison,? in
which equations were obtained for the first- and
second-order moments of the solutions of the two
pairs of equations

dum dvm 9
e Vs az =— 80[1 + nf(M(z))]um, m =12,

(1.3)

satisfying the nonstochastic initial conditions

u(0) =1=0,00), u,(0)=0=0v,(0). (1.4)
The system (1.3) and (1.4) may be written in the

matrix form (1.1) with

W= [“1 “2].
vy Vg
In an earlier paper by McKenna and Morrison3 the
solutions of (1.3) were considered in the special case
fM(2)) = T(z), where T(z) is the random telegraph

process, 4 and the correlation functions were calcu-
lated, in addition to the moments.

(1.5)

The starting point of the present analysis is the real
(not necessarily linear) vector differential equation

N $ale), M(2), 2), (1.6)
subject to the initial condition

u(0) = g{m(0)]. (1.7
Here u(z) is a column vector with components #;(z),
i=1,...,L,and g(-) and £(-, -, -) are L-vector valued

functions of their arguments. The sample functions
of the Markov process M(z) can take on only the
values q,, p = 1,...,N, and the paths are assumed to
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tion mechanism. The joint process {u(z), M(z)} is a Markov process, and forward and backward Kolmogorov
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is also considered. Some applications, in particular to the calculation of the average modal powers in ran-
domly coupled transmission lines, will be given elsewhere,

1. INTRODUCTION

This paper is concerned with the calculation of the
moments and correlation functions of the solutions of
the stochastic matrix differential eguation

W A1), W), (1.1)
satisfying the initial condition
W(0) = o[M(0)], (1.2)

where M(z) is a continuous parameter, finite- state
Markov chain! which has, in general, a nonstationary
transition mechanism. Here W(z) and y(*) aren Xm
matrices and A(*, ) is an » X% matrix valued func-
tion of its arguments, Application of the results to
the calculation of the average power in each of two
randomly coupled modes, traveling in the same direc-
tion in a transmission line, will be made in another
paper.

The results of this paper generalize and extend those
of a recent paper by McKenna and Morrison,? in
which equations were obtained for the first- and
second-order moments of the solutions of the two
pairs of equations

dum dvm 9
e Vs az =— 80[1 + nf(M(z))]um, m =12,

(1.3)

satisfying the nonstochastic initial conditions

u(0) =1=0,00), u,(0)=0=0v,(0). (1.4)
The system (1.3) and (1.4) may be written in the

matrix form (1.1) with

W= [“1 “2].
vy Vg
In an earlier paper by McKenna and Morrison3 the
solutions of (1.3) were considered in the special case
fM(2)) = T(z), where T(z) is the random telegraph

process, 4 and the correlation functions were calcu-
lated, in addition to the moments.

(1.5)

The starting point of the present analysis is the real
(not necessarily linear) vector differential equation

N $ale), M(2), 2), (1.6)
subject to the initial condition

u(0) = g{m(0)]. (1.7
Here u(z) is a column vector with components #;(z),
i=1,...,L,and g(-) and £(-, -, -) are L-vector valued

functions of their arguments. The sample functions
of the Markov process M(z) can take on only the
values q,, p = 1,...,N, and the paths are assumed to
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be right- continuous. Applications in control theory
involving equations of the form (1. 6) have been con-~
sidered by Wonham,5 and earlier by Krasovskii and
Lidskii, 6,7 in the case that A (z) has a stationary
transition mechanism, and the initial vector u(0) does
not depend on M(0). However, our interest in system
(1. 6) is somewhat different from theirs.

We assume that sufficient conditions are imposed on
(', *, *) to ensure, for each sample function M(z) (ex-
cept a set of measure zero), the existence and unique-
ness of the solution u(z) of (1.6) and (1.7) on some
interval of the half-line 0 = z < ©, which contains the
origin. It is easy to see that the joint process {u(z),
M(z)} is a Markov process on this interval. The pro-
bability density functions o,(u,2), p = 1,...,N, are
defined by

0,(4, 2)d%u = Prob{u = u(z) = u + du, M{z) = a,},

3
where dLu is the volume element (1.8)

L
dtu = _l'lldui. (1.9)
;s
Here v = w means that the inequality holds compon-
ent by component. Stochastic averages of functions
of the form F(u(z),M(z), z) are given by
N

(F(u(z), M(z), 2)) =Z71 Jor Flu, a,,2)0,(u, z)du, (1.10)

p =
the integration being over the entire Euclidean L
space, RL,

In Sec. 2 we summarize those properties of the finite
state Markov chain M(z) which are needed. A formal
derivation of the partial differential equations satis-
fied by the probability density functions o, (u, 2),p =
1, ,N,is given in Appendix A.

We are also interested in the transition probability
density functions p,,(u, z;v, ), p,g =1,...,N, de-
fined for 0 < € < %

Pp, @, 2;¥, 8)d?u = Probfu = ufz) = u + duy,

M(z) = a,lu®) =v, M) = ¢}. (1.11)
Stochastic averages of functions of the form G(u(z),
M(z),z;u(§),M(€), {) are given by

(G(U'(Z),M(Z), Z; u(C)’ Al(g)) §)>
N N
=E Z j}‘zL fLG(u, P,Z;v’aqu)

?» =1 q:l

x qu (u9 23V, C)Oq(v) C)dLll dLV‘ (1'12)
Averages of functions involving three or more points
can also be calculated with the aid of the transition
probability density functions, since the joint process
{u(z), M(z ){ is a Markov process.

The forward and backward Kolmogorov equations for
the transition probability density functions are given
in Sec. 2. The forward equations for Ppg u,2;v,8),
with ¢, v and { fixed, are the same as fhose for

o, (u, z), but the boundary conditions are, of course,
different The backward equations for p,, (u, z; v, C)
with p,u, and z fixed, are derived in Appendlx B and
give the adjoint formulation. From the backward
equations, an alternate formulation for calculating
the stochastic average of F(u(z), M(z), z) is obtained.
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In Sec. 3 the linear matrix system (1.1) and (1. 2),
which may be written in vector form, is considered.
With the help of the equations for the corresponding
probability and transition probability density func-
tions, expressions are derived for the moments of
any given order, and the correlation functions, of the
solution of (1.1) and (1. 2). Some of the details are
given in Appendix C. The calculation of the moments
and correlation functions involves the solution of sys-
tems of linear ordinary differential equations with
prescribed initial conditions. In the case in which
the process M(z) has a stationary transition mech-
anism and A is a function of M(z) alone, these equa-
tions have constant coefficients.

In Sec. 4 we give alternate, but equivalent, formula-
tions for the calculation of the moments and corre-
lation functions. The alternate formulations for the
first- and second-order moments correspond to
those obtained by McKenna and Morrison2 for the
particular system (1. 3) and (1. 4).

In Sec. 5 the inhomogeneous stochastic matrix dif-
ferential equation

Y _ AM(2), 2)Y(2) + B

& = @),2), Y(0) =

y[M(0)],

(1.13)
is considered. Here Y, B and y are » X m matrices,
and A is as before. The system (1. 13) may be re-
written as an augmented homogeneous system, so
that the previous results are applicable. The mo-
ments of order s of the solution of (1.13) are coupled
to those of order (s — 1),for s = 1,2,++. Thus the
moments may be calculated successively for increa-
sing order.

2. EQUATIONS FOR THE PROBABILITY DENSITY
FUNCTIONS

We first summarize those properties of the finite
state Markov chain M(z) which we will need.1l The
sample functions M(z) are defined on the half-line

0 < z <, can take on only a finite number N of dis-
tinct values ap,p =1,...,N, and have right-continu-
ous paths. An initial probability distribution is
given,

o, =Prob{M(0) =g}, p=1,...,N, (2.1)
where @, > 0 and
Z) a, = 1. (2.2)

We consxder only those processes which can be de-

fined by means of continuous, bounded infinitesimal

generators. Thus we assume given an N x N matrix
function

7(z) = (1, ),

satisfying the conditions

(2.3)

qu(z)zoy p ;tq’ TPP(Z)SO, p,q:l,...’N,
and (2.4)
N
D1, =0, p=1,...,N @.5)

Definition 2. 1. E(") (x,v) is the event that M@y) =
a, and M(z) changes value n times in the interval

*,).
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The events E(") (x,y) and E(m) (x,y) are clearly mutu-
ally excluswe form =n and U =0 E("’) (x,v) is just

the event M(y) = a,. Define
Blj(,")(x y) Prob{E(")(x,y [M(x) = =a,}. (2.6)
Then, for 62 >0+, p,q=1,...,N,
P;(O)(z z2+6z)=1+17 (z)Gz + 0(62), 2.7
Ig(l)(z z + 62) =7, (2)62 + 0(dz), g¢q =p, (2.8)
Z) P(") (2,2 + 62) = 0(8z2). (2.9)

n=2

If the matrix 7 is constant, then the process M(z) is
said to have a stationary transition mechanism.

In Appendix A we derive the equatlons satisfied by
the probability density functions o,(u,2), p =1,

N, defined by (1. 8), where u(z) is tlfle solution of (1 6)
and (1.7). It is found that

a0, Lz N
B El 3, U84, 20,0, 2] = & 7, 200, @, 2 _102.

From (1.7), (1. 8), and (2. 11), the initial conditions
are
0,(, 0) = a, 5[u — gla,)],

p=1,...,N, (2.11)

where & denotes the delta function.

Now consider the transition probability density func-
tions p,, (u,2;v,%), p,q =1,..., N, defined by (1.11).
For z > { and fixed q, v and C, we may derive equa-
tions for p,, {u, z; v, £) in a manner analogous to that
used in Appendlx A in obtaining the equations for
p,(u, z). Since the joint process {u(z), M(z)} is a Mar-
kov process, it follows that the probabilities of
events at z + 5z, conditioned on (u(z), M(z)) and
(), M (), are just the probabilities conditioned on
(u(z), M(z)) only.

Consequently, for fixed ¢, v, and &, it is found that
Py, @, 2; v, £) satisties Eq. (2. 10), that is,
4]
Py | K
0z 2

, lau

[0, a,, 2)opq (@, 2, )]

—E 7,5 (200, (@, 2;v,¢) = 0, (2.12)

b,q= 1, ...,N. However, from (1. 11), the initial
conditions are

ppq(usc;v:C)=GPq6(u_V)9 p’q':l"“’N?
where ég 7 is a Kronecker delta. It follows from
(2.10)-(2.13), or from (1.7), (1.8) and (1.11), that
N
op (u’ Z) = E
¢=1

Equations (2. 12) are the forward equations for the
transition probability density functions Ppq (u, z;v,¢).

In Appendix B we derive the backward equatlons in
which p, u,and z are held fixed. It is shown that

p"" +Ff(v, g

z2>¢=0,

(2.13)

a0y, (0, 23 8(a,), 0). (2.14)

"’" @, z; v, £)

+ afqr(ﬁ)Ppr(u,Z;v, ) =0, 0=¢t<gz (2.15)

P,q=1,...,N. From (1, 11), the boundary condition
is

Ppg M, 25v,2) = 6,,6@~v), p,g=1,...,N. (2.16)
The formulation in (2. 15) and (2. 16) is the adjoint of
that in (2.12) and (2.13). We remark that, in the case
in which the process M(z) has a stationary transition
mechanism, Wonham3 gives the infinitesimal genera-
tor for the joint process {u(z), M(z)}, which was
derived earlier by Krasovskii and Lidskii.8>7 The
backward equation (2. 15) may be derived by means
of this generator.

Now, from (1.10) and (2. 14),
N
(Flu), M&),20) =2, 2 a,
p=1 ¢g=1
a,, 2)p,, (u, z; g(a,), 0)dlu.

=

x [,z Flu 2.17)

Let
(z;9,8) = E fRL F(u, fp,z)ppq (u, z; v, £)dLlu. (2.18)

Then, from (2. 15) and (2. 16),
aF

N
ac +Z>f V, ) q +g_:/1 Tqr(C)EF,:O,
0=t<z (2.19)
with boundary condition
3,(z;v,2) =F(v,a,2), q=1,...,N. (2.20)
Also, from (2.17) and (2.18)
N
(F(u(z), M(2), 2)) = El o,5,(z;2(),0.  (2.21)
o

In the next section we use the forward equations to
calculate the moments and correlation functions of
the solutions of the system (1.1) and (1.2). The mo-
ments may also be calculated from the backward
equations, but we omit the details. We have given the
backward formulation (2.19)-(2.21) as a matter of
completeness, since it is often more convenient for
calculating stochastic averages other than moments.

3. MOMENTS AND CORRELATION FUNCTIONS

We now consider the system (1.1) and (1. 2), and use
the results of the previous section to calculate the
moments, and correlation functions, of the solution.
Let the n X m matrices W and y, and the n x n mat-
rix A, have components

W= (wik)’ Y= ('Vik)’ A= (Aij)' (3. 1)
Then
dw;
e ;3 A ME), 2wy z),  w,(0) = v, [M(0)], (3.2)
i=1,...,n, k=1,...,m. The system (3. 2) may be

written in vector form, by forming a column vector
with #nm components from the m successive column
vectors (w;,),. .., {(w;,), with » components each. This
leads to a system of the form (1, 6) and (1.7), with

L =nm.

The probability density functions o, W,z), p=1,...,

N, corresponding to the system (3. 2), satisfy, from
(2. 10), the equations
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o0, non m dw,o,) N
2 #pT -
9z +§’1JZ——>1 ;§1 4% D g, r2~1 (20, = 0,
(3.3)
with initial conditions, from (2. 11),
O'p(w, 0) = OZPG[W — 'y(ap)]. (3.4)

Since equation (3. 3) is homogeneous in the elements
of W, it is possible to obtain equations for the mo-~
ments of any given order. Some of the details are
given in Appendix C, and we summarize the results
here. We denote by W) the s-fold Kronecker pro-
duct of the matrix W with itself.8 Then the sth~order
moments of 0, are given by

(W ©), = Jenm W, (W, 2)dnm W, (3.5)
where
@ W= 11 1 dw,.

i=1 k=1 ¢

From (1.10), the expected value of W) is given by
N
W) =2 (W),
p=1

For the first-order moments it is found that
da
dz
with initial conditions, from (3. 4),

<W(0)>p = ap’)’(ap))

(3.6)
N
(W(2)), = Ala,, 2X W), + Z__)l 7,,(2)(W(2)),, (3.7)

p=1,...,N. (3.8)

For the second-order moments it is found that

N
£ W) x W, =2 7, @) W) x W),

r=

+ {[Alg,, 2) X L] + [I, X Alg,, 2)]} (W(2) X W(z)),,

(3.9)
with initial conditions, from (3. 4) and (3. 5),
(W(0) x W(0)), = a,[yla,) X y(g)], p=1,...,N.
A (3.10)

Here X denotes Kronecker product,[B X D = (bi;) X
D = (b, jD)], and I, denotes the unit matrix of order »n.

Actually, we could have obtained (3.9) and (3. 10) by
first deriving the equation satisfied by W(z) X W(z)
and then applying the general result for first-order
moments, Thus, from (1.1),

L W) x We) = {[AME),2) x 1,)

+[I, X A(M(2), 2)]}{W(2) X W(z)] (3.11)
with initial condition, from (1. 2),
W(0) X W(0) = y[M(0)] X y[31(0)]. (3.12)

In this manner, or via the method of Appendix C, it is
found that, generally,

d N
7z W) ), =Z)1 T, (2) (W(2) ©),

S
+2 (1Y% Afgy, 2) X ITTOUW() ),  (3.13)
=1
where 1%’ = 1,, with initial conditions
WO, = oly@)]®, p=1,...,N (3.19)
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The expectation of W) may thus be calculated by
solving the system of linear matrix differential equa-
tions (3. 13), subject to the initial conditions (3. 14),
and then using (3. 6).

Next, let us consider the calculation of the correla-
tion functions. Corresponding to (3. 3), the forward
equations satisfied by the transition probability den-
sity functions p, (W, 2;V,{), p,qg =1,...,N,are,
from (2.12),forz > ¢ = 0,

P n r m d i N
W0 435 5 5 Ay ) 5 ey 0,

i=1j=1k=1 arty, r=1 (3. 15)
with initial conditions, from (2. 13),
ppq (Wy §;V, C) = quG(WhV)- (3.16)

Expressions are derived in Appendix C for the corre-
lation functions. Let the matrices ¥, (z, ) satisfy the
equations

o

N
a:a = Aa,, 2)¥,, + 21 LANE). (3.17)
with initial conditions
‘I’pq(C; §)=6MI”, P,q:l,..,,N. (3-18)
Note, from (3.7) and (3. 8), that
N
W), =23 0¥y, Oyla). (3.19)
P
It is found that, for 0 < { = 2,
N/ N
W) x W) =2 ( 25 9,6, 0)x 1)
g=1"'p~1
X (W(E) X W(E),. (3.20)

This result may be expressed in augmented matrix
form. Thus, let K(¢) be the column of matrices
K(¢) = col((W(£) X W())q, ..., {W(K) X W())y), (3.21)
and also let the matrix ®(z, £) have matrix elements
¥, (z,¢), with @ = (¥, ). Note that matrix equations
may be written down for K(z) and &(z, ¢), from (3.9)
and (3.17). Also, from (3.18),®(¢,¢) = (I, X 1), so
that & is a fundamental matrix. From (3. 20) and
(3.21),

(W(z) x W) ={[Ey % L,)2(, £)] X L, JK(©),

0<t=2z (3.22)
where E, is the row vector with all N elements equal
to 1,

It is remarked that if the process M(z) has a sta-
tionary transition mechanism, so that 7 is constant,
and if A is a function of M(z) alone, then (3.17) is a
system of linear equations with constant coefficients
and, from (3.18),

¥, (2,0 =¥, (¢, 0, p,q=1,...,N.(3.23)
A result equivalent to (3. 20) was obtained by McKen-
na and Morrison3 for the special case of the system
(1.3) and (1. 4), with f (M(2)), = T(z), where T(z) is
the random telegraph process, which has a stationary
transition mechanism and only two possible states.
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In the next section we give alternate, but equivalent,
formulations for the calculation of the moments and
correlation functions, Which of the two formulations
is preferable depends, in particular, on the relative
sizes of » and N and the sparseness of the matrices
involved.

4. ALTERNATE FORMULATION

We begin by giving the alternate formulation for the
first-order moments. Let the vector w,(2) denote
the 2th row of the matrix W(z), that is,

wh(z) = (thl(Z), e 9w},m(z)), h = 1; R (4- 1)

and let £, (z) denote the column of matrices

Q,(2) = col(lw,(2))1, . .., (W, (2)y). (4.2)
Then, from (3. 6), the expected value of w, is
(w,(2)) = Ey8Q, (2). (4.3)

We define the N X N diagonal matrices Di]-(z) and

Vis ,ij=1...,n, k=1,...,m,by

D,;(2) = diag[4,;(a,, 2)], (4.4)

where p ranges from 1 to N along the diagonal and

Vy = diag[yjk(ap)]. (4.5)
Then it follows from (C1) that

a i

@ :jg D, (2)2,(z) + 7¢ (2)2; (), (4.6)
where ¢ denotes transpose. Also, from (3. 8),

2,0 = (et ..., tha‘), h=1,...,n, (4.7)
where

Q= (A, .00, 0y (4.8)

is the row vector of initial probabilities given by
{2.1). Note, from (2. 2), that Eyat = 1.

McKenna and Morrison? obtained equations for the
first-order moments of the solutions of the system
(1.3) and (1. 4) in a form corresponding to {4. 3), (4. 6),
and (4.7). Thus, for this system, corresponding to
(1.5),n = 2,m = 2, and

Dy, =0= Dy,
where

Dy, =1, D,;, =—B, (4.9

B = pil, + np3 diag(f (a,)]. (4.10)
Also, from (1. 4),

Vi, = 1. (a.11)
Making the identifications

£,=(U,U,), &,=(V,V,), (4.12)

we obtain the previous results.2

We consider next the second-order moments, and de-
fine the column of matrices
ﬂjh(z) = COl«wj(Z) X wh(z)>1, seey (wj(z) X wh(z)>N()4' 13)

Then, from (4. 1), (4.4), and (C3),

aQ
*d'zf—h = Tt(z)th (=)

+ il [ij(z)gjh(z) + Dhj(z)ﬂfj(Z)]. 4.14)
=

We define the N X N diagonal matrices &, ,,/, 7 =
1,...,n, 8,1 =1,...,m,by

Ergm = diagly, (a,)y,,(a,)]. (4.15)
Then, from (3. 10), the initial conditions are
th(o) = (& pmal, .., Eimm@t, .. @t o @),
(4.16)

Finally, from (3. 6), the expected value of (w; X w,) is

(0 (2) X w,(2)) = Ey2, (). (4.17)
For the system (1. 3) and (1. 4), we obtain the results
of McKenna and Morrison? for the second-order
moments by making the identifications

Q.= (Xl’xo’xo’xz)’ Q,5= (Z1’ Zy, 2, Zz)’

@y, +90y,) = (Y,,Y,,Y,,Y,).  (4.18)
From (4.9) and (4. 14) it also follows that
a%(ﬂlz‘ﬂzﬂ =T7!(2)[R15(2) — R5,()] (4.19)
Since E,7i(z) = 0, from (2. 5), this implies that
Ey[21,2) — 9,,()] = (0,1, 1,0), (4. 20)

using the initial values in (1.4). This result is a con-
sequence of the identity

u1(2)vy(2) — uyle)v,(2) = 1. (4.21)

Returning to the general case, we give the alternate
form of the equations from which the sth-order
moments may be calculated. Thus, define the column
of matrices

th "'hs(z) = COI(<wh1(Z) Xe-eX whs(z)>1’ ey

(W1 (@) X+ Xy (2)y).  (4.22)

It may be shown that

d — gt
dz Soon, =T (‘)th...hs (2)

3 Dy, 00, , () + - + D, (0, O]
= (4.23)

with appropriate initial conditions obtained from
(3.14). Also from (3. 6),

(whl(z) X oo Xy (2)) = ENth_"hs(z). (4. 24)
Lastly, we consider the alternate formulation for the
calculation of the correlation functions. Let the
matrices 8,,(z, {) satisfy the equations

a6, i

o =}E1 D, ;(2)8;, + T4(2)8,, 4. 25)
with initial conditions
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0,,(,0) =6,1y, hk=1,...n (4. 26)
Note, from (4. 6), that
2) :é}l 6,,(z, 0)2,(0). (4.217)
It is shown in Appendix D that
(W (§) X w, (2 >_Z} Ey0,,(2, 00, (0, 0=¢=z.
(4. 28)

This result may be expressed in augmented matrix
form. Thus, let H(¢) be the column of matrices

5 2,10),...,9,,0),
(4.29)

H(E) = col(@,(C), . .., 2, (&), ..

and let the matrix 6(z, {) have the matrix elements
6,,(z, ), with ® = (§,,). Matrix equations may be
wrltten down for H(zsa and ©(z, £), from (4.14) and
(4.25). From (4.26), ©(¢,¢) = (I, X I,)), so that
© is a fundamental matrix. Also, from (4. 16),

H(0) = 2(I,,X I, X af), (4.30)
where = is obtained by replacing each element
Yeg¥m Of y X v by the matrix &, given by (4.15).
From (4. 28) and (4. 29),

(W(5) X W(z)) =1{I, X[, X Ey)6(z, O}H(),

0<¢=<gz. (4.31)

Note the interchange of z and ¢ between the left-hand
sides of (3.22) and (4.31). '

5. INHOMOGENEQOUS LINEAR EQUATIONS

In this final section we consider the inhomogeneous
linear stochastic matrix differential equation

% = A(M(z),2)Y(2) + B(M(2), 2), 5.1)
with initial condition
Y(0) = 4{M(0)]. . 2)

Here Y, B, and y are n X m matrices,and Aisann Xn
matrix. The system (5. 1) and (5. 2) may be written
in the equivalent homogeneous form

o= [0 0 B} o) =[5 e
which implies, in particular, that
Z(z) = 1,,. (5.4)

Consequently, the results of the previous sections are
immediately applicable.

Let us consider the first-order moments. Thus, from
(3 7) and (3. 8),

i (Y(z)> —ET,,,(z)<Y(z)> + Ala,, 2)Y (2)),
+ B(ap, z)Z(2)),, (5.9)
with initial condition
<Y(0)>p = apy(ap), p=1...,N, (5. 6)
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4 (2@, =§1 7,y (&) (), (5.7)
with initial condition

@O, =a,,, p=1,...,N (5.8)
It is evident, from (1.8), (3.5), and (5.4), that

(Z(2)), = Prob{M(z) = a,}1,,. (5.9)

These results may also, of course, be obtained by
considering the probability density functions o4Y¥, z),
p =1,...,N, corresponding to the system (5.1) and
(5.2). Thus, corresponding to (2.10) and (2. 11), with
Y= (yik)’

do, 2 X M 3(y,0,)
b jk“p
—£+3; a,, 2) =2
9z = ;Zzl k=1 4150, 2) Yip
] m N
+27 20 Byla,, 2 a -2, =0, (5.10)
i=1 k=1 3’ ik 7=l
with initial conditions
op(Y, 0) = ozpé[Y — y(ap)], p=1,...,N. (5.11)

It is evident that the moments of order s are coupled
to those of order (s — 1),for s = 1,2, --- . The zero-
order moments correspond to Prob{M = a,}. Hence
the moments may be calculated successwely for in-
creasing order.
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APPENDIX A

We here derive the equations satisfied by the prob-
ability density functions o, (w,z),p =1,...,N,defined
by (1.8), where u(z) is the solution of (1.6) and (1.7).
We first remark that o,(u, z + 52)8V is, approximately,
the probability that M(z + 8z) = a, and u(z + 6z) lies
in a small volume element &V around the point u in
RZL, We will calculate o, (u, z + 62)5V in terms of the
probabilities of the events at z which can lead to the
desired event at z + 5z. From Definition 2.1, the
event M(z + 8z) = q, is the union of the three mutu-
ally excluswe events ED (2,2 + 62), EP (2,2 + 62),
and Un zEp Mz, 2 + bz).

Since the event Ep ) (2 2,z + 6z) implies that M (x) = a,
for 2 = x = z + 6z, then, from (1. 1), it also implies
that

u(z) =u(z + 62) — f(u(z + 62),a,,2)6z +0(6z). (A1)
Under this transformation, the small volume element
5V around u(z + 6z) = u is transformed into a small
volume element 6V, around u(z) = [u— f(u, a, 2)62 +
0(52)], and

) uL(z))

u (z + 62))

o, (2),.
oV, = 3,z -11- 62), ...,

L of;
=(1-2 = (ua,,zdz+ o(éz))GV,
i= 1a p
from (Al). Next, the event E, )(z z + 6z) implies that

M(z +62) = a, and M (2) = q,q = p. In this case

oV

(A2)
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u(z) lies in a small volume element 6V, around uz) =
[u +o(1)],and 6V, = [1+o@)6V.

We now combine the possible events at z leading to
the desired event at z + 6z and, from (2. 6)-(2.9),
obtain

op(u,z +02)0V =[1+7, NEILES A (u — f(u, a,, 2)52, 2)6V,
<Z » ()82 0, (u, 2) + o(éz)) 5V.  (A3)
qtp

Dividing Eq. (A3) by 6V and using (A2), then subtract-
ing 0 {u, z) from each side and dividing by 6z, we ob-
tam 1n the limit 6z — 0+,

N
+1216u[ u,a,, 2)0,(u, 2)] - quTq 2)o,(u, 2) = 0,
p=1,...,N. (A4)
APPENDIX B

We here derive the backward equations for the tran-
sition probability density functions, defined by (1.11).
For 0 = ¢ < z, we consider a small increment 6¢ in
¢, with £ + 6¢ < z, and determine the probablhty of
events at z, given that u(¢) = vand M(¢) = q, in
terms of the events that may occur in the intervals
(€,¢ + 6¢) and (£ + 8¢, 2). Firstly, from (2. 6) and
Definition 2.1,

Prob{M (¢ + 68) = a, |M@) =q,} = E B (g, ¢+ 50).

(B1)
The event E(O) (¢, ¢ + 6¢) implies that M(x) =
C=x=¢+ 6§, and hence, from (1. 6), that
u(¢ + 6¢) = u(€) + f), a,, )¢ + 0(6%). (B2)

Secondly, given M ({) = q,, the event E(l) (€, t +5¢),
q = v,implies that u(¢ + ()C) =u(¢) + 0(1)

Since the joint process {u(z), M(z)} is a Markov pro-

cess, the probabilities of events at z conditioned on

(ulx), M(x)), ¢ =x = € + 8¢, are just the probabilities

conditioned on (u(¢ + 6¢), M(¢ + 5¢)). Hence, from

(1.11), (2.7)~(2.9), (B1), and (B2), it follows that

= (Zg T4, (£)880,, (w, z;v, £) + O(GC)>dLu
Y rq

0p, (@, 2; v, £)dlu

+[1+7,,(0)8¢]p,, M, z;v + (v, a, £)8E,§ + 68)dlu.

(B3)

Subtracting the left-hand side of (B3) from the right-
hand side, dividing by d% u6¢, and letting 6§ — 0+, we
obtain the backward equations (2. 15).

APPENDIX C

We begin by considering the moments of g,(W, z), de-
fined by (3.5). For the first-order moments we mul-
tiply Eq. (3. 3) by w,,, and integrate with respect to
the elements of W over R*”, After an integration by
parts we obtain

d n
d‘Z <whl>p :ng Ah (

This may be written in the matrix form (3.7).

,2) ), +Z) T,p(zxwhl) (C1)

Next, for the second-order moments, we multiply Eq.
(3. 3) by wgw,,, and integrate over R»™. But,

n m
g
iz:jl :/::)1 A (ay, 2wy, , (wgt0,,)
= Ag;(a,, 2hwjgtty, + A la,, 2wy, (C2)
Thus,
N
<u whl> Z} Trp(z)<wfgwhl>r
+Z}[ z) G, whl> +Ah( z)(zvfg l>p]' (C3)

This may be written in the matrix form (3.9), since

(AW) X W =(A X L) (W X W),

C4
W X (AW) = (I, x A) (W X W). (C4)
The higher-order moments may be calculated in a
similar way.

We now consider the correlation functions, and de-
fine the matrix functions X, (z;V,¢), p,g =1,...,N,
by

X,, (&5 V,8) = foun Wo,, (W, 2V, O W, (C5)
It follows from (3.15) that

BX

az _A(a z)X " +Z} 7,5 @)X, ., (Ce6)
with initial conditions, from (3.16),

qu(C;vy C) = quv- (C7)
It then follows that

qu(Z; V’ C) = ‘I’pq(z, C)V’ (C8)

where the matrices ¥ N, satisfy (3.17)

, Pq = 1""1
d (3.18). b
But, from (1.12), for 0 =€ =gz,

Wiz) X WE) =25 23 Soam L WX V)

p=1 g-1 k
X 0py (W, 23 V, )0, (V, D)d"mWdnny.

Hence, from (C5) and (C8),
(W(z) x W(£))
N N
:pz=>1 qZ:)1 (¥

(C9)

v O XL] [ VX V)0, (V, O)dmV
(C10)

Thus, from (3. 5) and (C10), we obtain (3. 20).

APPENDIX D

We here derive the alternate formulation for the cal-
culation of the correlation functions. We define the
N x N matrix p and the column vector ¢ by

p= (ppq)y

Then, from (4. 4), Eq. (3.15) may be written in the
form

RSB IR WK

o =colloy,...,0). (D1)

( ]kp)

—7i(z)p = 0, (D2)

Q)

with initial condition, from (3. 16),
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Also, from (1.12),

(wfg(C)wh,(z»
=Ey Joum Jm 0P (W, 2V, Qo (V, O)dmmWdrmV.
(D4)

We now define the matrix functions A, (2;V, ¢), 7 =
1,...,mn, I=1,...,m,by

By @5V, 8) = [ 1 10,0 (W, 25V, D)dmmW. (D5)
Then it follows from (D2) that

ar, =& |

= =]§ D, ;(2)A;; +74z2)Ay, (D6)

with initial condition, from (D3),

A (6 V,8) = v 1y (D7)
Hence, from (4. 25) and (4. 26),

Ma(&iV, ) = 5 0,402, Oy 08)
Thus, from (D4), (D5), and (D8),

<7»Ufg(§)whl () =kZ:)1 Ey fan Bhk(z, C)Ufgvkzc(vy E)dnm V.
(D9)

Equation (4. 28) follows from (3. 5), (4. 1), (4.13), and
(D1).
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The relation of space~time to internal symmetries in relativistic quantum mechanics is investigated using the
Mackey theory of induced projective representations of group extensions. Representation multipliers are found
for semidirect products of the Poincaré group and arbitrary internal symmetry groups. Upon investigating a
typical example, it is found that when relations such as U, U, = (— 1)29U, U,, obtained from field theory, are
assumed, a unique choice of representation multiplier follows; in particular, this multiplier requires Uz, = 1
for all J. Representations relative to this multiplier are computed.

1. INTRODUCTION

There has been a recurrent interest in the problem of
relating physical symmetries associated with space
and time to other symmetries. These symmetries
have their origin in the observed invariances of dyna-
mical systems under transformations which mix the
charges associated with elementary particles such as
baryon number and electric charge. As pointed out
by Michel,? it is improper to treat the quantum num-
bers associated with the latter symmetries, the so-
called internal symmetries, as though they were inde-
pendent of space—time quantum numbers since there
are empirical relations between them which appear
to hold universally such as the observation that
strongly interacting fermions possess odd baryon
number while bosons have even baryon number. Also,
as emphasized by Michel and Kamber and Strau-
mann,152 the necessarily anti-unitary nature of the
time inversion operator requires that time reversal
as a group element act nontrivially on any internal
symmetry group with which time reversal symmetry
is combined.

From considerations such as these, one is led to the
general question of the possible relations between
space~time and internal symmetries. The purpose of
this work is to examine this question group theoreti-
cally by constructing overall symmetry groups which
combine space—time and internal symmetries non-
trivially and by finding representations of these
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groups by unitary or anti-unitary operators acting on
the Hilbert space of states of the system which is
invariant under the over-all symmetry group. The
basis for this investigation is the generalization made
by Lee and Wick3 of the relation between super-
selected variables and geometric transformations to
include arbitrary internal symmetries. They reason
that since the Hilbert space of a system is broken
into “noncoherent subspaces”, each labeled by the
charges of the system such that any symmetry oper-
ator is defined only up to an arbitrary phase in each
sector, every geometrical symmetry operator is re-
presented by a coset of the gauge group generated by
the superselected charges. In this way, one is led to
a larger symmetry group of the system that contains
the gauge group associated with the charges invar-
iantly and in which the geometrical symmetry group
need only appear as the quotient of the total sym-
metry group by the gauge group.

This generalization is made by supposing the system
to be described by some model Hamiltonian H, say
one in which the electromagnetic and weak inter-
actions are neglected. An internal symmetry oper-
ator 9 is defined as a nongeometrical unitary oper-
ator that commutes with H#. The group formed by the
set of internal symmetry operators is the internal
symmetry group of the system in Lee and Wick's
terminology. If, now, one considers an arbitrary
space-time transformation represented by an oper-
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is combined.

From considerations such as these, one is led to the
general question of the possible relations between
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this work is to examine this question group theoreti-
cally by constructing overall symmetry groups which
combine space—time and internal symmetries non-
trivially and by finding representations of these
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groups by unitary or anti-unitary operators acting on
the Hilbert space of states of the system which is
invariant under the over-all symmetry group. The
basis for this investigation is the generalization made
by Lee and Wick3 of the relation between super-
selected variables and geometric transformations to
include arbitrary internal symmetries. They reason
that since the Hilbert space of a system is broken
into “noncoherent subspaces”, each labeled by the
charges of the system such that any symmetry oper-
ator is defined only up to an arbitrary phase in each
sector, every geometrical symmetry operator is re-
presented by a coset of the gauge group generated by
the superselected charges. In this way, one is led to
a larger symmetry group of the system that contains
the gauge group associated with the charges invar-
iantly and in which the geometrical symmetry group
need only appear as the quotient of the total sym-
metry group by the gauge group.

This generalization is made by supposing the system
to be described by some model Hamiltonian H, say
one in which the electromagnetic and weak inter-
actions are neglected. An internal symmetry oper-
ator 9 is defined as a nongeometrical unitary oper-
ator that commutes with H#. The group formed by the
set of internal symmetry operators is the internal
symmetry group of the system in Lee and Wick's
terminology. If, now, one considers an arbitrary
space-time transformation represented by an oper-
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ator U, say, it is clear that both U and JU are physi-
cally equivalent; in fact any element of the set {90}
for a fixed U will equally well represent the trans-
formation U. Thus there is a one-to-one corres-
pondence between geometrical transformations and
cosets of the group of internal symmetry operators.
The totality of cosets generated this way is taken to
be the over-all symmetry group G of the system. By
definition, the internal symmetry elements appear in
G invariantly (this must be so in order that coset
multiplication be isomorphic to physical space~time
transformations). Also, these geometrical trans-
formations only appear as the quotient of G by the set
of internal symmetries; in particular, the geometrical
transformations need not be contained in G. It is
seen that this approach makes a distinction between
internal and space-time symmetries in that a space-
time transformation is physically realizable since one
can meaningfully speak of translating, rotating, or
Lorentz boosting a physical system while for internal
symmetry transformations such as phase transforma-
tions or rotations in isotopic spin space it is not so
obvious what these operations mean; this is reflected
in the structure of the over-all symmetry group
whereby only the cosets have operational meaning, so
that the representatives of a given geometrical trans-
formation U, and 9U are physically indistinguishable,

The analysis to be presented here differs in several
respects from that of Lee and Wick. One difference
lies in the nature of the space-time symmetry group
considered. Lee and Wick restrict their attention to
space and time inversions generating in either case
what they call “minimal extensions” consisting of the
identity coset and the inversion coset of the internal
symmetry group. In this work the geometrical sym-
metry group will ultimately be the full Poincaré
group including space and time inversions. In addition
to this, the internal symmetries treated will be those
common to all strongly interacting particles such as
isotopic invariance, hypercharge, and charge con-
jugation invariance. In contrast to Lee and Wick, sym-
metries of the super-strong interactions such as
SU(3) will not be considered. Finally, throughout their
work Lee and Wick deal with groups composed of
symmetry transformation operators. This is, they
work within the representation spaces of the under-
lying transformation groups. Due to the complexity
of the groups considered here, it is desirable to dis-
tinguish the group from the representational aspects
of the problem.

The problem of combining space—~time with internal
symmetries on a group level has been studied by
Michel! and Kamber and Straumann? using the Eilen-
berg and MacLane? formulation of group extension
cohomology theory. Michel's analysis is concerned
primarily with the construction of over-all symmetry
groups of the full Poincaré group (with space and
time inversions) P by the set of Abelian gauge groups
generated by the conserved charges baryon number,
electric charge, and lepton number with an indication
of how one proceeds in the case of non-Abelian inter-
nal symmetry groups. Michel considers nontrivial
actions on the internal symmetry groups by time re-
versal as indicated above and a combination Cr7 of
charge conjugation and space inversion elements.
This was presumably motivated by Wigner's5 con-
temporary redefinition of space inversion to include
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charge conjugation, since while parity invariance was
known to be broken at that time, Cr invariance
appeared to hold universally. However,in light

of the since discovered Cn violation and the Lee and
Wick emphasis on distinguishing space-time from
internal symmetries, it is desirable to return to the
earlier definition of 7 as the physical operation of
space inversion and treat C as an internal symmetry
transformation.

Kamber and Straumann? have made a detailed analy-
sis of the possible action of time reversal on a class
of internal symmetry groups I consisting of direct
products of gauge groups with an additional semi-
simple Lie group such as SU(2). Their results indi-
cate that time reversal essentially can only cause a
complex conjugation in the gauge group part of the
internal symmetry group. Their work also presents
a detailed description of the methods used in calcu-
lating the total symmetry groups as well as an indi-
cation of the structure of their vector representa-
tions.

Michel and Kamber and Straumann conclude that the
only physically meaningful automorphism on/ that P
can induce is generated by time reversal. As men-
tioned earlier, it is essential that time reversal act
nontrivially on/ in order to preserve both the anti-
unitary nature of the operator representative of time
reversal and the positive definiteness of the charges
under time inversion. Furthermore, the Lorentz
invariant character of the charges requires that all
other elements of P have no effect on the charge
groups.

The calculation of the set of nonequivalent extensions
of P by I corresponding to the aforementioned auto-
morphism produces the result that multipliers de-
fined on P X P having values in/ can be nontrivial
only for the following elements in P x P: (¢, 1), (n¢,
mt), and (27, 27) where { is time reversal, 7 is space
inversion and 27 is the element of the Lorentz group
representing a rotation about an arbitrary axis by 27.
Also, the multipliers can take on values only in the
center of I, It is found that multipliers evaluated over
the translations or any other Lorentz group elements
including space inversion have only the identity in /
as an image. Furthermore, it should be noted that
there can be no multipliers defined over P and [
having values in I. For example, multipliers such as
o(m, C), where C is the charge conjugation trans-
formation, taking values in I are not allowed.

The group multiplier possibilities for a given I gene-
rate nonequivalent extensions which differ most sig-
nificantly in the relation between spin and the internal
symmetry quantum numbers which their structures
dictate. In particular, an internal symmetry group
containing phase transformations whose generator is
baryon number can be coupled to the Poincaré group
in such a fashion that the relation (— 1)29*B =1 is
satisfied where J is the spin and B is the baryon
number representation label.

Only relations of this sort appear to be possible by
working simply within the context of the groups them-
selves and their vector representations. While re-
lations such as (— 1)24*B = 1 are interesting, they
certainly do not exhaust the connections observed
between space~time and internal symmetry variables.
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As an example, consider the relation U, U; = wUU,
where w = £ 1 resulting from field theory. One finds
that this cannot be obtained straightforwardly on a
group level, but it will be shown in Sec. 3 how it can
be constructed on a representational level by con-
sidering a broader class of representations, namely
those which are defined only up to phase factors, the
so-called ray or projective representations. The
purpose of this work is to explore the additional re-
lations possible between space~time and internal
symmetries by making full use of the phase ambiguity
inherent in quantum mechanical states to construct
projective representations of over-all symmetry
groups.

The mathematics needed for constructing projective
representations of groups of interest to physics has
been developed by Mackey.6 The results of the
Mackey theory of induced projective representations
needed here are summarized in Sec. 2, together with
some of the modifications necessary for constructing
representations involving anti-unitary operators
which arise from time reversal. In Sec. 3, these
results are applied to the problem of constructing ray
representations of groups that combine space-time
with strong interaction symmetries as semidirect
products since the mathematics needed for construct-
ing representation multipliers for semidirect pro-
ducts has been provided by Mackey. The determina-
tion of representation multipliers for arbitrary ex-
tensions is a much more difficult problem and will
not be undertaken here. It is found that representa-
tion multipliers in general do not lead to relations
between space-time symmetries P and the continuous
transformations belonging to the internal symmetry
group /; only discrete elements of I such as charge
conjugation are connected to P via representation
multipliers. Also, it will be shown that of the multi-
plier possibilities which do arise, relations such as
UUe = (—1)29 U U, may be used to define a unique
multiplier set consistent with quantum field theory.

One of the consequences of fixing the multiplier in
this way will be that U2, = 1 for all values of the
spin; such a result disagrees with the relation U2, =
(— 1)27 given by Lee and Wick.3

2., INDUCED PROJECTIVE REPRESENTATIONS

The purpose of this section is to provide those fami-
liar with Mackey's? work on induced representations
of semidirect product groups with Abelian invariant
subgroups, with a summary of his generalization to
include non-Abelian invariant subgroups and group
extensions with nontrivial group multipliers. All
questions of an analytical nature such as the existence
of quasi-invariant measures or the necessity of intro-
ducing Radon-Nikodym derivatives into the formalism
will be ignored. Furthermore, it will be assumed
here and in the calculations that the orbits are transi-
tive, thereby justifying the use of Mackey's main
theorems on the construction of induced projective
representations.

In the calculation of induced representations of groups
G with Abelian invariant subgroups, one considers
functions F over the elements g € G with the property
F(hg) = L(h)F(g), where L is a representation of a
closed subgroup H of G. The functions F form a
Hilbert space with norm
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IF(2 = fG/Hdu(g)llF(g)||32cm< ©,

where p is an (quasi) invariant measure over G/H and
JC(L) is the vector space on which L is defined. A
unitary representation UL of G induced by L is then
defined by

Ut(gy)F(g) = F(gg,)-

In order to construct induced projective representa-
tions, it is necessary to specify initially a multiplier
o for the representation. One now considers functions
F over the group manifold with the property

F(hg) = [1/0(h,g)IL()F(g), (1)

where L(k) is a o representation of a subgroup H of
G. As before, the F form a Hilbert space with the
norm above. The unitary ¢ representation UL of G
induced by L is now

Ul(gy)F(g) = o(g,8,)F(gg,)- (2)

Irreducible representations are obtained in the
Abelian invariant subgroup case by choosing H to be

H={glg e G,M(ghg )= M)V k € K},

where M is a representation of the Abelian normal
subgroup K. The analogous H for constructing irre-
ducible o representations is given by

H= {g! gec G’MMM(gkg—l)
o(g™,g8)
= ME) VR eK}, (3)

where M is a 0 representation of K.

In terms of the groups to be considered here, the
Mackey theorem for constructing irreducible induced
projective representations may be stated. GivenG,a
closed normal subgroup K, a multiplier o, and an irre-
ducible o representation L of K, Mackey shows that
there is a one-to-one correspondence between the set
of all possible w representations N of H/K (H is the
inducing subgroup above) and the o representations of
H which induce ¢ representations of G. The o repre-
sentation of H for a given w representationN isM ®
N’, where M is a 0/wef representation of H such that
M(k) = L(k) for all 2 € K, f is the canonical homo-
morphism, f : H— H/K,and N’ is the wof representa-
tion of H constructed by composing N with f. Mackey
further shows UM®¥' is irreducible if and only if N
Ais irreducible. Thus the problem of finding all irre-
ducible representations of a group G corresponding
to a given multiplier ¢ is reduced to finding all poss-
ible irreducible multiplier representations of a sub-
group of G, namely H/K.

It should be emphasized that the above theory is
needed for non-Abelian K whether or not ¢ is non-
trivial; in particular, the construction of vector re-
presentations of G starting with non-Abelian K re-
quires one to consider all possible multiplier repre-
sentations of H/K.

So far nothing has been said about finding the repre-
sentation multiplier 0. In the case where G is a semi-
direct product of a normal subgroup K by another
group R, Mackey gives a prescription for finding
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every multiplier v for G. Specifically, he shows that
V(X191 %5 2) = (x4, K )0(¥y, 5208 (x5, 5), (4)

where x; and x, belong to K,y, and y, belong to R,
y1(xz) is the automorphism generated by y, acting on
Xy, 0 18 a multiplier for K, w is a multiplier for R,
and g is a function from K and R into the complex
numbers of modulus one such that

(2) glx,e)=1¥%¥ xc K,

(b) oly(x),¥(x,)) = olxy, 2,08 (¥ %5, )/8(xy, ¥ (x5, 3),
(5)
(¢) 8x,5,9,) =g(¥,(x), 5, )g(x,5,).

Also, Mackey proves the converse; given o, w, and g
as above, the v generated is a multiplier.

For applications to physics, the theory just sketched
must be extended to include groups some of whose
elements are represented by anti-unitary operators.
Parthasarathy® has undertaken this extension in the
context of representations defined on functions over
homogeneous spaces. He distinguishes two cases
depending on whether the including subgroup H con-
tains elements represented by anti~unitary operators
or not. The analysis to be made here differs some-
what from Parthasarathy's in that representations
are constructed on functions defined over elements of
G and that the inducing subgroup is computed only
with respect to elements G* represented by unitary
operators. This means that H will always be contain-
ed in Gt and representations of G will look like Par-
thasarathy's second case.8 The reasons for doing this
are the desire to remain as close to the Mackey
theory as possible (that is, imprimitivity systems
based on representations of a normal subgroup A)and
the similarity this approach has to Wigner's treat-
ment of time reversal.? The price one pays for using
this procedure is that the representations are not
necessarily irreducible with respect to the anti-
unitary elements. Practically, this means time re-
versal causes a doubling of the representation space
in some, but not all cases. The representations found
this way must be examined to see if this doubling
actually occurs.

The multiplier theorem for semidirect product groups
determined by Mackey holds only for groups whose
elements are represented by unitary operators. In
including anti-unitary operators it is found that

Eq.(4) is correct in general, but that Eqg. (5) must be
replaced by

(a) glx,e)=1VY x €K,

(b) o(y(xy), (x5)) = 0lxy, x,)8(x 1%5, 9)/8 (X1, )& (%5, )

. (6)
(c) g(x,,35) =g(v,(x),3,)8(x,3,),

in case ¥ in (b) and Y, in (c) are represented by anti-
unitary operators. Note that it is assumed that
elements belonging to K are always represented by
unitary operators since this is the situation in the
work undertaken here. The next section will apply the
Mackey theory to the calculation of multiplier repre-
sentations of semidirect products of the Poincaré
group and the internal symmetry groups of strong
interactions.

3. REPRESENTATIONSOF /@ P

The first goal in this section is the determination of
representation multipliers for semidirect products of
the full Poincaré group P and a general class of
internal symmetry groups I formed by an arbitrary
compact Lie group I, and the two element group gene-
rated by charge conjugation Z§. It will be seen that
the Mackey multiplier theorem extended in the last
section to include groups with anti-unitary elements
provides an almost unique characterization of the
multiplier possibilities for 1 @ P.

Consider, then, an I of the form I, @ Z§, where I, is
any compact Lie group. P acts on I only through time
reversal in a manner determined by Kamber and
Straumann.? The most general multiplier for G =
1@Pis

U(ilpl, izpz) = V(il, pl(ig))T(Pl, Pz)g(ig, Pl), (7)

where i, i, belong to I, p,, p, belong to P, vis a multi-
plier for I and 7 is a multiplier for P, and g is the
function satisfying Eqs. (5) and (6). The most general
formof IyisIp=U; X +++ X U; X A,where Uy X ---
X U, is anm-dimensional torus consisting here of
gauge groups generated by the conserved charges of
the system and A is a semisimple Lie group.2 v,in
general, has the form

V(il’ Zz) = P(Zg, 7’1(1'8))?’(7’1, ”z)k(ig, 71); (8)

where 79, 9 belong to I,7,¥, belong to Z£ and k
satisfies Eq. (5). Continued application of the Mackey
formula allows one to construct all possible p for a
given I,. It is found that there are nontrivial solutions
involving the gauge groups U,, but that these seem to
have no physical significance; consequently p will be
taken to be 1. Z§ has only trivial multipliers, and so
y = 1. Using the defining relations for %, Eq. (5),
noting that A is semisimple, and demanding that 2 be
a single-valued function restricts the possible choices
of & to
k{6, ..

"gm’a)’e):‘ 1’ k((91;-°':6m;a),c)

- ei(nlel+...+nm9m) (9)

for alla € A, where e?%,...,e*% belongs to U, X

«-XU,;andny,...,n, are arbitrary integers. Thus,
there is anm-fold countable infinity of nonequivalent
multipliers for 7 whose effect is to include more than
one set of charges in an irreducible representation of
I as will be seen later.

It is well known® that multipliers for P are nontrivial
only for the discrete elements of P, that is 7(p,,p,) =
w(xq, ¥,) where w takes on values

Xa
T t wt
1
10
T 1 1 1 (10)
t af B
i af o B

for o, 8 = 1,
It is found that g is necessarily a one-dimensional
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representation of 7 for all p € P. This implies that g
can at most be defined over elements of / belonging
to the center of 7 and Z§. Similarly, since g must be
a one-dimensional representation of P, for all ¢, g is
nontrivial only for elements of the four group V.
Using the relations

g(is’ﬁxz) =g(x2(i),x1)g(z', xz)y Xy € vt,

:g(xz(i),xl)gr(z‘,xz), xl e v ’

and the fact that time reversal acting on elements of
the center of I takes them into their inverses,2 one
finds g(é, x#) = + 1. In the special case where / has a
trivial center,g(z, p) is a function only over the dis-
crete elements C, 7, ; there are four possible g given
bygie,x) =1forallxe V,i =1,...,4,and we have
the following.

x
&l(6,C), %) e 7 t t
g4 1 1 1 1
1 1 -1 —1

g2 (11)
&3 1 -1 1 —1
g4 1 -1 -1 1

Thus when 7 has no center, the space-time trans-
formations only “interact” with internal symmetry
groups via representation multipliers through the
discrete transformations.

The question of which of the multiplier possibilities
above are realized physically will be considered in
the context of the representations of a specific
example. To this end consider the semidirect pro-
duct G of the cover of the full Poincaré group P by
Uy @z §, where U, is the gauge group of baryon
number and Z§ is the two element group generated by
charge conjugation. The automorphism on U, @ Z§
is taken to be complex conjugation by time reversal.
A multiplier for G will have the form

0’((9 1 ’}’l,p(l), xl), (02’ 72’ P(z), xz))

:kn(92771)wa5(x1,x2)gi(rzyxl)s (12)

where k, w, and g are defined above.

In order to find the o representations of G, take K =
U, @ Z§ to be the normal subgroup of G. ¢ repre-
sentations of K are found to be

¢iBO 0 0 giBe

= B —
G,e LG.C -

0 eil-B)o eiG-B6 0

(13)

where B is an integer. As mentioned in Sec. 2, the
inducing subgroup H will be computed only relative to
G7, that is, the elements of G represented by unitary
operators. In this case G* = [U, @ Z§] x [P, @Z1]
where Z] is the two element group generated by
space inversion. Thus

-1
G+,0(g(9,r),g Yolg, (6,7)) BL (o rrg
o(g~1,8)

= 8L,V (0, K. (14)

H={glge
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H is found to be all of G* for any of the four possible
choices of g;. One must now find all ¢ representations
of H = G*; the Mackey prescription is first to con-
struct all possible multiplier representations of

H/K = P, @ Z3. There are only vector representa-
tions which for massm = 0 and spin J are defined on
functions over right coset elements,” A, € SL(2,C), as

Nla, A, s)F,(A,) = n; (S)e"P'Ac‘“)?Dx&,(R)Fx,(sA’CS),
' (15)
where a is a translation, A is an element of SL(2, C),
se€ Zy,A.A =RAfor R € SU(2),p is the standard
vector (m, 0), D/(R) is an irreducible representation
of SU(2), and n,(s) is an irreducible representation of
Z3 given by n,(e) =n,le) = 1, nym) = —ny0m) = 1.

To complete the determination of irreducible ¢ repre-
sentations of H, one must find a o representation of
H such that M, , = Lg ,. It is found that

M(8,7,a,A,8)E(ry) = k,(0,70)8; (o7, $)e B DL (r 7)
(16)

for all a, A is such a representation. Then o repre-

sentations V of H are given by V(6,7,a, A, s) =

M(9,7,a,A,s)® N(a, A, s) acting on basis functions

of the form £(r)F,(A,).

In order to obtain representations defined over more
familiar basis functions set F,(A,) = ¢,(p), where

p = A71p is a momentum variable. In a helicity basis
one can then show F, (mA 1) = (— 1)%p_,(p’) where

b = (pg,— p). Similarly, one may set £&(7) = Y(b)
where £(e) = {/(B) and £(C) = Y(n — B). Finally, the
representation ¥V may be expressed in terms of (non-
normalizable) state vectors by writing

X = B SEEv@a 0,7, 1810, 0,m,,0), ()

where the state vector under the integral sign is
labeled by the irreducible representation labels #z,

J, | B| corresponding to mass, spin, and absolute
value of the baryon number, and the diagonal quantum
numbers p, A, 7,,b corresponding to momentum,
helicity, and the intrinsic parity associated with the
charge state b within the baryon number doublet
labeled by |B|. The transformation properties of
basis states are readily computed by knowing how the
wave functions transform. For example,

VO = T [ ZEVCN®)I 0@ Dn 7, 151193, 7,,0)
2 [ v — )@, 7, 1B11p,2,m5,0)

=2 f%?:e‘l’(b')%(l’)l[m,cf, |BIIp, 2,1,y — b7
o (18)

Il

N

implies V(C)|[m,J, |B|Ip, X, s 0) = |[m,d, | B]]
P2, 7, 4,7 — b). The relation of 7, to 5,, may be
determined by evaluating

Vnlx =T [ EEV @ e 00,0 pn, 4, 18116, 15,0)
=2 [ 0 Ble - D, I, 18]
X p7h’ nB!B>+gi(C’ 7’)”141(” —B)¢-—)\(“‘ p)
3
x|[m,J, |B|Ip,X,1,.5,7n — B)]= Rf—dE—j—)

x YO @V [m,d, |BlIp,A,1,,0).  (19)
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This requires V(r)|[m,d, |B|Ip, X, 1n,,0) = n,(~ 1)7
l[m,J, IBH —p,— A’, nb’b>’ where Ng= Ny Np-g =
&;(C,m)n. Thus representations corresponding to g,
andg,(g5 and g4) require states of baryon number B

and » — B to have the same (opposite) intrinsic parity.

Since it is known physically that V(mV(C) = (— 1)27
V(C)V(m), one must choose g, or g, for boson and g5
or g4 for fermion particle representations. Clearly,
charge conjugation relates charge states B andn — B
in this construction; the usual charge conjugation
transformation corresponds to the special case when
n is taken to be zero. By the same procedure used
above, one finds V(8,a, A)|[m,d, | B|]p,A,n,,b) =
eibeirp-a) ) DI(p A)|[m,d,|B] ]Ap, 7', n,,b), where
(P, A) = A(AP)AAZL(P) for AW p)p = p is a Wigner
rotation.

There remains only the problem of adding time re-
versal. To do this, Theorem 4.2 of Parthasarathy?® is
used; one finds

U,r,a,A,s)
ve,r,a, A, s) 0
= ’
0 v(g)KV(— 8,7, ta), tAt,s)K
0 K (20)
U(t) = )
aK 0

where V, for g € G* is as above, K is the complex
conjugafion operator, and y(g) = o(t,g)o(tg, t)/o(t, t)
has values over 7, s.

¥ S e m
e 1 afB
c gi(C, 1) &:(C,t)ap (21)

U acts on basis functions of the form

<£(”')F}\(Ac) > (22)
Er)R(tAL)

and is, in general, reducible. In order to determine
under what conditions U is reducible, consider
F(tA,t) =23, A\ F(A,). IfA exists, U is clearly
reducible since either manifold labeled by A, or

tA.t is invariant under all transformations belonging
to G. Suppose A exists; it is easily seen that A must
satisfy A2 = o, AV,A™1 = y(g)Vy, for all g € G*.
This implies ADY(R)A™1 =y ({r,s)D’R) for all »,s,R
which requires y(r,s) = 1 and A,,, = (~ 1)9*%8, _,,.%
Then A2 = (— 1)2= @ = # and g;(C, t) = 1.

Therefore, in order that the representation space not
double under time reversal,g; must be taken to be g4
or g5. This means g, is the proper choice for integer
spin systems and g5 for half-integer spin systems
due to the U, U, = (— 1)2JU_U, relation. Notice that
setting @ = 8 = (— 1)27 is the usual choice made for
w(xq, ¥,).5 With this choice of multiplier it follows
that UZ, =1 for all values of spin. It is unclear what
physical significance an additional degeneracy due to
time reversal would have.

As before, wavefunctions may be defined as £(»)F(A.)

= Yb)e, (p); F (A 2) is found to be (— 1)*¢,(—p) in a
helicity basis and one finds U(t)|[m,J, | B|]p, X, n;, D)
= (_ l)kl[m,J’ IBI] _p’hynb,b>'

4. CONCLUSION

This work has been concerned with studying the poss-
ible group theoretic means of relating internal to
space~time symmetries using the Lee and Wick3
ansatz as a working basis for constructing exten-
sions and their projective representations. It was
found that the group extension approach leading to
vector representations has been quite thoroughly in-
vestigated by Michell and Kamber and Straumann,?
for the case of the usual internal symmetry groups
one encounters in strong interaction physics. Al-
though relations such as (— 1)27*8 — 1 emerge from
such a treatment, it is found that the very limited
ability of the space~time elements to act on internal
symmetry elements due to charge invariance re-
quirements severely restricts the number and com-
plexity of nontrivial over-all symmetry groups poss-
ible. In particular, there seems to be no physically
meaningful way of introducing actions either through
automorphisms or group multipliers of the connected
Poincaré group elements on the internal symmetry
groups. Also, the actions that do occur, generated by
time reversal elements, only lead to automorphisms
acting on or multipliers having values in the centers
of the internal symmetry groups. This means, for
example, that non-Abelian internal symmetry groups
such as SU(2) cannot be influenced by space-time
elements except for their “trivial” centers. Thus, it
would appear that the group extension approach to the
problem has been pushed about as far as it can be
without the introduction of a radically new basis for
understanding the underlying connection between
space—time and internal symmetries.

On the other hand, the investigation of the projective
representations of group extensions using the Mackey
theory of induced projective representations® leads
to definite physical relations and is an area that has
not yet been thoroughly worked through. It has been
shown for a particular class of extensions of P by I,
namely the semidirect product, that representation
multipliers only connect the discrete space-time
transformations with the center of 7 and the discrete
internal symmetries such as charge conjugation. The
additional possibilities of finding representation
multipliers for nontrivial extensions of P by / remain
to be examined.

As a specific example, projective representations of
[U, @ ZS] @ P were calculated relative to a repre-
sentation multiplier which generates irreducible re-
presentations in which baryon number states B and

n — B for n an integer are both contained. The
physical implications of choosing # to be nonzero
have yet to be investigated. It was found that of the
sixteen mathematically possible multipliers (for a
given ), a unique multiplier choice could be made by
demanding the representations to be consistent with
the quantum field theory and requiring the representa-
tion space not to double when time reversal invariance
is imposed. Consistency with field theory is attained
by requiring the relation U, U, = (— 1)2/7,U, to hold
between the operator representatives of space inver-
sion and charge conjugation. Time reversal doubling
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is prevented by specifying U? = UZ = (— 1)24. With
the multiplier thus fixed, it is found that {j2, = 1 in
contrast to the relation UZ, = {(— 1)27 given by Lee

and Wick.3 The physical significance of a possible
representation space doubling under time reversal is
not clear.
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Space-time variables are generated as representation labels of an underlying group, the group itself being
combined with the Poincaré group in a manner reminiscent of the way in which internal symmetries are com-
bined with the Poincaré group. After representations of the group are found, a transform is introduced which
allows one to pass from spinor to Wigner wavefunctions in a boost independent manner, exhibiting clearly the

spin dependence of the wavefunctions.

1. INTRODUCTION

The construction of relativistic covariant position
operators is a well-known problem. As noted by
Fleming and others,1 one of the main difficulties
associated with position operators has been the treat-
ment of the time part of the position operator as a
c-number. Recently, several papers have appeared?,3
which attempt to define covariant position operators
in a Lie-algebraic sense in which no ¢ -number dis-
tinction is made between the space and time compo-
nents. In these papers, one postulates a Lie algebra
having certain desirable features, usually justified on
nonrelativistic or classical relativistic grounds. In
this paper we wish to justify the construction of posi-
tion operators on a somewhat different basis, and
then show that our general assumptions lead, in the
simple case discussed here, to a Lie algebra of the
same sort and having the same mass spectrum dif-
ficulties as those previously mentioned.

We would like to start with the following postulates
for generating a position operator group theoreti-
cally:

1. The group elements (labeled by a,), whose infinite-
simal operators are the position operators, form an
invariant subgroup of the over-all symmetry groupG.
This requirement guarantees that a transformations,
acting on wavefunctions ¢(x) will only generate
phases. The requirement of an invariant subgroup is
reminiscent of internal symmetries,4 with the im-
portant difference that whereas internal symmetry
labels seem to be superselected,’ position variables
are not; the result of this is when, in Sec. III, we go
from a position to a momentum representation, the
global o transformations will not merely generate a
phase but will act as momentum translations. Here
the point of requiring the o to form an invariant
subgroup is motivated by the distinction between
global space-time transformations, such as Poincaré
transformations in which both the generators and the
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transformations themselves are physically meaning-
ful, and “internal” symmetry transformations in
which only the generators are meaningful and the
global transformations seem to make no sense physi~
cally.

2. We also demand that the eigenvalues of the posi-
tion operator X, transform as x’ = Ax + q, so that
one can associate them with Minkowski space~time
points. The manner in which this requirement is
satisfied arises from the orbits generated from
representations of the “a” subgroup.

3. Finally, we demand that only positive M2 repre-
sentations of the Poincaré group appear. In the sim-
ple model we investigate, this third requirement will
be violated, as it is violated in the other models,
Basically, the source of difficulty here, as pointed
out by Noga, 6 is the commutator [X , P, ]; taking the
simplest choice for this commutator leads to the
mass difficulties,

In the usual investigation of space~time symmetry,
one begins with the Minkowski space-time manifold
M on which a bilinear form 7, = (x — ¥)2 is defined,
and asks for the group of transformations leaving 7
invariant. This leads to a consideration of the Poin-
caré group. Here a different viewpoint is suggested
in which a symmetry group G containing the Poincaré
group is made the starting point. G will be taken to
be the semidirect product of the Poincaré group P
with an abelian group @ of four vectors a,. The ele-
ments of @ will be seen to play the role of transla-
tions in momentum space. It will be shown that a
representation multiplier for G can be so chosen that
the space-time manifold M appears as the represen-
tation labels of a subgroup of G in the same way that
momentum arises as representation labels of the
translation subgroup of the Poincaré group.

The advantage of this viewpoint lies in the symmetri-
cal relationship between the generators correspond-
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is prevented by specifying U? = UZ = (— 1)24. With
the multiplier thus fixed, it is found that {j2, = 1 in
contrast to the relation UZ, = {(— 1)27 given by Lee

and Wick.3 The physical significance of a possible
representation space doubling under time reversal is
not clear.
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1. INTRODUCTION

The construction of relativistic covariant position
operators is a well-known problem. As noted by
Fleming and others,1 one of the main difficulties
associated with position operators has been the treat-
ment of the time part of the position operator as a
c-number. Recently, several papers have appeared?,3
which attempt to define covariant position operators
in a Lie-algebraic sense in which no ¢ -number dis-
tinction is made between the space and time compo-
nents. In these papers, one postulates a Lie algebra
having certain desirable features, usually justified on
nonrelativistic or classical relativistic grounds. In
this paper we wish to justify the construction of posi-
tion operators on a somewhat different basis, and
then show that our general assumptions lead, in the
simple case discussed here, to a Lie algebra of the
same sort and having the same mass spectrum dif-
ficulties as those previously mentioned.

We would like to start with the following postulates
for generating a position operator group theoreti-
cally:

1. The group elements (labeled by a,), whose infinite-
simal operators are the position operators, form an
invariant subgroup of the over-all symmetry groupG.
This requirement guarantees that a transformations,
acting on wavefunctions ¢(x) will only generate
phases. The requirement of an invariant subgroup is
reminiscent of internal symmetries,4 with the im-
portant difference that whereas internal symmetry
labels seem to be superselected,’ position variables
are not; the result of this is when, in Sec. III, we go
from a position to a momentum representation, the
global o transformations will not merely generate a
phase but will act as momentum translations. Here
the point of requiring the o to form an invariant
subgroup is motivated by the distinction between
global space-time transformations, such as Poincaré
transformations in which both the generators and the
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transformations themselves are physically meaning-
ful, and “internal” symmetry transformations in
which only the generators are meaningful and the
global transformations seem to make no sense physi~
cally.

2. We also demand that the eigenvalues of the posi-
tion operator X, transform as x’ = Ax + q, so that
one can associate them with Minkowski space~time
points. The manner in which this requirement is
satisfied arises from the orbits generated from
representations of the “a” subgroup.

3. Finally, we demand that only positive M2 repre-
sentations of the Poincaré group appear. In the sim-
ple model we investigate, this third requirement will
be violated, as it is violated in the other models,
Basically, the source of difficulty here, as pointed
out by Noga, 6 is the commutator [X , P, ]; taking the
simplest choice for this commutator leads to the
mass difficulties,

In the usual investigation of space~time symmetry,
one begins with the Minkowski space-time manifold
M on which a bilinear form 7, = (x — ¥)2 is defined,
and asks for the group of transformations leaving 7
invariant. This leads to a consideration of the Poin-
caré group. Here a different viewpoint is suggested
in which a symmetry group G containing the Poincaré
group is made the starting point. G will be taken to
be the semidirect product of the Poincaré group P
with an abelian group @ of four vectors a,. The ele-
ments of @ will be seen to play the role of transla-
tions in momentum space. It will be shown that a
representation multiplier for G can be so chosen that
the space-time manifold M appears as the represen-
tation labels of a subgroup of G in the same way that
momentum arises as representation labels of the
translation subgroup of the Poincaré group.

The advantage of this viewpoint lies in the symmetri-
cal relationship between the generators correspond-
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ing to position and momentum which arises; it will
be seen that the representation multiplier, besides
leading to a physically reasonable appearance of the
space~time manifold as representation labels of @,
is also responsible for generating the commutation
relations between the position and momentum gene-
rators. On the one hand, this approach is closely re-
lated to the work of Johnson,2 who defined position
operators by forming an extension of the Poincaré
algebra by the position elements X, and found repre~
sentations of this extension by unitary operators act-
ing on linear vector spaces.

On the other hand, the approach used here is quite
similar to the procedure used in a previous investi-
gation? for relating space~time to internal sym-
metries by finding projective representations of group
extensions of the Poincaré group by an internal sym-
metry group, In this case the “internal” symmetry
group is @ and G/G = P. As in this previous study,
the work here depends heavily on the Mackey7 theory
of induced projective representations of group exten-
sions. A brief summary of some of the results of this
theory used here can be found in Ref. 4; however, the
original Mackey paper should be consulted for any-
thing more than a superficial discussion of the mathe-
matical basis of this analysis.

In Sec. II projective representations of G are found
using the Mackey theory. It is found that these re-
presentations are a global extension of those deter-
mined by Johnson by splitting his extended algebra
into the Heisenberg and Lorentz algebras; the work
here proceeds directly in terms of the groups them-
selves and not their associated algebras. The repre-
sentations are defined on configuration space basis
functions and state vectors and constitute a generali-
zation to arbitrary Lorentz group representation
labels of the single spin covariant representations
found by Weinberg.8

In order to make contact with the usual noncovariant
Poincaré group representations of Wigner,® the
Poincaré representational content of an irreducible
representation of G is determined in Sec. III using
Mackey's subgroup theorem. It is discovered that
irreducible representations of G have a continuous
mass content (as they must because of the O'Raifear-
taigh10 theorem) and that representations in which
space~time variables are diagonal are necessarily
indeterminant in mass so that physically meaningful
states must have a finite extension in configuration
space,

Therefore, in suggesting a new way in which space
and time arise, namely from a more fundamental
underlying symmetry, it is possible to derive group
theoretically the connection between spinor wave-
functions and Wigner wavefunctions even for infinite
component fields. This is done within the context of
projective representations of a group which com-
bines in a simple manner the usual Poincaré trans-
formations with momentum space translations gene-
rated by position operators. The relation between the
position operators and the Poincaré algebra implied
by our choice of G, while appearing to be the simplest
choice consistent with the Heisenberg commutation
relations, leads to the appearance of unphysical mass
states and thus indicates the need for external con-
straints or a more complicated choice of G.
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. PROJECTIVE REPRESENTATIONS OF G

Consider the group G = @ @ P with elements g =
(@,a,A, 1), where a € G, (a, A) € Py, the connected
Poincaré group, and 7 € Z3, the space inversion group.
P is taken to include space inversion in order to ob-
tain spinor representations; for example, the Dirac
spinors for spin 3 particles are necessarily four
component objects due to the requirement of space
inversion invariance. G has the combination law

818, = (o, + Ay7i(ay), e, + Amilag), Aqmq ATy, mim,).
(1)

Elements @ € @ are four vectors which behave under
automorphisms induced by P exactly as the trans-
lations a do.

The goal here is the construction of multiplier repre-
sentations of G; that is we want a unitary representa~-
tion of G such that

Uglng = Ugl?gz)qﬁgz (2)

for all g4,£, belonging to G. A multiplier ¢ for G is
given by

olgy,8,) = € P, (3)
By evaluating

and U, {U U

%UgU & gl{ & ga}v

2 83

as [l{glng]U
it is easily checked that o is, in fact, 2 multiplier of G.
Multiplier representations for G are determined using
Mackey's? theory of induced projective representa-
tions of group extensions. Representations of G are
found by first finding representations of a normal
subgroup of G. Take this to be @. @ has irreducible
representations labeled by a four vector, %,

xGLa = e''%,
The orbit of L/ is found by finding all nonequiva-
lent representations xLa, as4

L, = o(ga"g"l)o-(g’ 05'2 xoL
¢ olg=1,8)

—~iAna’ea x,
—— "0
€ LAna’

golg=l

_ einA'l(zo~a)-al , (4)

where ¢ = (o, a,A, 7). Thus x = TA~Y{x, — a} and
there is a one-to-one correspondence between {rans-
lations @ and the representation labels x. Thus two
space~time points x and x’ are related by x’ = Ax

+ a in accordance with the second postulate; this is
the justification for calling x a space-time point. If
the standard vector x is taken to be the null vector,
the inducing subgroup H is found to be

H=0@[SL(2,C)@ z3). (5)

o representations of H are found in the Mackey theory
by first finding all multiplier representations of

H/G = SL(2,C) @ Z5. There are only vector repre-
sentations of H/Q and these are given in terms of
irreducible representations D*°2(A) of SL(2,C)11 by

J. Math. Phys., Vol. 13, No, 3, March 1972



314 R. EE WARREN AND W, H. . KLINK

D%2(p) 0 >
N(A) e) _< 0 D81$2(7TATT) ’

Ne. ) <0 1
“T =\ o)'
(6)
This representation is reducible if and only if 5, =s,.
o representations of H are now given by N ® M, where
M is a o representation of H which reduces to I on @,

Due to the choice of standard vector x,
M(a, A1) =™, ()

where I, , is the identity representation of SL(2,C)
@ zy will work. The induced representation over

right-coset representatives taken to be the trans-
lations a is

Ula,a, A, mF (ag)
=olag, (@,a,A, 7)) F [(0,a,,¢,¢)(a,a,A, )]

€' %, [(@,0,4,7)(0,TA"1(a + ag), ¢, )]
= 'Y N2, (A, mF, [1A"1a + ag)]. (8)

Due to the one-to-one correspondence between x and

a, one may define representations over functions

@,(%) = @glx o + ag) = Flay) as

Ule,a,A, m)p,(x) = ' Z}N A, Mo, (A~ 1(x + a)).
(9

This is the desired representation over configuration
space-wave functions. Representations defined on
(nonnormalizable) state vectors may be found by sett-
ing

|¢> = Z) fd4x(pg(x)l[3182]x) 0);

where the vector |[sy5,]x,0) is labeled by the irre-
ducible representation labels (sl, sz) arising from
representations of the Lorentz group and the diago-
nal quantum numbers x, ¢ representing the position
four vector and the (s, s,) representation component.

Then
Ula,a,A, m) @)

cgo’

(10)

= E JatxU(a,a, A, 1)g, (x) |[s;5,)%, 0)
= Z} [a4xe*™ "ENUU, (A, )¢, [TA™2x — a)]
xl[sl,sz]x,o>
=3 fate & OOT N6 (8, 1y x)
><0| [s,8,]A1%" + a,0) ) (11)
Ula,a,A,m)|[sy5,]x,0)

= eia-(/\nxm)ENslsz (A, 77)‘[3132]1\77" + a,a’). (12)
GI

a’tg

Define the Hermitian operators P, and X by setting

Ula) = eifa, Ula) = eiX-a, (13)
The relation
Ul@U(a) = ei*2U(a)U(a) (14)
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then implies

P X, —XP =1g,. (15)
These are the commutation relations between P, and

, regarded now as a position operator, postulated by
Johnson.2 However, as mentioned in the introduction
it has been shown by JohnsonZ? and Noga® that repre-
sentations determined relative to these commutation
relations result in the appearance of unphysical
masses so that the algebra of G cannot be regarded
as a physically valid combination of position and the
Poincaré observables.

Clearly, the representation above coincides with the
transformatlon law for Dirac spinors by choosing
il % = (3, 0), since D1/2,0(zA7) = DO,1/2(A) making

/2,0(A, e) into the usual S(A) matrix of the Dirac
theory.12 In this way one obtains group theoretically
a representation of a group containing the Poincaré
group whose basis states transform covariantly in
contrast to the usual Poincaré states which trans-
form in a way that depends on the momentum vari-
able.? As noted by Weinberg8 and others,13 covari-
antly transforming Poincaré states are essential to
the construction of Poincaré invariant S-matrix ele-
ments,

The representation just constructed is a global ex-
pression of the algebraic representation found by
Johnson2 by postulating an extension of the Poincaré
algebra by X, such that [F,,X, ] = ig,, is satisfied.
The irreducible Poincaré content (i.e., mass and spin
content) of this representation as well as the conse-
quences of taking o # 0 will be examined in the next
section.

Ol. POINCARE CONTENT OF REPRESENTATIONS
OF G

We now wish to make the connection between the
representations of G and the Poincaré group. For
simplicity only the connected part of P, P, will be
considered, To do this Mackey's subgroup theorem14
will be used to examine the breakup of representa-
tions of G into subspaces invariant with respect to
transformations of the Poincaré group. This is done
by making a double coset decomposition of G with
respect to H = @ @ SL(2,C), the inducing subgroup of
G,and H' =P,

G = gHgDH’, (16)
where g, is a double coset representative, It is easy
to see that there is only one double coset so g, can
be taken to be the identity. This indicates that the
representation spaces of P; and G coincide. The
group inducing representations of P, within this rep-
resentation space is found to be SL(B, C). Since
SL(2,C) will induce reducible representations of P,
in general, the problem is to find the irreducible
Poincaré content of representations of G. The repre-
sentation labels of G are just the SL(2, C) labels
(54,8 2) while P, representations are specified by
(M, J), the mass and spin. Since irreducible repre-
sentations of P are induced by T @ SU(2), basis func-
tions over right coset elements Al4,f (A c), trans-
forming irreducibly under induced representations of
P, must have the property f(kA,) = Z(k) f(A,), where
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Je(k) is a representation of T @ SU(2). Basis func-
tions defined over the translations F(a) of represen-
tations of P induced by SL(2, C) must likewise have
the property F(Aa) = D*%2(A)F(a). It can be seen
that the transform given by Hermann, 15

f(A,)

relates f and F in a manner consistent with the above
requirements. This is done by noting that d4adR is
defined to be an invariant measure over the group
manifold T @ SU(2), so that

= [d4adR %[(a,R)-1]F[(a,R) A,] (17)

[dn3e(h-1)F(hh’'A,)
[dn" %' h"=1)F(h"A,)
= Je(h')f(A,).

S(h'A,)

(18)

The reducible representation I is taken to be ¥(a, R)
= eif*2D"2(R) where p is (§)for M # O represen-
tations. Then

[d4%adR e7iF-Fa
2 Dy m,<R-1)Fer,«a,R)<o, A,)

J'm!

[d4adR e-i-Ea Z} D=

me(Ac) =

(R71)

Jmd 'm

X Z; DJ/mlJ//m//(RAC)F "m”((RAc)—la)

Jd"m?

=2 D

J/I ”
5y
- E DJlsz'm )wJ

-A 5.
AC) ~/‘d4a’e c® aFJ//m//(a’)

Jm J

(A5 B). (19)
u/J,m,(A;lﬁ) is just a Fourier transform to momentum
variables of the basis function over configuration
space corresponding to an arbitrary mass M arising
from p. Identifying Fml,) as eI (BpP) = 9 B),a
Wigner basis function of spin J, mass M, where B(p)
is an arbitrary boost from the rest frame momentum
P to momentum p such that B(p)p =p and is equiva-
lent to the coset representative A71, leads to the re-
lation

Vi) = .>_, DA ABO)eL ). (20)
This demonstrates the Poincaré spin content of an
irreducible representation of G labeled by (s, s,)
and is a generalization to an arbitrary SL(2,C) rep-
resentation of the relation obtained by Weinberg?8 for
the (s, 0) case.

Using the transform above it is easy to compute the
action of U(a) on ¢#.J(p,), the Wigner? basis function
of mass M, spin J. The result is

Ula)p 719 by)
= E JmJ’m/[(B(pM) lB(pM + a)](PMI J’(pM’)’

where pMz ATy, P = KWy + 0 = A;1py. Thus
the irreducible representation space of G for a given
(s1, S3)isareducible representation space of P, hav-
ing a continuous mass content and a spin content
dependent on (s, Sg).

(21)

The action of U(a) on basis states |[s;s,]x,0) re-
flects the observation of Johnson2 and others on the
lack of localizability of mass eigenstates;

“INTERNAL” SYMMETRIES 315

Ula)l[s48,]%, 00 = ™ °I[

§.8,]%,0) (22)
implies that a sharply localized state is physically
unchanged by a transformation which changes its
mass. Therefore, states sharp in x have a complete
ambiguity in mass. There is, besides the appearance
of a continuum of masses, the more serious problem
of the appearance of negative and imaginary masses
since M2 is unrestricted. This undesirable feature
limits the physically sensible representation spec-
trum of G to only a subset of those representations
allowed mathematically. From the set of wavefunc-
tions wjlyfﬁ (x) having continuously varying mass, one
can select a particular mass wavefunction trans-
forming according to Eq. (9) with ¢ = 0 by applying
the Klein—Gordon operator (02 — M2,

(02 — M2) Y$E2(x) = 0. (23)

Adding on the Klein—-Gordon operator does away with
the unphysical masses which arise, but at the cost of
breaking the group symmetry. However, the Klein-
Gordon constraint allows one to use the transform
between spinor states and Wigner wavefunctions for
completely arbitrary internal spin and arbitrary
boosting operation, in contrast to transforms which
are often given only for a specific spin content.

Iv. CONCLUSION

The point of view adopted here of postulating an
underlying symmetry group G in which space-time
appears as representation labels leads to several
interesting results. When projective representations
are calculated relative to a multiplier chosen so as
to lead to all space-time points appearing as repre-
sentation labels of a subgroup of G, it is found that
the commutation relations [P, X, ] = ig,, between the
position and momentum operators in the Lie algebra
of G are automatically satisfied. Furthermore, it is
found that the representations of G on wavefunctions
that are defined over position coordinates have the
same transformation properties as theusual covariant
spinor representations one associates with the solu-
tions of the Klein—-Gordon or Dirac equations. Finally,
using Mackey's subgroup theorem, the connection be~
tween the spinor representations of G and the usual
noncovariant Poincaré group representations was
established as a relation independent of the choice of
boost made. It is found that the representations of G
have a continuous mass spectrum and that within the
context of the symmetry group G, sharp localization
in space—-time requires a complete indeterminacy in
mass so that physical states of a well defined mass
must have a nonzero extension in space—time. The
appearance of unphysical masses in the representa-
tion spectrum of G requires that one only consider a
subset of the mathematically possible representa-
tions. Particular mass states may be selected from
the continuum by applying the Klein-Gordon operator
as a constraint on the representation space. Finally,
the group elements @ were interpreted simply as
translating the momentum. There has been work
done in the last few yearsl® in attempting to extend
the applicability of the Poincaré group to include
symmetries in the presence of electromagnetic fields.
It is hoped that the approach indicated here of con-
structing projective representations of extensions of
the Poincaré group using the Mackey theory? can be

J.Math. Phys., Vol. 13, No. 3, March 1972



316 R. EE WARREN AND W. H  KLINK

widened to include extensions by an arbitrary func-
tion of space-time a, (x), that has vector transforma-
tion properties under the Poincaré group. Interpret-
ing o, {x), then, as the electromagnetic potential would
open up possibilities for investigating group theoreti-
cally subject areas closely related to the work of
Yang and Mills}7 on space-time dependent gauge
transformations.

Further, there are other ways of combining the Poin-
caré group with the “position operator” group, for
example, by also bringing in internal symmetries
which may have the virtue of generating a more
physical mass spectrum; that is, by changing the com-
mutation relations between X, and P,, These topics
will be dealt with in future publications.
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A statistical study of the correlations of the complex poles of the unitary collision matrix is carried out. It
is shown that both for the elastic and the inelastic scattering the correlation coefficient of the two total widths
is always very small. A simple relation satisfied by the correlation coefficient of the real parts of the com-
plex poles is given. The distribution of the single width is calculated and compared with the Porter-Thomas
distribution and the one obtained by a numerical calculation. Some other interesting results, like the energy
correlation function for the purely elastic scattering cross section and a relation satisfied by the resonance

parameters for the fluctuation calculation, are also given.

I. INTRODUCTION

In the last couple of years there has been consider-
able interest in the problem of overlapping reson-
ances. This interest arises due to the study of Eric-
son's fluctuations,! intermediate structure?:3 and the
other low energy nuclear reactions, which pass
through the formation of a compound nucleus,in which
the compound nucleus resonances are not well sepa-
rated. The main difficulty which arises when the re-
sonances start interfering is that the parameters of
the scattering matrix do not remain independent be-
cause of the unitarity constraint. Even though a num-
ber of models have been constructed recently which
satisfy the unitarity constraint, not much work has
been done so far as the statistical study of the reson-
ance parameters of the interfering resonances is
concerned. Such work is needed, e.g., when one has
either to average over the resonance parameters of
the scattering matrix3 or to justify certain of the
statistical assumptions which are used in the evalua-
tion of the expressions for the average of the cross
section and its fluctuation around the mean.1

For the purely elastic scattering case,a generalized
distribution of the poles of the unitary scattering
function has been given recently,4 which can be used
to study the important correlations between the re-
sonance parameters. The same is not true when
more than one channel is open, since the correspond-
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ing multichannel distribution for the poles of the
unitary scattering matrix is not at all easy to work
out. In this paper,we would like to show that a num-
ber of identities can be exploited to study the statist-
ical correlations for the multichannel case, without
going into the problem of the multichannel distribu-
tion of the poles of the unitary scattering matrix. To
check our results and to show what kind of new cor-
relations arise when the resonances are not isolated,
we shall compare them with the well-known para-
meters of the R-matrix theory.5:6 Some of these re-
sults will also be compared with the ones which have
been obtained by Moldauer? using numerical calcula~
tions.

We describe the general formulation in Sec.II. In Sec.
IIT we study the statistical properties of the reson-
ance parameters for the purely elastic scattering
case. The multichannel results are presented in Sec.
V.

. GENERAL FORMULATION

It has been shown recently® that the unitary scatter-
ing matrix S,based on R-matrix theory® or Fesh-
bach's unified theory,1® can always be written in the
form

N
>\§=1 (X, x X“)AM)V, (12)

S:V(l—i
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sonances start interfering is that the parameters of
the scattering matrix do not remain independent be-
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ber of models have been constructed recently which
satisfy the unitarity constraint, not much work has
been done so far as the statistical study of the reson-
ance parameters of the interfering resonances is
concerned. Such work is needed, e.g., when one has
either to average over the resonance parameters of
the scattering matrix3 or to justify certain of the
statistical assumptions which are used in the evalua-
tion of the expressions for the average of the cross
section and its fluctuation around the mean.1
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distribution of the poles of the unitary scattering
function has been given recently,4 which can be used
to study the important correlations between the re-
sonance parameters. The same is not true when
more than one channel is open, since the correspond-
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ing multichannel distribution for the poles of the
unitary scattering matrix is not at all easy to work
out. In this paper,we would like to show that a num-
ber of identities can be exploited to study the statist-
ical correlations for the multichannel case, without
going into the problem of the multichannel distribu-
tion of the poles of the unitary scattering matrix. To
check our results and to show what kind of new cor-
relations arise when the resonances are not isolated,
we shall compare them with the well-known para-
meters of the R-matrix theory.5:6 Some of these re-
sults will also be compared with the ones which have
been obtained by Moldauer? using numerical calcula~
tions.

We describe the general formulation in Sec.II. In Sec.
IIT we study the statistical properties of the reson-
ance parameters for the purely elastic scattering
case. The multichannel results are presented in Sec.
V.

. GENERAL FORMULATION

It has been shown recently® that the unitary scatter-
ing matrix S,based on R-matrix theory® or Fesh-
bach's unified theory,1® can always be written in the
form

N
>\§=1 (X, x X“)AM)V, (12)

S:V(l—i
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where V is a unitary and symmetric matrix which
gives rise to the background scattering, X, is a real
vector in channel space,and N is the number of re-
sonances. The matrix elements AM of the level
matrix are given by

(A—l))\“ = (E _Ek)é)\p + }Z_(XA’X”)) (lb)
where the E, are the real eigenvalues of the com-
pound nucleus Hamiltonian and (X,,X ) denotes the
scalar product of the vectors X, and &' in the chan-
nel space.

The form of the unitary scattering matrix S given by
expression (1) involves the inversion of the level
matrix and is, therefore, suitable if the number of re-
sonances are small. If the number of resonances are
large but the number of channels is small, then the
channel inversion form is suitable. This form of S
can be written in the usual way as

S=vV({1— %K) (1 + 3iK)1V, (2a)

where the real-symmetric matrix K is of the form
¥ X, XX,

K= 2, ——,

x=1 E— E—E, N
which is similar to the one given by Feshbach,10

(2b)

The pole resonance form of the scattering matrix S
is given by
N G, XG
S= < —1 Z‘/ )V (3)
r=1 E — Z
where the Z, are the complex poles,Z, = €, — z Iy,
and G, isa complex vector in the channel space.
Comparing expression (3) with either expression (la)
or (2a), we can write the relations between the com-
plex resonance parameters Z,,G, of the scattering
matrix S and the real parameters E,,X, of the R-
matrix theory. Since the statistical properties of the
real R -matrix theory have been very well studied,®
these relations can be used to study the statistical
properties of the new resonance parameters Z,,G,.
We first consider the purely elastic scattering case
in the next section.

m. ELASTIC SCATTERING

For the purely elastic scattering case the relations
between the complex poles Z, and the real para-
meters X, , E, are given by the following identity in E:

N N
L (E—Z)=1(E—~E,) +3 Z} X‘?)\I*I (E—E,). (4a)
In order to satisfy unitarity the complex quantities
Gare given by

2

Gr=Ti ugk(
Since we are dealing with the single-channel case
here, we have dropped the channel index ¢ from the
amplitudes X, ,G, in the above expressions. Expres-
sion (4b) has also been given by Mahaux and Weiden-
miiller.1! Before we study the statistical properties
of the resonance parameters Z,,G,,we choose a suit-
able boundary condition® Re[LO(1 — ROLO)-1] = 0 in
R-matrix theory,which allows us to use the same
statistical properties for E,,X, as have been given

Z,—Z)N2Z,— z). (4b)

earlier.5:6 The case when a different boundary con-
dition is used will not be discussed here,but can be
worked out without much difficulty using the general-
ized distribution given in Ref.4. In the following sub-
section we study the correlation coefficients of the
new resonance parameters.,

A, Correlation Coefficients

To study the correlation coefficients, we write the
following relations, which are easily obtained using
the identity (4):

N N

Z €, =§1Ep, (5a)
N N

u=1 u=1

N N

g(e €x—il, T)) =#§\E‘l E,, (5¢)
ZN(e Ty + T, )_2 X2<§ EK) (5d)

(i

The correlation coefflclent Crp r» between two widths
T, T, is defined by
Cry,ra = «Fpr,\) = <F,1> 2)/(<FE> - (Fp)z),

where the bracket sign { ) denotes an ensemble aver-
age.

Taking the ensemble average of Eq. (5b) and its
square,we get

(r,) =(x2),

(T2) + (V= (T, T = (X2 + (V- 1)(X2XR)

(6a)

pEXe
(6b)

The ensemble averages of the real amplitudes X are
given byl2

(X8) = NN + 2)1 (X2)?2, (7a)

(X2X3), 0 =NW+ 2)UX2)2. (Th)
Putting in these ensemble averages in Eqgs. (6) and
using the definition of the correlation coefficient, we
find that the width-width correlation coefficient is
given by

Cr,m == @ -1 (8)

Since N is large in practice,we find that the width~-
width correlation is quite weak even when the reson-
ances start overlapping.

We next consider the correlation coefficient between
T, and ¢,. Multiplying expressions (5a), (5b) together
and subs#racting out (5d) from it, we find the follow-
ing relation between the ensemble averages of the
two sets of resonance parameters:

(€,T,) = (B, (X2),
This relation together with (5a), (5b) implies that the
correlation coefficient of € , T, is zero. Even though

the correlation coefficient of €5 Fp turns out to be

J. Math. Phys., Vol. 13, No. 3, March 1972



318 K.R.S. DEV]I,

zero, the same is not true for the correlations of the
higher powers of ¢,,T',. This is reflected in the fact
that the joint distribution of the quantities € r

not an independent distribution with respect to each
other.4 This is a major difference between the dis-
tribution of the resonance parameters of the scatter-
ing function S and of the real parameters E ,X of
R-matrix theory, which are always independent with
respect to each other.13

A similar calculation can also be carried out for the
correlation coefficient of €,,€,. But it turns out that
the relations (5) are not sufficient for this calcula-
tion. We need further relations which are provided
by identity (4), or alternatively we can use the joint
distribution4 of € ,I", to calculate the ensemble
averages of the product quantities €, €,. Unfortunate-
ly, no simple closed-form expressions can be obtain-
ed for these ensemble averages unless some approxi-
mations are made. Instead of these approximate
expressions,we give here an exact relation satisfied
by the correlation coefficient C. ... To do this, we

take the distribution of the real eigenvalues E to be
Wishart distributionl3

P(E,,E,,...,Ey)

= K(yl:l}\]E“ —E, |> exp(— (402)2 :VE=1E3> , (9)

where K is the normalization constant and o2 is the
mean-square dispersion of the off-diagonal matrix
elements of the compound-nucleus Hamiltonian.

Using expressions (5a), (9), we get

C =—1/(N — 1) + [202/(N— 1) {e2)].

6“, €

(10a)

The parameter 02 can be eliminated using the rela-
tions (5) and expression (9). If this elimination is
carried out,we get the following exact relation satis-
fied by the correlation coefficient C

E“y GX:
c  ___1_ _ 1
e, T N+1 2N— 1N+ 1)
T2) —(r,)2 4 r)?
(eﬁ) 2V + 1) (eﬁ) - (100)

We see from expression (10b) that if the resonances
are isolated,then the correlation coefficient C
becomes

C =—1/(N+1);

€ EX

LAY

(10¢)

which is just the correlation coefficient of two real
eigenvalues E“,Ex, as it should be.

B. Distribution of The Single Width
The joint distribution of the complex poles Z‘1 is given
by4

E ——“——><n r> 1/2

Pl g ar, =0(1=3 7k

N
- 2)=
xgexp[ (802) ;Z(})\I‘”I‘xﬂ
(€,‘Jl - 5)\)2 + %(F“ - Fx)z
X“I;IA [(e, —€))?+ i(r, + T,)2]1/2

I‘:Idep dI‘“,
(11)
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where K is the normalization constant. In writing
expression (11) we have taken the distribution of the
real eigenvalues E, to be given by expression (9) and
the distribution of the real amplitudes X to be the
one given in Ref. 12,

One important characteristic of a statistical distribu-
tion is the mean-square deviation or dispersion. We
shall now show that the dispersion of the width T
larger than the dispersion of the quantity X2 2 whlch

is the corresponding width in R matrix. To show
this, we make the following approximation in expres-
sion (11). We write the term

(5 — )2+ %(F —T))2
Hek [(e - €)%+ (l" + F}\)Z]l/z g

as Cr
(e —e 1— uo )
ud( ¢ }‘)K (eu —€)2+ %(I‘p +TI,)2

><<1 + 4 g:—“_—:}%zﬂl/z )

and expand the quantities in square brackets by the
binomial theorem. Keeping only the first term in the
above expansion, we can write the unnormalized dis-
tribution of the widths as

2T
P(I‘“)I;I dI"u = <l - N(X%)) (Hﬂr“)-l/z
x <exp[— 802)-1 5} F“F*DP ar,. (1)

For large values of N, the parameter ¢2 can be re-
lated to the average spacing d of the poles of the R
matrix using Wigner's semi-circle law.14 It is given
by

02 = I"2Ndz?, (13)
To calculate the mean-square deviation of the width
I‘“,we put the value of o2 in expression (12), expand
the exponential and carry out the integrations over
1"“. This gives us

(rz) —(ryp? N
rpyz N+l
y (1 + aN(3N + 32)/(N + 4)(N + 6)> —q
1+ 3aN/(N + 2)

(14a)

where the parameter ¢ = n2<X§> 2/1642.

The mean-square deviation of the square of the ampli-
tude X, using Eq. (17a) is given by

(x4 —

A comparison of Eqs. (14a) and (14b) shows that the
width I' | has a larger mean-square deviation than the
square of the amplitude X u This was also found to be
the case for the model in which only two resonances
were considered,!5 but no approximations had to be
made to carry out the integrations over the variables

€ 1"“

Using the same approximations, we can also calculate
the distribution of a single width l"‘J . We would like
to compare this distribution with the one obtained
numerically by Moldauer.? In Moldauer's numerical

(X2)2)/(X 2)2 = 2[(V — 1)/(N + 2)]. (14b)
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calculation the distribution of the amplitudes X is
taken to be an independent Gaussian distribution
rather than the §-function distribution which we have
used. However, it is known1€ that the 5-function dis-
tribution gives the same results as the Gaussian dis-
tribution for large N, which is the case discussed
here.

After carrying out some simple mathematical mani-
pulations, we find that the distribution of a single
dimensionless width y = T, /(I‘u> is given by

P(y)dy = K[1 — (6a/N)y + (a/N)y2]y~1/2[exp(— éy)(]dy,
15)

where K is the normalization constant. This distribu-
tion is plotted in Fig.1,which also shows Porter—
Thomas (P~T) distribution!7 and Moldauer's numeri-
cal histogram.? We seefrom this figure that our curve
based on expression {15) lies closer to the numerical
plot than the (P-T) distribution.

C. Correlation Functionfor the Elastic Cross Section

An important quantity in the theory of fluctuations of
cross sections! is the energy correlation function,
which is defined by

F(e) = {[o(E + €) — (D ][a(E)— ()], (16)
where o(E), o(E + €) are the cross sections at energ-
ies E and E + €, respectively. The elastic cross sec-
tion o(E) is related to the scattering function S(E) by
the relation

olE) = (n/k2) {1~ S(E)| 2, (17)

where & is the magnitude of the wave vector. We use

the following definition of the energy average?2:3 of the
function S (E):

(SE) = |7 S(E)p(E,ENE, (18)
where p(E,E’) is the Lorentz weighting function
p(E,E") = (1/2 M[(E—~E")? + 312]-1, (19)

with I = 2AE/™.

Using the definitions (16)~(18), we can write F{¢) as

F(e) = n2/R?)2[((S(E + €)S*(E)) + c.c.)

— ((SE + €)(SE)) + c.cl)], (20)
where c.c.denotes the complex conjugate. The energy
integrals in expression (20) are carried out in the
usual way 2,3 by going over to the complex E plane,and
are given by

(S(E + €)S*(E)) + c.c.

2 —
=—Z'ZN: Gp I1_\11 € Z“+Z)\
v E+e+il/2~2Z x1e~2Z, + 2"
2 — € —
5 G“ € Zu+Z)\
s E+il/2~2Z x—e—2, + 2}

+ c.c.+ 2, (21)

N G2
(S(E + €)) = [exp(— 2¢ (I—i b )
) = [exp(- 2i9)] E Et+e+il/2-2,
(22)
Expressions (21) and (22) are exact. As a check, if we
put € = 0 in expression (21), then we get (|S(E)|2) +
c.c. = 2,as we should. To simplify expression (21)

75}—|

FIG.1. A plot of the
dimensionless width

¥ = T,/(T, ). Also shown r
are the Porter-Thomas
distribution and the
numerical histogram.

P (Y)

25L

1 PRESENT DISTRIBUTION FOR DIMENSIONLESS WIDTH 'Y’

II PORTER -THOMAS DISTRIBUTION FOR 'Y

HISTOGRAM : DISTRIBUTION OF 'Y' OBTAINED BY MOLDAUER

2«2
PARAMETER USED a =7LT<§’;-2L>2:0.0625

NUMBER OF RESONANCES, N = 50
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further, we make the approximation of expanding the
product and keeping the first term in in this expan-
sion. The quantity F(e) in this approximation is given

by
r
2 271' n
— 2 ————— ),
Fle <k2> 1+ 52/r§‘>

Expression (23) is similar to the expression for £(e)
obtained by Ericsonl for the total cross section.

(23)

IV. MULTICHANNEL SCATTERING

We would now like to extend our discussion to m open
channels. The previous identity in E which gives the
relations between the new resonance parameters Z,
and the real eigenvalues E, and the real width ampli-
tudes X, . now becomes
il (g—2)= (24)
Azl
where det denotes the determinant of the matrix 4-1,
As in Sec. I, we write the following relations using
the identity (24):

det(A-1),

N N
E}l Ep zzzl Ep’ (253)
N n,m 2
Z;;-r‘# :}J:l,c:lX‘lc’ (25b)
N
E(€ & ‘1Fp )= 2 Ep E\— 52 (X,chAc' ch'X)\c)z’
<A T9N HEX
c<c! (25¢)
N
yZ)(ﬂ,Tx +€,\T,) = Ec ch@,; E)\>. (250)
< M

As earlier,we choose the boundary condition Re[L0
(1 —ROLO)1] = 0,for each channel,and assume the
constant matrix RO to be diagonal.

A. Correlation Coefficients

To calculate the correlation coefficient between two
widths ' , T, ,we take the ensemble averages of Eq.
(25b) ancfllts square. They are given by

(T, =cZ:J1 (x2), (26a)
(rz) + (N — IKL,TY
=L [XE) + (V= (X2 XZ)0]
c=1
+ 2 [(X2X2 )+ (N — I(X2X3 )] (26D)

ckc!
The ensemble averages of the real amplitudes X of
R-matrix theory are given by12

(X3 =[3N/(N + DKX2)2, (27a)
(XZX2) .0 =[N/N+2)KX2)2, (27b)
X2 X2 ) oper =[N/ + DUX2NX ) A+ 2CF 4 ),
(27c)

XEXZ.) = NN + /(N — DN + HXE)(XE)
ctcr x (1 — 2022%’ XW), (27d)
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where CX , is the correlation coefficient of two

real amphtudes X X .,- Putting in these ensemble
ue

averages in expressmns (26) and using the definition
of the correlation coefficent Cr ry»We find that it is
given by

cFu, = (N — 1), (28)
This is the same as the one which we had obtained for
the purely elastic scattering case.

In a similar fashion it can be shown,using expression
(25a) and the distribution given by expression (9),that
R 2 -
Coar = /(N + 1) + 202/(N — 1)(e2) .

Substituting for the value of 02, which can be obtained
using the relations (25), (29}, and the following ensem~
ble average,12

< ue pch)\cX)\cr) = [NZ/(N - 1)(N + 2)]
X <X1%5> (chr> (N 1— chc,XpC’)’ (29)
we can finally write the correlation coefficient C, o
as (o
1 1 (1"?) - (I‘“ )2
Ce o - - 2
B N+1 20N+1DN-—-1) (€2)
. 1 (r,»? N 1
2N+ 1) (e2) 2(N-— DN + 1) (€2)
2
X 2 <X (X2 ) (C"%uc,Xuc/ - 1. (30)

This expression differs from the corresponding
expression (10b) for the purely elastic case in the
last term., We see that the last term is nothing but
the multichannel effect.

As in the purely elastic case,we find, using expres-
sions (25a), (25b) and (25d), that the correlation coef-
ficient of e“,r‘u is zero.

We have shown that both for the elastic and the in-
elastic scattering the correlation coefficient of two
total widths T, T, is of the order N-1. We had deri-
ved these results choosing a specific boundary con-
dition and assuming the matrix RO to be diagonal.
However, it can be shown that this result is indepen-
dent of the particular choice of the boundary condi-
tion and the assumption of the diagonal R, The same
is not true about the correlation coefficients C,

and C, . . Asa matter of fact for a different choice

of the boundary condition the correlation coefficient
CE‘1 rubecomes nonzero.

B. A Relation between Resonance Parameters

In the theory of fluctuations of the cross section,!8
one introduces two resonance parameters N ,B,.
They are defined by 18

Nu = ’(ch)cl Z/I‘uc, (31a)
= 1UvG,)2), /(¥ 12,12, (31b)
where
LT, =T,. (31c)
c=1



ON THE CORRELATIONS OF THE RESONANCE PARAMETERS 321

TABLE I. A comparison of the values of (B,), calculated using the
relation (32) with the ones given by numencal calculation
<BC>C
No. of No. of Moldauer's
channels cases (NF)“ values Present calculation
1 5 1.0 0,96 1
20 1 1.1 0.88 0.83
100 1 1.2 0.64 0.694
1 5 1.1 0.70 0.83
20 1 1.2 0.74 0.694
100 1 1.5 0.44 0.44
1 1 1.1 0.55 0.83
20 1 1.8 0.27 0.3086
100 1 2.3 0.19 0.18903
1 5 1.3 0.38 0.5917
20 5 2.1 0.21 0.2267
100 5 3.1 0.12 0.1041
300 5 2.9 0.14 0.12
1 1 1.6 0.05 0.3906
20 1 2.0 0.22 0.25

We would now like to show that these two parameters
are related in the following way,

(B, = (N,)=, (32)

if Vis assumed to be diagonal and the total width F
is assumed to be almost constant.

This can be shown using the sum rules8

N N
2 G,XG) =2(X, x X)), (33)
p=1 p=1

and some straightforward mathematical steps using
expressions (31) together with the assumptions of
diagonal V and constant ' . The assumption that the
total width L, is almost constant will be a good as-
sumption if the number of channels are large. We

use Moldauer's numerical calculation? to check re-
lation (32). This is done in Table I where we have
shown the values of (B,), calculated using relation (32),
assuming (N )‘J to be known and compared them with
the ones obtained by Moldauer using his numerical
calculations. We see from this table that relation (32),
holds very well particularly when the number of chan-
nels are large.
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Barakat and Baumann have introduced polynomials U®) (a,,a,,..

.,ay) termed the generalized Lucas polyno-

mials satisfying a difference equation with a set of initial conditions. We show that these polynomials can be
obtained directly from the symmetric functions k,,which are of basic importance in combinatorial analysis.

Moreover, we extend the definition of V(«y,a,) to V¥ (ay,a,,..

can be obtained from the symmetric functions S,.

1. INTRODUCTION

In a recent paper,Barakat and Baumann! indicated
the importance of generalized Lucas polynomials in
a variety of physical problems?2,3 and suggested that
it is desirable to obtain them in @ closed form. In
Barakat's notation,these polynomials are convenient-
ly defined through a set of difference equations given
by

N

=2

i=1
together with the N initial conditions

Un(i\?l(al’az’--~’u1v) )1' la U(+N i (AN)

[]l(N) =5N“1,i’ i=0,1,‘..,N— 1, (BN)
where 9;; is the Kronecker symbol. Here,in fact,we
solve the problem even when the difference equation

satisfies a set of arbitrary initial conditions

.,ay) and establish that these polynomials too

Further, closed expressions for the U and V are obtained.

UM =b, i=0,1,...,N—1, (Cy)
The usual method of solving Eq. (A, ) is by the method
of generating functions, making use of the roots of
the characteristic equatlon

Flx) =x¥—aux¥1+...£q9, =0. Dy)
Obviously, it is difficult to solve for the roots of Eq.
(Dy) in terms of the coefficients (a; /i = 1,2,...,N).
So,here the solutions of Egs. (A,) and (sz) are ob-
tained in terms of the coefficients (a;/i =1,2,...,
N) themselves directly without solvmg the character-
istic equation.

In Sec. 2, we prove that the difference Eq. (A ) to-
gether Wlth initial conditions Eq. (C,) is solvable in
terms of the coefficients of the characteristic Eq.
(Dy). In Sec.3,we summarize conveniently the avail-
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satisfies a set of arbitrary initial conditions

.,ay) and establish that these polynomials too

Further, closed expressions for the U and V are obtained.

UM =b, i=0,1,...,N—1, (Cy)
The usual method of solving Eq. (A, ) is by the method
of generating functions, making use of the roots of
the characteristic equatlon

Flx) =x¥—aux¥1+...£q9, =0. Dy)
Obviously, it is difficult to solve for the roots of Eq.
(Dy) in terms of the coefficients (a; /i = 1,2,...,N).
So,here the solutions of Egs. (A,) and (sz) are ob-
tained in terms of the coefficients (a;/i =1,2,...,
N) themselves directly without solvmg the character-
istic equation.

In Sec. 2, we prove that the difference Eq. (A ) to-
gether Wlth initial conditions Eq. (C,) is solvable in
terms of the coefficients of the characteristic Eq.
(Dy). In Sec.3,we summarize conveniently the avail-
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able information about the explicit form of U® (4,
a,) and U® (@, a,,a5), generalize V@ (a,,a,) to
VW (a;,a,,...,a,) and give explicit expressions in
closed form for UM (ay,ay, ...,a) and V(M (a,,a,,

.»ty). In Sec. 4 and in the Appendix,we prove that
indeed the generalized Lucas U and V polynomials
have the form given in Sec. 3.

2. SOLVABILITY OF THE DIFFERENCE EQUA-
TION IN TERMS OF (q;/i=1,2,...,N)

The usual method of solving Egs. (A,) and (C,) is by
the method of generating functions. Let

o0

flx)= 23 Ugxn
n=0
and 2.1)
glx) = ?0 - 1)igx?

be the generating functions of the sequences {Un} and
{1,— a1, a,, ..., 1)¥a},respectively. (The super-
script N has been dropped in this section for con-

venience). Then the product
o0

flx)gx) = 25 Wxn

n=0
is the generating function of the sequence {W,},where

(2.2)

W, =U,—ayU,_y +ayU,_ 5— - xa,U,_, (2.3)
andn =0,1,2,---
Also from Egs. (A,) and (2. 3),

W,=0 fornz=N (2.4)
and from the initial conditions and Eq. (2. 3),

anbn_albn_l +a2b -9 ¢ tqnbo, (2.5)

n=0,1,...,N— 1,
Therefore, from Eq. (2. 2),

Wy + Wyx + -+ + Wy_xn-1 n(x)

_ " 1 N-1 -

) = l—apx +apx?— <+« a2V~ plx) sa(;;, 6)

Theovem 1: The generating function f(x) of {U}
can be expanded in terms of the coefficients of the
polynomials p(x) and n(x). .

Proof: From Eq. (2. 6),it is enough to show that
1/p(x) = 25k, x" where each k, is a function of
(a;/i =1,2,...,N).

It is obvious from the form of p(x) that 1/p(x) can be
written as

ﬁ =[1—-q®x)]!=1+qk) + [q@)]2 + -+,
where N
1= 5 s o

and the radius of convergence of the series can be
taken as min(|a; i =1,2,...,N),where a; are the
roots of Eq.(D,). Hence the theorem.

3. LUCAS POLYNOMIALS FOR N = 2,3

When N = 2,the Lucas polynomials4~6 are obtained
as the solution of difference equation (A,) satisfying

J. Math, Phys., Vol. 13, No. 3, March 1972

V. V. RAGHAVACHARYULU, A . R. TEKUMALLA

the initial conditions (B,). The solution for Egs. (A,)
and (B,) is

2 -V -
U8 a) =B 6 04(" 7 Jat g,
v

the series terminating when the exponent of a, or a,
turns negative.

3.1)

The general term of Eq. (3. 1) can be more conveni-
ently written as

Ay +2a)! \,
Al Gridz

where A + 2, =n.

— 1n-zX (3.2)

For N = 2 the Lucas V? (4, a,) polynomials are de-
fined by the difference equation SAZ) satisfying the

initial conditions VS =2 and V{®

For N = 3,one has to solve the difference equation
(A;) satisfying the initial conditions (B3). The pos-
sible general solution suggested in closed form by
Barakat and Baumann! for U® is

=da;.

U, (ay,ay,a3) = U, (ay,a,)

+ DT e (T

K 2.
-21-K ,,i-K oK
o at ug “ay

(3.3)

again with the understanding that all the exponents
are = 0.

Making use of Eq. (3. 1) the general term of Eq. (3. 3)
can be written as

(= 1) M (g + hy +A5) /A Mg Mgt Ta) ag2 als, (3. 4)
where Ay + 20, + 3x5 =n.

Assuming the correctness of Egs. (3.1) and (3.3),it
is easy to guess the general solution of the difference
equations of generalized Lucas polynomials. Indeed,
we have the following:

Theovem 2: The general solution to the difference
equation

UM (aq,a9,...,ay)

= alUn(vaJ-l - aZUn+N—2 toeee s aNUr(LN)
satisfying the initial conditions
U= ot = = U =0, Uf =1
is
U, on-1(@1,85,...5ay) =h,(a,a5,...,ay,...) (3.5)
with ay,, = ay,, =+ = 0,where i, the symmetric

functions called homogeneous? product sums of
weight » (see Appendix).

Note that Eq. (2. 6) gives the solution to Eq. (A,) with
any initial conditions (C,). In particular,for N =2
and by = 2,b, = a, we get Lucas V@ (a,,a,) poly-
nomials which can be identified as the one part sym-
metric functions s, with a3 =a, =--- = 0. We now
characterize them in the following:

Theovem 3: The general solution of the difference
equation

VM (ay,aq,...,ay)

=a Vi1 — Vi, + 0 ayVim
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satisfying the initial conditions

Vo =N, Vi, =s;, i=12,...,N—1 (3.6)
is

Vi(ay,ag,...,ay) =s,(ay,8y, ... ,8y,...)
with

Ay, =dyg =" =0, 8.7)

where S, is the one-part symmetric function. (See
Appendix)

The expressions for U™ and V,@) given by Egs. (3.5)
and (3. 7), respectively, enable us to obtain, simply,
the Lucas polynomials. The first few 2, and s,

(n = 1-6) are given in the Appendix from which all
the results that have been given by Barakat and Bau-
mann for N(n) = 3(8),4(9),and 5(10) are easily ob-
tained. Hence,in tabulating U and V(M it is suffi-
cient to give 2, and s, only.

The theorems are proved in the next section.

4. SOLUTIONS OF THE DIFFERENCE EQUATIONS

Pyoof of Theorem 2: We know from the well-
known connection between the symmetric functions?
a, and k, that

1
2_ ..
1—ax +ayx

. iarx’r':p e

=1+hx +hpx?2 +---, (4.1)
where,in the denominator on the ieft-hand side, we
can assume without loss of generality an infinite num-
ber of terms. Expanding the left-hand side by the
multinomial theorem,? we obtain

(Zal) PN
h o= 2, S LLLLY St W% SN
n Mg, Aplagl-eea ! 2

R

where Xix, = n. Note that (— 1)" %% = (— 1)’he
Hence, the general solution of the difference equation
(A,) with the initial conditions (B,,) is obtained by
comparing the coefficients of f{x) = x¥1/p{x).

In particular,as the solution for the Lucas polyno-
mials, we obtain

w)
Un*N—l = Z;
Apedyeihy

(ZA) !

~ZA
(_ l)n z
Mgl Ay!

A A A
xajta? «reayN,  (4.3)

where ZiA; == which proves Theorem 2.
Proof of Theovem 3: Let F(x) =x¥ — a;x¥-1 +
-+ ay. Then p(x) = F(1/x)x¥.

Solving for W, by making use of the initial conditions
(3. 6),we obtain n(x) = F1(1/x)x¥-1,where F1l(x) is
the derivative of F(x). Further,we know that

Flix) 1 D S 1
Flx) " x—0; x—ay X—ay

2

where (o;/i =1,2,...,N) are the roots of F(x) = 0.
Hence, we obtain

_1F(1/x)
10 =5 Fir

1 1 1
“T=ax " Toax V7 T 1-ap

=1+ 5% +55x2 + -+ (4. 4)
giving s, as the solution of the difference equation
(A,) satisfying the initial conditions (3. 6). It is not
difficult to see that the general expression for the
generalized Lucas V(™ polynomials in closed formis

“EX (—_____1 + Z\)!n
Vn(N)zxe) )\(_l)nEA!)\!"'?\!
12 g ey 1 2 N
a?la;‘Z .-.aj\VN (4.5)
with Zin; =n.

Theovem 4. M ay,a,,...,a, are the roots of the
equation x¥ — a,x¥°1 4+ ... 4 g, = 0,then

N) —
uw =
n n n N-1 N-1 N-1
ay 0 Tty oy G2 e Oy
N-2 N-2 N-2 N-2 N-2 N-2
a; T oa, ay a; ooy ay
al az LY aN al az o w aN
1 e 1 1 1 oo 1
4. 6)

and VM =af +af + - + ap.

U@ and V,® obviously satisfy the initial conditions
(B,) and (3. 6), respectively. When repeated roots
occur,we apply d'Hospitals rule to simplify these
expressions.

The first part of the theorem follows immediately
from the expression
1 N af’ -1 1

bx) - i=1 H}’Zl(ai— Ol]-) 1—a;x

by expanding the terms on the right~hand side in
power series and collecting the coefficients of x»-¥+1,
The second part is obvious. When N = 2,the above

expressions reduce to4
n n

a;—
U@ = 1 2
n o

2
@ —
@, = 2aden = of +d.

A further extension of the Lucas V polynomials is
possible by writing

Vi = Suemm @.m
withay ., =ay,, =+-- =0,where S, , are the m

part symmetric functions of weight w,given by

Sw,m - E - 1)w+m-2)\-1
Er — 1)![)\,,z + (m ;’ 1) Apay F :l

be$
A.l')\.zl s Aw!
A A
Xallagz v aww?

where Zix; =w and w 2 .

V¥ satisfies the difference equation

N
V,(‘ ) (ay,aq,..

m <y ay)

=a1V(fv1).m—- QZV(N) + e

(N)
n n-2,m * aNVn-N,m
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with the initial conditions V%) =s; ., . i =1,2,
...,N. For m = 1,we get the generalized Lucas V¥
polynomials with the initial conditions V" =5, ,
{=1,2,...,N. Further,it is very well known that

k, and s, could be extended to whait are called Schur
Sunctions.® Similar considerations as are developed
in this paper can be generalized to apply to these
functions too. This extension together with the appli-
cations will be considered elsewhere.
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APPENDIX

1. The symmetric functions &, are given by
hl = Zal,
hy = Za} + Za,0,,
hy = Zad + Zoa, + Za 0,0y,

where a,,a4, - are the roots of the equation

xn_alxn-1+... =0.
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In terms of a;,they are given by

— — a2

hy =ay, hy=0a{—ay, hy=a}—2a,a,+as,
=at — 342 2 —

hy = af— 3aja, + a3 + 2a,a;3— a4,

hs

he

5 443 2 2q., —
a? — 4diay +3a,43 +3djaz— 20505 — 2a,a, + ag,

a$ — bata, + 6a3a3 — ad + 4ajaz — 6ajaa,

+ a§ — 3aja, + 2aya, + 2a,a5— ag.

2. The symmetric functions s, are the successive
sums of powers of a;,a,, -,

Sy =2Zaq,
= Sa?
S, = Zag,
= Sad
S = Zay.

In terms of a; they are given by

Sy =ay, Sy, =0a%—2a,, S3=a}— 3aa, + 3a,,
s4 = a} — 4a%a, + 2ag + 4a a5 — 4a,,

5_ 2q., —
a3 — 5aia, + 5a,a3 + 5a3a; — 5a,a,

— Saja, + 5as.
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Using a formula derived from equations given by Furry for the normalization integral of the wavefunction cor-
responding to a bound state, we derive the normalization factor for the higher-order phase-integral approxima-~
tions introduced by N. Fréman. The present treatment is based on the method developed by N. Froman and
P.O. Froman, in which one uses exact formulas in the calculations and makes the approximations in the final
stage. We particularize the resulting general formula to the case of a single-well potential previously discus-
sed by the present author and to the case of a double-well potential, which has been treated in a series of

papers from this institute.

1. INTRODUCTION

In a previous paper by the present author, 1 which is
part I of the present paper, the normalization factor
for the higher-order phase-integral approximations
introduced by N. Froman2 was obtained for the wave-
function of a bound state in a single-well potential.
The difference between these higher-order phase-
integral approximations and the higher-order JWKB
approximations has recently been discussed in some
detail by N.Frman.3 Both approximations fail near
the classical turning points, i.e., near the points where
the particle, according to classical mechanics, would
stop and begin to move in the opposite direction. One
cannot, therefore, directly insert the approximate
wavefunction into the normalization condition for the
exact wavefunction y,

+ o0

[ )| 2ax = 1.

-0
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From an intuitive discussion for the first-order
JWKB approximation, Pauli4 has derived a formula
for the normalization factor of the approximate
wavefunction of a bound state in a single-well poten-
tial. This formula,which is met with also in text-
books (see, e.g., Ref. 5) has been rigorously derived
by Furry.® In his treatment Furry® was able to avoid
the vicinity of the turning points and thus used the
JWKB approximation only in regions where it is
known to be good.

In Ref.1 the present author has generalized Furry's
discussion® to the case of the higher-order phase-
integral approximations introduced by N. Froman.2
The intuitive approach of Pauli? would fail for
approximations of higher order than the first.

In order to obtain the normalization factor for more
complicated potential wells, we shall in the present
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JWKB approximation, Pauli4 has derived a formula
for the normalization factor of the approximate
wavefunction of a bound state in a single-well poten-
tial. This formula,which is met with also in text-
books (see, e.g., Ref. 5) has been rigorously derived
by Furry.® In his treatment Furry® was able to avoid
the vicinity of the turning points and thus used the
JWKB approximation only in regions where it is
known to be good.
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discussion® to the case of the higher-order phase-
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The intuitive approach of Pauli? would fail for
approximations of higher order than the first.

In order to obtain the normalization factor for more
complicated potential wells, we shall in the present
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paper use the method for handling the phase-integral
approximations developed by N. Froman and P.O.
Froman.” An essential feature of this method is that
one uses exact formulas in the calculations and makes
the approximations in the final stage. The discussion
in Sec. 2 of the present paper leads to an exact nor-
malization condition, valid for a potential with an
arbitrary number of classically allowed regions. This
normalization condition is shown to be simply re-
lated to the quantization condition. In Secs. 3 and 4 the
results of Sec. 2 are applied to the case of a single-
well potential previously discussed by the present
author! and to the case of a double-well potential.
The energy levels and wavefunctions of a double
oscillator have been treated in a series of papers
from this institute8=10 For any order of the phase-
integral approximations the authors of Ref. 9 have
given approximate expressions for the unnormalized
wavefunction of a symmetric double oscillator on the
real axis, except for small regions where the approxi-
mation fails. Numerical results for the energy eigen-
values reported in Ref. 9 and Ref. 10 show the great
accuracy of the higher~order phase-integral approxi-
mations. In order to make full use of this accuracy,
it is important to know also the higher-order cor-
rections to the normalization factor.

2. AN EXACT FORMULA FOR THE NORMALJIZA-
TION FACTOR

Consider the one-dimensional differential equation
d2y
dz?

where @2(z) is real for real values x of z. For the

case of the Schriodinger equation, which is of interest
to us, we have well-known notations

+Q2(2)y =0, ®

Q2(z) = 2m/N2)[E — V(2)], (2)

where E is a real parameter. It is emphasized that
quantities related to the differential equation (1) with
@Q2(z) given by (2) will in general depend on the para-
meter E. We only consider such values of the para-
meter E that Q2(x) is negative when |x| is sufficient-
ly large,

First we shall derive a convenient formula for ob-
taining the normalization integral. Using (1), we ob-
tain the equation

W) 2502 = 2 (wx) o) — v w'(x)> :
@)
where prime denotes differentiation with respect to
%. As in Ref.1, we define ¥ (z) as a certain solution
of (1), which tends to zero as z tends to — « through
real values. This solution is uniquely determined
except for a factor, which is independent of 2z but
may depend on E. It can be shown that the function to
the right of the operator d/dx in (3) with ¢ = ¢, tends
to zero as x =+ — . We similarly define ¢,(z) as a
solution of (1), which tends to zero as z tends to + «
through real values. From (3) withy = ¥; and ¢ =
¥, , respectively, we obtain the following formulas:

S22 5 @2ax = (W40xg) 35 ¥ tro)

— ¥, (xo) %tpi(xo), (4a)

[ a0 Q2 = (0alx0) S50

~ W) Sy <xo)) , (4)

where the point x, can be chosen arbitrarily. For-
mulas (4) with @2 given by (2) were obtained by
Furry.® As in Ref.1,we assume that

¥1(2) = ¥y (2) = Y(2) (5)

when E is an eigenvalue. Adding (4a) and (4b), and
using (5), we obtain, when E is an eigenvalue,

Lo WP 55 @@ =55 wavs —¥a9p), ©

where on the right-hand side we shall put z = x.
However, the quantity to the right of the operator

9/0E in the right-hand member of (6) is the Wron-
skian of the solutions ¥ (z) and ¥,(2), and it is well
known that this Wronskian does not depend on z but
may depend on E. It should be emphasized that Egs.
(1)~ (4) are valid for all values of the parameter E
considered but that Eqgs. (5) and (6) are only valid when
E is an eigenvalue.

We shall now give a few basic formulas directly taken
from Refs.2 and 7. For details we refer to Chaps.
3-5in Ref.7. We define two linearly independent
functions

f1(2) = q71/2(2) exp[+ iw(z)], (Ta)

f2(2) = a71/2(2) exp[— iw(2)], (7b)
where

w'(z) = q(z) (8)

and the prime denotes differentiation with respect to
z. From (7a), (7Tb), and (8) it follows that

f1@)f5(2) — f(2)f1(2) = — 2i. (9)

The function ¢(z) is determined such that f,(z) and
f5(2) are approximate solutions of (1). By using a
Riemann surface and defining w(z) as a convenient
contour integral of g(z) [cf.(8)] we can make the func-
tions f;(z) and f,(z) single-valued in the region of the
complex plane which we consider. To begin with, we
need not specify the expression for ¢(z),but in Secs.3
and 4 we shall let ¢(z) be the function ¢(z) appearing
in the higher-order phase-integral approximations
introduced by N. Fr8man.2 Recursion formulas for
obtaining this function up to any order of the phase-
integral approximations are given in Ref. 2, and ex-
plicit expressions for q(z) up to the ninth-order ap-
proximation can be found in Ref.1 or in Ref, 11.

According to (3.25a), (3.25b) in Ref.7 any solution
¥ of (1) and its derivative Y’ can be written as
follows:

(10a)
(10b)

Y(z) =flz)alz),
Y'(z) = f'(c)alz).

In these formulae, which involve no approximation,
f(2) is the row vector

f2) = (f1(2),75(2)),

the components of which are given by (7a), (7Tb), and

(11)
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a(z) is a column vector, the components of which are
denoted by a,(z) and a,(z):

a(z) = (“1(Z)>. (12)
a,(2)

If a(zy) is known, the column vector a(z) at an arbi-

trary point z is given by the formula

a(z) = F(z,zg)a(zy), (13)

where F(z, z,) is a matrix obeying the multiplication
rule

F(z,2) = Fz,2,)F(z,,2,) (14)

and the inversion formula (3.20) in Ref.7, which can
be written

Fp(29,2) = (‘“l)l+mF3-m'3—l(z;zo)s (15)

where [/ and m can take the values 1 or 2. If Q2(x) is
real and x; and x, are points on the real axis, there
exist certain symmetry relations between the ele-
ments of F(x,,x,). These relations are given by
(5.7),(5.8),and (5.9) in Ref. 7.

Consider now a smooth potential with an arbitrary
number of classically allowed regions separated by
classically forbidden regions. As in Ref.7,we use
the expressions classically allowed and classically
forbidden in a generalized sense for the regions,
where ¢2(x) is positive and negative, respectively.
We only consider such values of the real parameter
E that ¢2(x) and Q2(x) are negative when Fxl is suf-
ficiently large, but to begin with we shall not restrict
ourselves to the case when E is an eigenvalue. Of
the two functions f; (x) and f,(x) we denote by f; (x)
the one which tends to zero as x tends to — o, and
we denote by fk(x) the one which tends to zero as x
tends to + «©, We thus have the formulas

filx) >0 as (16a)

X o — 0,

frx)=>0 as x— +o (16b)
and similarly as on p.104 in Ref.7 we shall assume

that the integrals
f_oo ]fa_j(x)lzdx,
fMo | f5-p(x) | 2dx

are both divergent. The pair of integers (j,%) can

take the values (1,1),(1,2),(2,1), and (2, 2) depending

on the number of classically allowed regions and on
the phase chosen for ¢17/2(z).

(17a)

(17b)

Proceeding similarly as on pp.103—05 in Ref.7, one
can show that the a-coefficients at an arbitrary
point z for the solution y ,(z) of (1), which tends to
zZero as z tends to — « through real values, are
given by the formulas

a,(z) = Flj(z,— oo)aj(~ ), (18a)

ay(2) = sz(z,— oo)aj(— ), (18b)

which are analogousto (10. 8a), (10. 8b) inRef. 7. Sub-
stituting (18a), (18b) into the right-hand members of
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(10a), (10b), we obtain the following formulas:

¢1(z) = [fl(Z)Flj(Z,— o) +f2(Z)F2j(Z,— OO)]a]-(—— ),
(19a)

Vi) = [f1(2) Fyj(z,— ) + f3(2)Fy 2, — ©)]a,(— ),
(19b)

which are valid for all values of the parameter E

considered. Analogously we obtain the formulas

Vo(2) = [f1(2)F 14(z, + ®0) + f5(2)F4,(2, + ©)]a,(+ ),
(20a)

V5(2) = [f1(2)F (2, + ©) + f4(2)F,,(z, + ®)]a(+ ),
(20Db)

which are also valid for all values of the parameter
E considered. The quantities a,(— «) in (18a), (18b)
and (19a), (19b) and a,(+ ) in (20a), (20b) may depend
onkE,

With the aid of the inversion formula (15) we obtain
from the multiplication rule (14) the following iden-
tity, containing the F-matrix elements appearing in
the right-hand members of {18)-(20):

F3—j,k(_ @, + ®) = (— 1)j+1[F1j(Z,— ®) Fgu(z, + )
— Fpj(2,—~ ©)F,(z, + )], (21)

where the point z is arbitrary. Formula (21) is also
valid when E is not an eigenvalue.

The Wronskian of the solutions ¥, (z) and ¥, (z) is
easily obtained from (19a), (19b), (20a), (20b), (9), and
(21):

VieWhHE)— Y e (2) = 2i(— 1)
X F3_]..k(— 0, + oo)aj(— w)a(+ ), (22)

The quantities a ;(— ©) and a,(+ <) must be different
from zero since otherwise the functions ¥ (z) and

¥, (2) would be identically equal to zeroc. For values
of the parameter E such that Fj_; ,(— ©, + ) is
different from zero, the Wronskian given by (22) is
nonzero, and hence in this case ¥ (2) and Y, (2) are
linearly independent solutions of (1). For such values
of E there exist no nontrivial solution of (1), tending
to zero as z tends to both — «© and + « through real
values.

Except for Egs. (5) and (6) the previous formulas in
this section are valid even if the parameter E is not
an eigenvalue, but in the rest of this section we shall
discuss formulas, which apart from the unnumbered
equation below are valid only when E fulfils the
equation

Fy_jpl—0,+®) =0. (23)

This is an exact quantization condition, selecting the
values of the parameter E for which bound states
exist. It is a generalization of Eq. (10.13) in Ref.7
to the case of more than one classically allowed
region.

Using (3.18) and (3.13) in Ref.7 and Eqs. (8) and
(21) in the present paper,we obtain the formula
d Flk(z, + o0)

& Fye,—@) = (— 1)7*1 ieq(2) exp[(— 1)!2iw(z)]

Fg-j_k(_ o, + OO)
[Flj(z’— w)]Z

2
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where ! can take the values 1 or 2 and where € is a

function defined by (3.5) in Ref.7. We thus find that
the quantities F ,(z, + oo)/F (2, — ®) and F,,(z, + ©)/
F 2](2 ©) do not depend on z when E fulfils Eq. (23).

By imposing on the quantities g; (— «©) and a,(+ ®)
the relation

a;(— @)/ ay(+ ©) = F;(z, + ©)/F;;(z,~ =),

we attain the validity of Eq. (5) as is easily seen from
(21), (23), (19a), and (20a).

Substituting (22) into (6), and using (23} if a;(— o)
X a,(+ o) depends on E, we get the exact formula

f_f[w (]2 éf

(24)

Q2(x)dx = 2i(— 1)7a]-(— w)a,(+ 0)
d

X —a—E-Fs_j‘k(— @, + (O).
Since the eigenvalues are nondegenerate, the wave-
function ¥ (x) can be written as a real function multi-
plied by a phase factor, which does not depend on x.
Hence, assuming that @2 is given by (2) and taking the
absolute values of both members in Eq. (25), we get
the formula

L2192 =2 0~ 9)a+ =)

(25)

a
X 3E F3-j.k('_ w, + ©)|. (26)
Requiring that
L7 w240 = 1, @7)
we obtain from (26) the normalization condition
o)~ g+ -1 =2 | B g wra)|. 8

We emphasize again that the formulas (23)-(28) are
only valid when E is an eigenvalue.

Equations (24) and (28) together give exact formulas
for aj(— o) and a,(+ ©). The normalized wavefunction
corresponding to an eigenvalue of F can then be ob-
tained by substituting the value of a,(— ) calculated
in the above way into (19a) or by suf;stltutmg the
value of a,(+ ) into (20a).

3. APPLICATION TO A SINGLE-WELL POTENTIAL

For the case of a single-well potential the function
Q2(z) defined by (2) has precisely two zeros l; and ¢,
on the real axis. We assume that these zeros are
well separated and that no other zeros of @2(z) lie

on or close to the real axis. The function ¢(2) in

(7a), (Tb), and (8) is assumed to be the function ¢(z)
appearing in the higher-order phase-integral approxi-
mations discussed in Ref. 2, Precisely as in Ref. 1,
we introduce the quantity

L =13/; 4l2)dz,

where the contour of integration I'; is shown in Fig, 1
of Ref.1. The quantities L and BL/aE are positive,
and for the first few orders of approximation we can
calculate L from (26) in Ref.1 and dL/3E from (29)
in Ref.1. According to Chap. 10 in Ref.7 we shall put

29)

j =% = 2 in the formulas of Sec. 2 in the present paper.

From the symmetry relation (5. 9a) in Ref. 7, the in-
version formula (15) in the present paper, and the dis-
cussion of the single-well potential on pp. 545-47 in
Ref. 2, we obtain the symmetry relations

Flg(x()"' ®©) =— iF%g(xoy“‘ ), (30a)

Fip(xy, + ©) =i exp(— 2iL)F}, (x4, + ©), (30b)

where x is assumed to lie in the classically allowed
region. Substituting (30a), (30b) into (21) withj =k =
2 and 2z = x, we obtain the identity

Flz(’— ©, + ®) = iFa‘z(x();_‘ w)Fzz(xo, + )

1 + exp [ (L +arg Fz_z“g%;—_gﬂg

It should be noted that formulas (29)—(31) are valid
for all values of the parameter E. We also remark
that in Sec. 2 the point ¥, is arbitrary, but in the
present section the position of the point x, is re-
stricted to the classically allowed region,

From (31) and (23) with j = 2 = 2 we obtain the exact
quantization condition

(31)

L + arg[Fy,(xg, + ®)/Fay(xg,— ©)] = (s + 3)n, (32)
where s is a nonnegative integer. Equation (32) is the
same as Eq.(13) in Ref. 2 with z = x,,.

Remembering that j = £ = 2 and using (31) and (32),
we obtain from (24) and (28) the exact formulas

a (— w) F (x ,+CD)

az(+ ) :Fzz(xz,— o) (33)
and
lay(x «)|-2 ==~ IFZ2 Xg,% ) |2

(xq, + oo):l
4 ___2__2’____

oy [L AT o) (39
where in the last formula we have deleted the abso-
lute value signs since the energy derivative is posi-
tive. Formulas (32)~(34) are only valid when E is an
eigenvalue. We note that the quantizatior. condition
(32) is obtained by putting the quantity to the right
of the operator 3/dE in (34) equal to (s + 3)7. Re-
membering the inversion rule (15), we see from the
estimate (6.13a) in Ref.7 that we can approximate
Fy,(xq,* ©) by unity and hence neglect the quantity
arg(F,,(xg, + ©)/Fy,(%, — ©)] appearing in (32)
and (34). In this way we obtain from (32) and (34)
the approximate formulas (16) and (25) in Ref. 1
since the quantity ICl| in Ref.1 is equal to |a,(—%)]|.

4., APPLICATION TO A DOUBLE-WELL POTEN-
TIAL
We now suppose that @2(x) has qualitatively the form
shown in Fig.1. The situation shown in Fig. la,
where Q2(z) has four real zeros (¢{,1,,13,14),1s
referred to as the sub-barrier case, and the situation
shown in Fig, 1b, where @2(z) has two real zeros
(t,,t,) and two complex conjugate zeros ({;,#3) close
to the real axis, is referred to as the super-barrier
case.8710 Precisely as in Ref. 9, we introduce the
quantities

o = — Re: fraq(z)dz, (35a)
K =3i [ a(x)dz, (35b)
B = — Ret [ q(2)dz, (35¢)
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where ¢(z) is given in Refs. 1,2, or 11 and where the
contours of integration are given in our Fig.1 or in
Figs.1 and 2 of Ref. 9. Since these contours of inte-
gration are closed loops, the quantities o, 8, K, and
da/8E,38/9E,3K/JE can be obtained from formulas
closely analogous to (26) and {29) in Ref.1. The
quantity K is positive in the sub-barrier case and
negative in the superbarrier case. In both these
cases the quantity 0K/0E is negative, and the quan-
tities @, 8,2 @/3E, and 38/9E are positive. Expres-
sions for the function w(z) on the real axis are given
in Sec. 2 of Ref. 9.

According to Ref.8,we shall put j = 2 and k = 1 in
the formulas in Sec. 2 of the present paper. From the
11 element of the matrix identity (33) in Ref.8 and
the formulas (16)—(18) in Ref. 8, we get, after some
calculations, the identity

Fll(— ©, + )
= 2|F11(—' coyxz)Fl]_(xtp + (D)l
x exp[2K +i(a — B)][1 Fy, lcos(s, +6,)
— |Fy,leos(5, — 6,)], (36)
where F, stands for F,,(x,,%,) and F,, for

Fyo(xs,x,) and where 6, and 6, are defined by Egs.
(36a), (36b) in Ref.9,i.e.,by

6, = a — 37 — o — argF,, (— ®,x,)

the quantity ¢ being defined by Eq. (36c¢) in Ref. 8,i.e.,
by

0 = z[argF, ,(x,,%,) — 27]. (38)
Approximate expressions for ¢ up to the fifth-order

phase-integral approximation are given in Ref. 10.
According to Eq.(51) in Ref. 11, we have

lol<<1 when |kl is sufficiently large. (39)

From the 21 element of the multiplication rule (14)
with 2 = x,,2, = x,,2, = + ®©, the inversion rule
(15) and the symmetry relations (17) and (18b) in
Ref. 8, we obtain the identity

Fy(xy, + @)

Fyy(xy,— )

Fy (x4, + o)
Fll(““ °°ax2)
x exp[2K —ia + B)]{IF ;| expi(6, + 65)]

— | Fyp !l expli(6, — 6511, (40)

=1

for the quantity in the right-hand member of (24) with
i=2,k=1,and 2z = x,.

Formulas (35)~(40) are valid even if E is not an
eigenvalue.

+ 3 argF,,(x,,%,), (37a)  With the aid of (36) we see that the exact quantiza-
by, =f—in—0+ argF ., (x,, + ) tion condition (23) withj =2,k =1 is
—~ % argF,,(xy,%,), (3Th) [Fiplcos(s, +6,) — |Fyyl cos(6, —6,) =0, (41)
a b
Q% Q2
t'x’/\ %\" X X
S -
'3
1y [} 13 1, /T,\ -2 - %
AN AN N o’ RN B r:‘ ..
e,
13
'y ‘2 '3 ty Y 1
N
(z '_K
qi-ﬂv{-%n l} lqi-] /‘3,
1 1 ‘Ar L i 1
oleesplpuiflgf] M ob-ld] © Satealod%  ohe-emp Lo lot] q‘T-zxp["-m}lqﬂ Y ghgt] al:-ilel]  n q%--ﬂvl}-,n-} laZ|
4 / [/
/, /
, i) // 7 )/

FIG.1 For the case of a double-well potential this figure shows the qualitative behaviour of @2(x} and the contours of integration for
obtaining «, 8, and K. Cuts are indicated by heavy lines, and the parts of the contours, which lie on the second Riemann sheet, are
indicated by dashed lines. For the first Riemann sheet the phase of ¢1/2(2) is given on the upper lips of the cuts along the real axis.
Fig.1a refers to the sub-barrier case and Fig. 1b to the super-barrier case.
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which because of Eq.(55) in Ref. 11 or (29) in Ref.8
is the same as the quantization condition (35b) in Ref.
8. From (29) in Ref. 8 we find that the following re-
lation holds when (41) is fulfilled:

[IF 5| sin(6; + 6,) + |Fy,| sin(s, — 65)]
X [|Fyy1sin(d; + 8,) — [Fyylsin(s, —8,)]

= exp(— 2K). {42)

Remembering that j = 2,2 = 1, and using (36}, (40),
(41), and {42), we obtain from (24) and (28) the exact
formulas

ay(— ) _
a,(+©) ~

Fiilxy, + )
Fll(’_ wyxz)

exp[2K — i(a + B)]

x [|Fglsin(d; +8,) — |Fyylsin(s; —6,)] (43)

and

lay(— o) -2 = 22 | Fy (— 0, x,) |2

(3/3E)[|Fy, 1 cos(d; +6,) ~ |Fyyl cos(6; — 6,)] {
|Fy,lsin(6; +6,) — |Fyylsin(6; — 6,) ’

xl"
72 (44a)
}01(4' OD)I_Z = ‘z“n'q“‘ iFll(xll’ + m)‘z exp(2K)

— @/2E)[IF, 5] cos(8; + 6,) — |Fyplcos(d, — 6,)]
|Fyp ) sin(6; +65) + | Fyyl sin(s, —

%2)  (44p)

We note that the quantization condition (41) is obtained
by putting the quantity to the right of the operator
3/3E in (44a), (44b) equal to zero. From (41) it fol-
lows that formulas (44a), (44b) can also be written

lay(— w)|-2 = %ii_; |Fy (= 0,%,) 2

« l ~ (0/3E)(| F13/F,,1 cos(6; + 6,) — cos(6; — 8,)) ;
|Fy9/F gyl sin(6y + 6,) — sin(6, — 6,) ’

) (45a)
lay (+ ) exp) |2 = 22 1Py gy, 4 ) 12
‘- (a/aE)(lFlz/Fn} cos(6, + 8,) — cos(6; — 8,)) !
| Fyo/Fyol sin(6, + 6,) + sin(s, — 6,) ’

(45b)
j

az(" )
a,(+ ©)

and
2n2

~ — exp[2K — i{a + B)] {[1 + exp(~ 2K)]1/2 sin(e + B — 20) + sin(a— B)}
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With the aid of (41) we see that the energy derivative
in the numerators of (45a), (45b) can be written

3 (1¥i2
— 3% (‘F—z-—z— l cos(6; + 6,) — cos(6, — 62))

Fio : a
= IE;[ [sm(él + 5,) é—E(ﬁl +85)

+ 5% (l %—Z— { cos(6; — 62)>] .

According to (43a), (43b), and (52b) in Ref.11 and
(6.13a) in Ref. 7, we have the approximate formulas

(46)

Fyy & 1, (47a)
[F ,1=[1 + exp(~ 2K)]1/2 (47b)

1%—3 l ~[1 + exp(— 2K)]*/2, (47¢)
Fyi(-0,x,) ~ 1, (474)
Fiilxgy, +0) =1, (47e)

Equation (47c¢) is a particularly satisfactory approxi-
mation when K is positive. Furthermore, we mention

. that the approximate formulas (47a) and (47¢) are in

general not very accurate when K takes too large
negative values. It is obvious that we cannot have
infinitely large positive values of K, since we have
two finite potential wells separated by a finite bar-
rier. Similarly we are not interested in taking the
limit K — — o, since the double~well character of the
problem would then be completely lost. Hence,in
subsection A below, where we use the estimates (47)
and particularize to the case of large absolute values
of K,we consider fairly large but not infinitely large
values of |K|. Furthermore in subsection A below we
do not need any accurate formula for lFlZ/Fzzl or
F,, in the discussion of large negative K, but only the
rough estimate that |F,,/F,, |is much greater than
unity when K takes fairly large negative values.

Using (47a)—(47e), we obtain from our Eqs.(43), (45a),
(45b), (37a), and (3'7b) the approximate formulas

%az(‘ w)‘-z =

m

2K2

la, (+ @) exp(K)|-2 ~ o

Introducing the approximations (47a)—(47¢) into the
exact quantization condition (41) and Eqgs. (37a), (37b),
we see that the energy eigenvalues are approximately
equal to the zeros of the function to the right of the
operator 9/9 E in (49a), (49b).

[1 + exp(— 2K)]*/2 sin{a + 8 — 20) — sin(a — B)

(48)
— (3/3E)[1 + exp(~ 2K)]1/2 cos(a + B — 20) + cos(a— B)}I s
[1 + exp(— 2K)]1/2 sin{a + B — 20) + sin{a — B) (492)
— (3/0EX[1 + exp(— 2K)]V2 cos(a + B — 20) + cos(a— B)}
(49b)

T

A. Particularization to the Case of Large Absolute
Values of K

When K is negative and sufficiently large to its abso-
lute value, retaining the discussion following Eqgs. (47),
we see from Eqgs. (41) and (47¢) that the absolute
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value of the quantity cos(d,; + 6,) is much smaller
than unity. Hence 6, + 0, is approximately equal to
a half-integral multiple of 7 and therefore

sin(6 , + 8,) ~ — i exp[i(6, + 5,)] (50)

when E is an eigenvalue. We further obtain from
(4'To) the approximate equation

|F12! ~ exp(— K). (51)

From (47¢) and the fact that | sin(6, + Gz)l ~ 1 when
E is an eigenvalue [cf. Eq. (50)] we see that we can
neglect the last term in the denominator of (45a) and
(45h), respectively. Similarly, neglecting the last
term inside the brackets on the right-hand side of
(43) and (46), respectively, substituting (46) into (45a),
(45b), neglecting the terms discussed above, and
using (47d), (47e), (50), and (51), we obtain the approxi-
mate formulas
GO o expli) expli(o, + 0, — 52
a (T D) i exp(K) exp[i(6, +06, —a — p)] (52)
and

lag(— @) |-2 ~ a, (+ <) exp(k)|-2
w212 (6, +6,)] (59)

Using (37a), (37b), (39), (47d), and (47e), we obtain
from (52) and (53) the approximate formulas

ay(— ©) ® i exp(K)a, (+ ) (54)
and
%2

9
lag(~ )12 & la,(+ @) exp(K) (-2 ~ £~ == (o + B),(55)

where we have deleted the absolute value signs since
the energy derivative of a + j is positive. The
approximate quantization condition (39) in Ref.8 is
obtained by putting the quantity to the right of the
operator 3/9 E in (55) equal to a half-integral multiple
of .

To conclude the above discussion, we remark that
when K takes sufficiently large negative values,we
can consider the double-well potential as a single-
well potential. However, since we are regarding a
double-well problem, our present phases and defini-
tions are different from those in Sec. 3 of the present
paper and in Ref.1. From the definitions (19) and (21)
of @ and B in Ref. 8, which are equivalent to our equa-
tions (35a), {35¢) and from Fig.2 in Ref, 8 we realize
that the right-hand side of (55) is the same as the
right-hand side of the approximate normalization con-
dition (25) in Ref.1 for a single-well potential.

When K is positive and sufficiently large,we see from
(47a), (47b) that F,, and |F 12 lare both approximately
equal to 1, and hence we find from (41) that either
sind, or sind, is small. We shall exclude the case
when both sind, and sinf, are small. Remembering
that we can approximate F,, and |F12 lby unity and
using (37a), (37b), (39), and (47d), (47e), we obtain from
(43) and (45a) when sind, is small, but sind, is not
too small, the approximate formulas

ay(+ ©) & ~ ja,(— *) ix%(icﬁo———;;m, (56a)
lay(- o2~ 2202 (56b)
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Analogously with the aid of (42) we obtain from (43)
and (45b) when sind, is small,but sind, is not too
small, the approximate formulas

a,(— ) ~ ia, (+ o) e;pc(;—s?—) (57a)
|a1(+ o) exp(K)|'2“~‘%—2~ %%. (5'Tb)

The approximate quantization condition (38a) and
(38b) in Ref. 8 are obtained by putting the quantity to
the right of the operator /3 E in (56b) and (57b),
respectively, equal to a half-integral muitiple of .
We also note that the right-hand members of (56b)
and (57b) are the same as the right~hand member of
the approximate normalization condition (25) in Ref.
1 with I'; replaced by I, and I}, respectively.

B. Particularization to the Case of a Symmetric
Double-Well Potential

We shall now specialize our treatment to the case
when V(- x) = V(x). If we put x, = — x,, the quanti-
ties 5, and &, become equal to each other,and are
given by (47) in Ref. 8. Remembering this formula,
substituting (42) in Ref. 8 and (55) in Ref. 11 together
with (46) in Ref. 8 into (43) and (45a), (45b), with o =
B and 6, = §,,and using (41) and (42) with 6, = 6,
we obtain the exact formulas

a(+ «) =+ exp(—~ K + 2ia)a,(— ) (58)
and

lay(— )12 = la, (+ ) exp(k)|-2
:%—2-!1«“11(;:4, +o)|2

0
X ‘ spl@—ot argF, (x4, + ©)

F jarctan F—fi%) ‘ . (59)

As in Refs. 8 and 9, the upper sign corresponds to
odd parity and the lower sign to even parity of the
eigenfunction. We note that the quantization con-
dition (49) in Ref. 8 is obtained by putting the quan-
tities to the right of the operator 3/ E in (59) equal
to (n + 3)7. Substituting (47a), (47e) into (59), we
arrive at the following approximate normalization
condition:

‘a2(~ 00)\"2 = la1(+ o0) exp(K)l—Z ~ %E

x %5 [@ — o # 3 arctan exp(~ K)], (60)
where we have deleted the absolute value signs on

the right-hand side. We note that we obtain the
approximate quantization condition (50) in Ref. 8 by
putting the quantities to the right of the operator
9/0E in (60) equal to a half-integral multiple of 7.
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A classical Hamiltonian dynamical system with 2N~dimensional phase space is studied in the case when a Lie
algebra of constanis of the motion exists which contains 2N — 1 functionally independent elements and when each
constant of motion generates a complete integral curve. It is proved that a connected (global) Lie group G acts
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G is compact, each component of the space of time orbits corresponding to a fixed energy is shown to be a

(2N — 2)-dimensional compact symplectic manifold diffeomorphic to an orbit of G in the dual of the adjoint repre-
sentation, It is shown that a (global) Lie group does act in the case of the harmonic oscillator, but does not act

in the case of the negative energy Kepler problem,

1. INTRODUCTION

Much work has been done on dynamical groups in
classical mechanics at the Lie algebra level, but apart
from Ref, 1 there appears to have been no attempt to
investigate the situation when the “infinitesimal” Lie
algebra action can be integrated to give a “global”
Lie group action, This is what we propose to do under
the following general hypothesis.

We study a classical Hamiltonian dynamical system
under the assumption that constants of motion exist
which are sufficient to parametrize the set of mo-
tions and which span a finite-dimensional Lie algebra
L under the Poisson bracket. Such a family exists,
of course, in the Kepler problem and the three-di-
mensional harmonic oscillator. For a global Lie
group action fo exist, it is necessary that each of the
constants of motion generate a vector field which is
complete, in the sense that its integral curves are
parametrized by (— o, ), Work of Palais2 shows
that this condition is also sufficient,

Under the above assumptions, then, a connected Lie
group G with Lie algebra isomorphic to L acts on the
phase space. We prove in this paper that

(i) G acts transitively on each connected component
of each surface of constant energy.

(ii) G acts on the time orbits (set of possible motions),

(iii) The time orbits can be mapped into the vector
space L’ (the dual of L) by a mapping which commutes
with the action of G, where G acts on L’ by the dual of
the adjoint representation,

(iv) When G is compact, each connected component of
each surface of constant energy is compact, and the
corresponding space of time orbits is a compact
symplectic manifold which is diffeomorphic to an
orbit of G in the vector space L’. This diffeomor-
phism commutes with the action of G.

These results are the global equivalents of the re-
sults in Ref. 3.

In the case of the harmonic oscillator, a global action
of SU(3) does exist, acting transitively on each sur-
face of constant energy. For the negative energy
Kepler problem, however, a global action of SO(4) can
be obtained only when the phase space is suitably
completed, as in Ref.1, The effect of this completion
is to compactify the noncompact surfaces of constant
energy.

2. LIE TRANSFORMATION GROUPS

In this section we set out the standard definitions and
results on Lie transformation groups which we shall
need.

A Lie group G with identity element e is said to be a
Lie transformation group of a C* (infinitely differen-
tiable) manifold M if a C© map

G XM - M, (g,p) > & P,

is given satisfying

1) & (& P)=(g.8,) " ?,

(il) e-p=p

for all g,,8, € G andp € M. We shall say that G ac!s

on M when G is a Lie transformation group of M.

Let X be a contravariant vector field (first-order
linear differential operator) on M. A differentiable
curve ¢ — B(t) in M is said to be an integval curve of
X with initial point p if

d
a7 FB() = (Xf) (B(H), B(0) =p,
for allf € C* (M). Here C*® (M) denotes the set of
real C* functions on M. The vector field X is said to

be complete if, for each p € M, X has an integral
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1. INTRODUCTION

Much work has been done on dynamical groups in
classical mechanics at the Lie algebra level, but apart
from Ref, 1 there appears to have been no attempt to
investigate the situation when the “infinitesimal” Lie
algebra action can be integrated to give a “global”
Lie group action, This is what we propose to do under
the following general hypothesis.

We study a classical Hamiltonian dynamical system
under the assumption that constants of motion exist
which are sufficient to parametrize the set of mo-
tions and which span a finite-dimensional Lie algebra
L under the Poisson bracket. Such a family exists,
of course, in the Kepler problem and the three-di-
mensional harmonic oscillator. For a global Lie
group action fo exist, it is necessary that each of the
constants of motion generate a vector field which is
complete, in the sense that its integral curves are
parametrized by (— o, ), Work of Palais2 shows
that this condition is also sufficient,

Under the above assumptions, then, a connected Lie
group G with Lie algebra isomorphic to L acts on the
phase space. We prove in this paper that

(i) G acts transitively on each connected component
of each surface of constant energy.

(ii) G acts on the time orbits (set of possible motions),

(iii) The time orbits can be mapped into the vector
space L’ (the dual of L) by a mapping which commutes
with the action of G, where G acts on L’ by the dual of
the adjoint representation,

(iv) When G is compact, each connected component of
each surface of constant energy is compact, and the
corresponding space of time orbits is a compact
symplectic manifold which is diffeomorphic to an
orbit of G in the vector space L’. This diffeomor-
phism commutes with the action of G.

These results are the global equivalents of the re-
sults in Ref. 3.

In the case of the harmonic oscillator, a global action
of SU(3) does exist, acting transitively on each sur-
face of constant energy. For the negative energy
Kepler problem, however, a global action of SO(4) can
be obtained only when the phase space is suitably
completed, as in Ref.1, The effect of this completion
is to compactify the noncompact surfaces of constant
energy.

2. LIE TRANSFORMATION GROUPS

In this section we set out the standard definitions and
results on Lie transformation groups which we shall
need.

A Lie group G with identity element e is said to be a
Lie transformation group of a C* (infinitely differen-
tiable) manifold M if a C© map

G XM - M, (g,p) > & P,

is given satisfying

1) & (& P)=(g.8,) " ?,

(il) e-p=p

for all g,,8, € G andp € M. We shall say that G ac!s

on M when G is a Lie transformation group of M.

Let X be a contravariant vector field (first-order
linear differential operator) on M. A differentiable
curve ¢ — B(t) in M is said to be an integval curve of
X with initial point p if

d
a7 FB() = (Xf) (B(H), B(0) =p,
for allf € C* (M). Here C*® (M) denotes the set of
real C* functions on M. The vector field X is said to

be complete if, for each p € M, X has an integral

J. Math. Phys., Vol. 13, No. 3, March 1972



332 M. ANDRIE,

curve ¢ b B(f) with initial point p and parameter do-
main — o« < ¢ < 0, When M is compact, every vector
field on M is complete.

When G acts on M and G has Lie algebra L, then each
A € L defines a contravariant vector field X, on M
by

(Xa/) ) (A)]'0) 1o

for each f € C>(M). This satisfies the basic pro-
perties

=%f([eXp(—

(1) X o0, = 0X, +0X,

(ii) X[Al'Az.):XAlX XA

XAz

(iii) (Xu /W[ exp(— (A)]-P) = 7 4 f((expl—1A)}p).

Thus A~ X, is a Lie algebra homomorphism from
L into the contravariant vector fields on M and each
X, is a complete vector field with integral curve

t > [exp(— tA)]'p having initial point p.

The preceding paragraph has the following converse
due to Palais,? which is the global equivalent of a
theorem of Lie. Let A = X, be a Lie algebra homo-
morphism from a (real) Lie algebra L into the Lie
algebra of contravariant vector fields on M, Suppose
that Ay,..., A, is a basis for L and that X, ,..., X,
are complete vector fields. Then there is a connected
Lie group G with Lie algebra L and an action of G on
M such that

(X, 1) () D),
forall fe C*(M), A< L,and p € M.

Let X be a complete vector field on M. For each
p € M denote by t 1= ¢+ p, R — M, the integral curve
of X with initial point p. Then

=L f(exp(-14)

RXM= M, (4,p) 0D,
is an action on M of the Lie group R of real numbers.
We call this the action of R generated by X.

Suppose that a Lie group G acts on two differentiable
manifolds M and N and that 7: M = N is a differenti-
able map which commutes with the action of G:

g7(p) =7(&P)

forallge G,pc M. LetA > X¥ and A b X} be the
corresponding homomorphisms from L into the con-
travariant vector fields on M and N, respectively.
Then we have

XU(for)=(X]Sf)eT

for each f € C* (N) and A € L. Conversely, if (2.1)
holds for all A € L and all f belonging to some fixed

(2.1)

coordinate system at each point, and if G is connected,

then it can be shown that 7 commutes with the action
of G.

When G acts on M and p € M, then the set

Gp={gplgc G}

of all points of M which can be obtained from p by the
action of G is called the G-orbit of p. We denote by

J. Math. Phys., Vol. 13, No. 3, March 1972

D, J. SIMMS

M/G ={G-plp s M}

the set of all G-orbits. Each point of M belongs to
exactly one G-orbit. Each orbit G*p is a submanifold
of #7 whose dimension is equal to the rank at p of the
family of vector fields

{x,1Ae L}

The map g > g -p is a differentiable map of G onto
the orbit G-p. When G is compact, it follows that each
orbit G'p is compact since it is a continuous image of
the compact space G.

3. HAMILTONIAN DYNAMICAL SYSTEMS

Let M be a real C*-manifold of even dimension 2N,
A symplectic fovm on M is a nondegenerate differen-
tial 2-form Q (skew-symmetric second-order co-
variant tensor) whose exterior derivative is zero,

d§ = 0. The pair (M, Q) is called a symplectic mani-
Jold. A local coordinate system ¢,,...,qy,01,-..,
Py On M is called a canonical coovdinale sysiem if
the expression of  in these coordinates is

N
Z}l dg; A dp,.
i

Each point of M lies in the domain of some canonical
coordinate system.

For each f € C*® (M) the differential df is a covari-
ant vector field, and by using 2 as a metric tensor we
may pass to the corresponding contravariant vector
field which we denote by X,. We call X, the vector
field generated by f. It is umquely defined by the
equation

QX, Y)=

for all contravariant Y. In terms of a canonical co-
ordinate system we have

N
_ of of )
df = Z} dg. + ab.
/ i=1<aqi % 3, bi

af(yy=Yf

and N
of o ¥f a)
X, =5 2 L ),
4 g%l(api dq;  aq; ap;
For eachf,h € C® (M) we write
th:{fyh}

and call it the Poisson bracket of f and h. In canoni-
cal coordinates we have, locally,

of ok of ah)
hy = A — 5 37 ).
{f’ } i= 1(81)2 aqz aqi api
Under (he Poisson bracket the veal vector space
C>™ (M) becomes a Lie algebva. The map f - X, is

a Lie algebra homomorphism of C®°(M) into the L1e
algebra of contravariant vector fields on M

Thus
X

af+bh= aXf + th,

X =X X — X X
for all £, h & C®(M).

We shall call a function H € C*(M) a Hamiltonian
function if it has no critical points (@H nowhere zero)
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and if X, is a complete vector field on M. We shall
call the triple (M, @, H) a (conservative time-inde-
pendent) Hamillonian dynamical system. M is called
the phase space of the system. The level sets of H
are called the surfaces of constant energy. The
action of R on M which is generated by X}, is called
the motion in time, The corresponding orbit

Rp={tplte R}

is called the (ime orbif with initial point p. Thus we
have

L f(-p) = uf) (00) = {8, £} (00)

forall e R, fe C®M),and pc M.

(3.1)

4. LIE ALGEBRAS OF CONSTANTS OF MOTION

In the following two sections we shall repeatedly use
the standard results and definitions of the previous
two sections,

Let (M, Q, H) be a Hamiltonian dynamical system with
dimM = 2N, Let L be a finite~dimensional Lie sub-
algebra of C*(M) and let f;,..., f,be a basis of L.
Suppose that

() {H,f,}=0fork=1,...,n,

(ii) dfy, ..., df, span a (2N — 1)-dimensional vector
space at each point of M,

(iii) each f, generates a complete vector field.

Condition (i) ensures by (3. 1) that the elements of L
are constant on the time orbits and are thus con-
stants of motion. Condition (ii) ensures that the
level sets of the family of functions in L are one
dimensional and therefore coincide locally with the
time orbits. We shall call L a full Lie system of
constanls of molion.

A basis-free formulation of condition (ii) may be
given as follows. For each f € L and each ! € L', the
space of linear forms on L, denote by (f, 1) the value
of lat f. Let

7:M—>L
be the map defined by

(f, 70N = f(p)
forallpeM,feL.
We note that for each fc L

(fo 1)) =S, 7(6)) = f(p)
so that

feT = 1.

When f;,...,/, is taken as a basis for L, we see that
7(p) has coordinates

(A®), ..., 7, ®)

relative to the dual basis for L’ since (f,, 7(p)) =
f,(p). Condition (ii) is therefore equivalent to

4.1)

T:M — L’ has rank 2N — 1 at each point,

Theorem 1: Let L be a full Lie system of con-
stants of motion of a Hamiltonian dynamical system
(M, 2, H)., Then;

(a) A connected Lie group G with Lie algebra L acts
on the phase space M.

(b) Each G-orbit is a connected component of a sur-
face of constant energy.

(c) The map 7: M — L’ commutes with the action of
G,where G acts on L’ via the dual of the adjoint
representation.

Proof:

(a) Consider the Lie algebra homomorphism f + X,
from L into the Lie algebra of vector fields on M.
Since X PRREED Xf,, are complete vector fields, it

follows from the theorem of Palais that there is a
connected Lie group G with Lie algebra L and an
action of G on M such that

2 h(lexpl— tN]2) = (X N[ exp(= )] 1)

= {f, i} ([exp(= )] p)

forall f ¢ L, he C*M), pcM,and t € R,

(b) Let p € M and consider the orbit G:p under the
action of G. For each f € L we have

£ H(lexpt- 10]'p) = {1, 8} (exot 1D]p) =0

by (i). Thus H([exp (— tf )]'p) = H(p). Each element
of G is a product of exponentials since G is connect-
ed, and therefore H(g'p) = H(p)for all g € G. This
proves that H is constant on each orbit G-p, and
therefore G acts on each surface of constant energy.

Since Q is nondegenevrate, the rank of the family of
contravariant vector fields {X,|f € L} is the same

as the rank of the family of covariant vector fields
{df | € L} at each point and this is equal to 2N — 1 by
(ii). Therefore each orbit G:pis a (2N — 1)-dimen-
sional manifoid and is thus a connected open submani-
fold of the corresponding surface of constant energy.
This proves that each orbit G'p is a connected com-~
ponent of a surface of constant energy.

(c) Finally for all f,# € L we have
Xho 1) = Xh = {f,h] = {f,h}or

by (4.1). Since G is connected and since any basis
for L is a coordinate system for L’, if follows that 7
commutes with the action of G, where G acts on L'
via the dual of the adjoint representation,

This completes the proof of the theorem,

5. THE STRUCTURE OF THE SPACE OF TIME
ORBITS

Let (M, Q, H) be a Hamiltonian dynamical system and
let L be a full Lie system of constants of motion.
Since

d

7 HEep) ={H, B (tp) =0
for all! € R and p € M it follows that H is constant
on the time orbit R-p. The motion in time therefore

gives an action of R on each connected component G'p
of each surface of constant energy.
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The map 7: M - L’ introduced in the previous section
is constant on each time orbit since each element of
L is a constant of motion. Since 7 has rank 2N — 1 at
each point, it follows that the level set of 7 through p
coincides locally with the time orbit R -p which is
contained in G-p. The restriction of 7 to the (2N — 1)
~dimensional submanifold G p therefore has rank

2N — 2 at each point. We can therefore choose an
open neighborhood U of £ in G'p which is cubical with
respect to a coordinate system of the form

FipseresTigy o be

The time orbits in U are contained in the level sets
of f1,...,/,,and it follows that each time orbit in~
tersects U at most once and in a flat one-dimensional
segment. An application of a result of Palais4 now
gives:

Theovem 2: Let L be a full Lie system of con-
stants of motion of a Hamiltonian dynamical system,
and let G be the connected Lie group of Theorem 1.
Suppose that G is compact. Then:

(a) The space G-p/R of time orbits contained in any
connected component G*p of any surface of constant
energy is a compact manifold of dimension 2N — 2,
The time orbits contained in G'p are all compact and
diffeomorphic to a circle.

(b) The natural projection
1:Gp G p/R

is a fibering, the fibres being the time orbits,
{(c) The functions Jigperes 1oN-2 provide a local co-
ordinate system on G*p/R in a neighborhood of n(p).

Proof: Since
XXy — Xy X =Xppy =0

for all f € L, it follows that the actions on M of G and
of R commute., We therefore have an action of G on
the space M/R of time orbits. Since the map 7: M —
L’ is constant on time-orbits and commutes with the
action of G, we have an induced map

M/R - L', Rpw 1(p),

which commutes with the action of G.

If p & M and 7(p) = I, then the orbit G'p in M is map-
ped by 7 onto the orbit G-1in L’. The resulting map

G'p/R —~ G*1

has rank 2N — 2, which is equal to the dimension of the
manifold G-p/R.

It follows that G-p/R is a covering space of the orbit
G+l. By a proposition we shall prove in the next para-
graph, G-I is simply connected and the map G'p/R -
G-l is therefore a diffeomorphism (bijective). Since
Gl is a submanifold of the vector space L’, this gives
a “linearization” of the space G'p/R of time orbits.
This is the global equivalent of the results of Ref, 3.

The following proposition together with its proof was
pointed out to us by Professor Steven Halperin. For
a compact semisimple group it is a known result.
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Proposition: Let G be a compact connected Lie
group, and let G act on the dual L’ of its Lie algebra
L by the dual of the adjoint representation, Then the
orbits of G in L’ are all simply connected.

Proof: Since G is compact, there exists a G-in-
variant inner product on L, and this provides a G-in-
variant isomorphism between L and L’. We therefore
need only show that the G-orbits in L are all simply
connected.

We haved L = L, ® Z where Z is the center of L and
L, =[L, L] is a compact semisimple subalgebra. Let
H be the connected Lie subgroup of G having L, as
Lie algebra. Then H is a semisimple Lie group with
a compact simply connected covering group 4.6

For any x in L we have x =y + 2, where y € L, and

2z € Z. The translation of L by z maps y to x and com-
mutes with the action of G since ad(g)z = zfor all g
in G. The tranglation by z therefore maps the orbit
G-y diffeomorphically onto the orbit G-x, Now each

£ in G is of the form g = hk, where h € H and k is in
the center of G. Therefore

ad(g)y = ad(h)ad(k)y = ad(k)y.

This shows that G'y = H'y, which in turn is equal to
H-y, which is diffeomorphic to A/H, , where f, is the
isotropy group of y_in H. Since H is simply connect-
ed, the quotient #/H, will be simply connected pro-
vided that A, is connected.” It remains therefore to
prove that A, is connected. Since

I}y ={h € H|ady}
={n e H|hlexp (ty))h~! = exp (ty), all { € R},

we see that I?y is the centralizer of

{exp(ty)| t € R}.

The closure of the latter is a compact Abelian con-
nected group (torus) and its centralizer H, is con-
nected.8 This completes the proof of the proposition.

Each contravariant tangent vector X to G p at p is

mapped by 7 to a tangent vector mX to G*p/R at n(p).
Moreover 7« X is zero if and only if Xf is zero for all
f € L, since the local coordinate functions j;
fizN_2 belong to L. It follows that for each z ¢

have Q(X,, X,) = X, f = 0 for allf € L if and only if
mX, = 0. Therefore, 2 induces a nondegenerate sym-
plectic form & on G'p/R defined by

3.

b
L we

G X, 1 X, )0(9)) = (X, X,)(p) = {n, F}(P)
5.1
We have thus proved: G-

Theorem 3. Let the conditions of Theorem 2 hold.
Then:

(a) there is a diffeomorphism
Gp/R = G-l

commuting with the action of G, from the space Gp/R
onto an orbit of G in the vector space L’, where G
acts on L' by the dual of the adjoint representation,

(b) G-p/R is a symplectic manifold of dimension
2N — 2,
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We note that we have a commutative diagram

Gp
.
n.
Gp/R— Gl

and (5.1) may be expressed as
8 (mx X, 1 X))@ () = {1, f1, 7(DN)-

This shows that the symplectic form § on G p/R
corresponds to the G-invariant symplectic form on
G'l which has been introduced by Kostant and
Souriau.?

6. THE KEPLER PROBLEM AND THE HARMONIC
OSCILLATOR

We now discuss two well-known cases in the light of
the foregoing analysis,

In the Kepler problem, with negative energy, the phase
space is a subset of R® with canonical coordinates

(a,p) = (41, dzs 93 Py Pas P3)

and Hamiltonian

=3p%—1/|ql.

The phase space is the subset given by H < 0. The
angular momentum functions

and the Pauli-Lenz functions
B=(B,,By,B;) = (1/V—2H)(LXp +q/|ql)

form the basis of a Lie algebra of constants of mo-
tion under the Poisson bracket. This algebra is iso-
morphic to the algebra of the orthogonal group SO(4),
and any connected Lie group having this Lie algebra
is necessarily compact. The surfaces of constant
energy

3p2 —1/lql =—k2

are, however, connected and noncompact and there-
fore cannot admit a transitive action of a compact
group, It follows from Theorem 1 that L and B do not
span a full Lie system of constants of motion. The
reason why is that the Pauli-Lenz functions B do not
generate complete vector fields, and the local Lie
group action does not, therefore, extend to a global
action,

It is, however, interesting to note that it is possible
to adjoin points to the phase space of the negative
energy Kepler problem in such a way that the com-
pact group SO(4) does act on the resulting extended
phase space. This adjunction of points may be
carried out by parametrizing the phase space for

large (p|and small [q|by the seven functions

L@,p), B@p), exp[io(q,pl]
subject to LB = 0. Here o (g, p),denotes the time
taken by a moving body to reach the perihelion from
an initial state (q, p), normalized so that o(g, p) is de-
fined modulo 27. The adjoined points are then defin-
ed to be those parametrized by

L=0, o=0.
These may be thought of as limiting states as partic-
les moving on rectilinear orbits approach the centre
of force. It is shown by Bacry, Ruegg and Souriaul
that SO(4) acts on this extended phase space.

In the case of the harmonic oscillator the phase space
is R — {o] with canonical coordinates

,p) = (g1, 92, 3, 1> D3, P3)
and Hamiltonian

H= 3@ +q2).
The angular momentum functions

L=(Ly, Ly, L3) =qXp
and the functions

Li; =00 t 44, ,7=1,2,3,

span a Lie algebra of constants of motion under the
Poisson bracket, isomorphic to the algebra of U{3),
and their differentials have rank 5 at each point., The
angular momentum functions generate complete vec-
tor fields since they correspond to the action of the
rotation group SO(3). The function ¢;; generates a
vector field whose integral curves are solutions of

dp,
_ 1
Eé— = {tij ’ pk_f

dg,
ds ={tij9 qk} = ajkp,- + 6,'kpj-

= - ﬁjkqi"5ik(1j;

This is a system of linear first-order differential
equations with constant coefficients and the integral
curves are therefore parametrized by —oo < s <,
Thus each t;; generates a complete vector field, and
we have a full Lie system of constants of motion,
Theorem 1 shows that U(3) acts transitively on each
surface of constant nonzero energy:
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The scattered field is calculated for plane wave incidence on a periodic rectangularly corrugated surface (thin
comb grating) with hard (Neumann) boundary conditions. Except for the hard boundary (and the consequent
representation of the field in the comb wells), the formalism is similar to that of a previous paper [J.Math.
Phys. 12, 1913 (1971)]. Reflection coefficients are plotted, grating anomalies illustrated, and a correspondence
between reflection coefficients and amplitude phases (as a function of corrugation depth) is illustrated.

1. INTRODUCTION

In a previous paper,! we discussed the calculation of
the scattered field when a plane wave was incident on
a (one-dimensional) periodic corrugated surface con-
sisting of an infinite number of periodically spaced,
infinitesimally thin parallel plates having a finite
depth (diffraction by a thin comb grating). The soft
(Dirichlet) boundary condition was used. In thispaper,
exactly the same geometric surface is again used, but
the hard (Neumann) boundary value problem is con-
sidered. Details and notation are similar in both
papers. Hurd? has previously discussed this problem
approximately, and from a surface wave point of view.
He used the residue calculus method to obtain his
analytically approximate solution. It is possible to
remove the more restrictive analytical approximation
by replacing it with a numerical approximation having
a uniformly high accuracy over any parameter domain.
The numerical approximation consists in a modifica-
tion of the residue calculus method due to Mittra3 and
is used here as in Paper I. For a discussion of some
of the grating anomalies to be expected from surfaces
like this, reference is made to the results of Stewart
and Gallaway,? Hessel and Oliner, 5 and Tseng.6

The formalism of the problem is presented in Sec.2
and is similar to I except for the representation of the
fields in the wells and the hard (Neumann) boundary
condition. Linear equations are derived which relate
the field amplitude coefficients in the different geo-
metric regions. The modified residue calculus
method enables us to solve the exact set of equations
approximately, whereas Hurd? had to approximate the
original equations, as well as further approximate
their solution. The amplitude coefficients are ex-
pressed as either values or residues of a constructed
meromorphic function.

Section 3 contains the results and discussion. Many of
the parameter values are chosen to compare and con-
trast with results in I. Reflection coefficients and
amplitude phases are plotted with respect to incident
frequency, incident angle, and corrugation depth. Ob-
servable grating anomalies include the Rayleigh ano-
maly, Wood S-anomaly, and Brewster angle anomaly,4-6
as well as the correspondence between reflection co-
efficients and amplitude phases, as a function of depth.
The latter behavior was also observed in I. Finally,
the periodicity of the reflection coefficients and ampli-
tude phases as a function of depth is illustrated.
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2. FORMALISM

The problem is to calculate the full velocity potential
field ¥ when a plane wave Y, (at angle 9,) is incident
on the periodic (period 2/) rectangularly corrugated
surface illustrated in Fig. 1, and consisting of thin
parallel plates of finite depth d. The surface S(x) is
given by

_V\—d x = 2ml
S(x)_{ 0x = 2ml

Region Aisz = 0and B is —d = z = 0. In both
regions,  satisfies the Helmholtz equation (g~#«¢
assumed, k = 27/, A = incident wavelength)

(—aﬁ + 22y k2>1[/(x,z) 0.

m=0,i1,"'- (2.1)

2.2
9x2 922 (2.2)
The geometry and general procedure are similar to I,
but here the hard (Neumann) boundary condition is
used, viz.,

2yl sw] =0,

7 (2.3)

where #n is the surface normal. y has the same re-
strictions as in Sec.2 of I.

The field representation for z = 0 (region A) is

o0
Ya(r,2) = M0 Po) 1 T3 glg e Pad (3.4)
n=-00
The notation is explained in I. The superscript “£” on
A, indicates the hard boundary condition.

The field representation for 0 = z = — d (region B)
and 0 = x < 2/ is

/

Z
L\m/‘
Bi en/

S{x)

m T

Sy

—X
X R ]

o]

=

FIG. 1. Plane wave (angle §,) incident on a cor-
rugated thin comb grating with period 2! and depth
d. The angles of the scattered plane waves are 6,.
Region Ais 2 = 0, region B is —d <z = 0,and ¢is
a phase lag.
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servable grating anomalies include the Rayleigh ano-
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efficients and amplitude phases, as a function of depth.
The latter behavior was also observed in I. Finally,
the periodicity of the reflection coefficients and ampli-
tude phases as a function of depth is illustrated.
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a phase lag.
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Yplx, ) = i B} cos(kp;x) cos{kq]. (z +d}, (2.5
770

where p; = jA/2 and p]2. + q]2. = 1. This satisfies Eq.
(2.3)at'x = 0,2l and at z = — d. For values of x out-
side this range, y; is given by the Floquet condition in
1.

The continuity conditions are

Yulx, 0) = Yplx, 0), (2.6)
0 0
Twzé(x, ) = %B(x, 0). (2.7)

These are expressions derived from the physical con-
tinuity conditions of pressure and normal velocity.

Substituting the field representations in Egs.(2.6) and
(2.7), projecting out the B} amplitudes, and rearrang-
ing the resulting equations yield the following set of
equations relating the amplitude coefficients

~iq:kd iq; kd

0 ~iq;kd ig;kd
e ' e ety e’y
o, A" + -« 3
nfi; ” "(ﬁn-q,- Bn+q,-> °<Bo+q,- ﬁo—qj)

:gh>’ (2.8)
j

(2.9)

where
B]h = 2mig, BN [1 — (—)ie2mag/ A}l

The upper (lower) sign in Eq. (2. 8) is to be read with
the 0 or B# term on the right-hand side.

Consider contour integrals of the form

o e—iqjkd iqjkd
@10)~1 [ duF () (W Z £ 2 7= (2. 10)

where C is a closed contour at in.inity, and the mero-
morphic function F(w) has properties

(a) simple poles at w=4,, n=0,% 1,2+ 2,--- and

w = — Bo;

(b) simple zeroes at w = ¢q}= ¢, + 6, j=0,1,2,---,

which are found from the condition
Flq;)+ e® % F(- q)) = 0,

(€) F(w) = O{w~V2)as jw| » o,

Substituting F(«) into Eq. (2. 10), and performing the
integration yields a residue series similar to Eq.
(2.8) if the following identifications are made

(2.11)

a,Ab = R(B,), (2.12)

B} = (i A/ng;)e igke(1 —(—Ye* oMy F(g),  (2.13)

oy = R~ Bg), (2.14)

where R(B) is the residue of F(w) at w = 8. Equation
(2. 14) is used in the construction of the function
which is given by
2008y, w—qy HNw,q’) IIj,(— By, B)
w2 — B2 By +gf M~ Bg,q") TholwB)
2i(w+By) 1n2/A
b

F(w

X e (2.15)

where the infinite products are

i "N = _ " Y(2q' /i 2wlimA 9
(@wa) = T (1-w/q,) q,,/imA)e ,  (2.16)

My @,8) = B, (1- w/B,)@,/inNes/n0 @.17)

and I, = III,. These products are discussed in 1.
Using Egs. (2. 12) and (2. 15) and techniques in I, it is
seen that

h _@ Bn"QE) H(Bn)q') Illz(—‘ B,,,B)
n - Bn ﬁn + q(') H(— 30, q7j H12<BO: B)
Zi(ﬂn‘fﬂo)an/A.

A

(2.18)

The edge condition follows similarly to the edge con-
dition in I if we note that for large n, A = O(n~3/2),
Also, the flux conservation relation can be derived
and is similar to that in I, viz.

DR,=T |A::|2(9£> -1,
n n B()

where the sum runs over integer » such that §, is
real (real scattering orders), and R, are the in-
dividual spectral reflection coefficients. R, as well
as the amplitude phases ¢, are plotted later. The
latter are defined via A* = | A% [e*®n,

X e

(2.19)

Lastly, it is necessary to write the iterative scheme
used to find the 6]., and thereby the zeroes of F(w)
shifted from the known g; values. This follows by sub-
stituting F(w) into Eq.(2.11), rearranging terms, and
introducing an iteration index. A similar procedure
was used in I. Only the final equation will be written
here. It is

+1 +1) 4gq./ijA +1
g—1— 85" g PI I gD g g, A ahinn
-1 gm+l)
Lo g, Fa;

(m+1) <(m+1)
q; + 1+ 6g 6]. +(2?j
m,
0 5,, + 4, + Qj e—4q]./i"A (2.20)

1]
1 g, g

= rhs

where w is the iteration index, rhs is
Hl z(qjg 5)

ng(— 9 B)

which is the same rhs as in I, and 6% ~ 0 for « large.

The iteration procedure is similar to the procedure

in I, except here the calculation of b; starts with

j = 0. Once the Gj are known, the amplitudes are

evaluated from Egs. (2. 12) and (2.13). Results are
presented in the next section.

rhs = ¢2i4®d-2(Ln2)/A) (2.21)

3. RESULTS AND DISCUSSION

It has already been remarked that the iterative pro-
cedure is similar to that in I; So is the evaluation of
the reflection coefficients R, and amplitude phases
¢,. The errors on both procedures are the same as
in I although generally the iterative procedure con-
verged slower here than in I. Equation (2.19) was
again used as a check on the accuracy, and was satis-
fied to at least three decimal places.

Figures 2-10 are plots of R, and ¢, VS kd, ag or 6,,
or A. Many of the parameter values were chosen to
compare with those in I.

Figures 2-4 are plots of R, and ¢, (from — 7 to 7) vs
kd with A = 0.63 and o, = sinf; = 0.1 (near normal
incidence, Fig.2), 0.707 (45° incidence, Fig. 3), and
0.99619 (near grazing incidence, Fig. 4). The values
are considerably different from those in I, and the
oscillatory behavior in I is not as evident here.
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Figure (2a) illustrates that specular return can re-
main near maximum over a very broad range of kd
values, whereas Fig. (3a) illustrates a resonance-
type effect in R, at &d = 4.2 and a subsequent rapid
interchange of energy between specular and back-
scatter, The latter is an illustration of the Wood S~
anomaly. Figure (4a) shows more oscillatory be-
havior than the other figures. In all three figures the
far backscatter reflection coefficients were generally
larger than the other reflection coefficients with the
exception of the specular one. Also noticed is the
correlation between kd points where R, go through
minimum values and the kd points where 02¢,/
o{kd)? = 0. The magnitude of an R, at its minimum
also correlates to the value of 2¢,/3(kd) at the R -
minimum point. These effects were also noted in I
and will be more thoroughly discussed elsewhere.
Finally, the &d values imposed no restriction on the
evaluation of the model.

In addition to the periodicity of B, and ¢, as a func-
tion of kd, Fig.(5a) illustrates the Brewster angle
effect at kd =~ 7.5 and kd = 23.5. This is the vanish-
ing of the specular reflection coefficient R, and,
since, there is no energy lost, the full conversion of
the energy into the backscatter direction, the only
other available propagating grating order for the in-
dicated parameters. The phase correlation discussed

in the previous paragraph is also cbserved in Fig. {5b).

Ro tal

a, * 0

07 A =063

¢, (RAD)

FIG. 2. Reflection coefficients R, (2), and phases ¢,, (b), plotted vs
kd with A = 0.63 and o, = 0.1 (8, = 5.8°).
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Figures 6~9 illustrate the variation in R, and ¢, as
the incident angle 6, (or its sine, ay) is changed,
Again note in Figs. (6a) and (8a) that, except for the
specular reflection coefficient, the far backscatier
amplitude predominates. Also at a4 = 0.9,both
figures exhibit Rayleigh anomalies. For a;> 0.9,
the energy interchange between R, and the far back-
scatter reflection coefficient is an example of the
Wood S-anomaly. Figure (7a) illustrates the Wood S-
anomaly with a partial Brewster angle effect. A near
standing wave pattern is set up. The corresponding
figure in I showed R nearly constant over the full
@, range. The phase behavior in Figs. (6b), (7b), and
{8b) is much less predictable than in previous figures.
Several phase jumps of 7 or approximately r are
shown, but they do not appear to be correlated with
significant reflection coefficient effects. Figures
(9a) and {9b) are plots of the backscatter reflection
coefficients R_, and R_,, respectively, as the angle
of the incident plane wave approaches grazing. The
maxima in the reflection coefficients occur when the
incident and scattered propagation vectors are paral-
lel and of course oppositely directed. A similar re-
sult occurred in 1.

Finally, Fig. 10 illustrates the variation in R, and ¢,
as Achanges. A Rayleigh anomaly occurs at A=
0.8535 and an S-anomaly around A = 0.99.

08
07
06

£05
0.4}~
03

02

/ /
i [l e i3

F1G. 3. Plots of R, (a), and ¢,, (b), v§ kd with A= 0.63 and a, =
0.707 (6, = 45°). Resonance and $-anomaly effects are illustrated.
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FIG.4. Plots of R, (a),and ¢,, (b), vs kd with A= 0.63 and a, =
0.99619 (6, = 85°).
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FIG. 6. Plots of R,, (a), and ¢,, (b), vs a, for A= 0.63
and kd = 2. The Wood S-anomaly and Rayleigh ano-
maly are shown.
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FIG.5. Plots of R, (a), and ¢, (b), vs kd for A = 1.2 and oy = 0.61. The Brewster angle anomaly and
kd-periodicity of R, and ¢, are shown.
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FIG.7. Plots of R,, (a),and ¢,, (b),vs a, for A=1
and kd = 9. The Wood S-anomaly and a partial Brew-
ster angle anomaly are shown.
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FIG. 8. Plots of R, (a),and ¢,, (b), vs a4 for A= 0.95
and kd = 3.2. The Wood S-anomaly and the Rayleigh
anomaly are shown.
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FIG.9. Plots of backscatter reflection coefficients at
near grazing incidence for (a) A = 0, 99235 and (b)

A = 0.49618.
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FIG. 10. Plots of R,, (a),and ¢,, (b),vs A for a, = 0.707 (6, = 45°) and kd = 10. A Rayleigh

anomaly and a Wood S-anomaly are shown.

4. SUMMARY AND CONCLUSIONS

It has been shown how to calculate the fields scat-
tered and diffracted by a thin comb grating with
Neumann boundary conditions and plane wave inci-
dence. The solution requires an iterative procedure
and complex function theory. Reflection coefficients
R, and amplitude phases ¢, were evaluated as a func-
tion of incident angle, frequency, and corrugation
depth. The various grating anomalies, the Brewster
angle anomaly, Wood S-anomaly, and Rayleigh ano-
maly were illustrated as well as correlations be-

tween R, minima and behavior of derivatives of ¢,
with respect to the depth. The periodicity of the scat-
tered field as a function of corrugation depth was
also illustrated. Finally, the procedure was highly
accurate, and different parameter values imposed no
restrictions on the evaluation of the model.
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A generalization of Schur's treatment of projective representations is discussed for a very general class of
representations occurring in physical theories: the projective representations by unitary and antiunitary opera-
tors. It is shown that for every finite group the projective unitary-antiunitary (PUA) representations can be ob-
tained from the ordinary unitary-antiunitary representations of another finite group. The construction of such
a representation group is treated. As an example we apply the theory for the determination of irreducible
representations of subgroups of the Poincaré group. The classes of PUA representations for all finite crystal-
lographic groups in spaces of dimension up to four are explicitly given.

1. INTRODUCTION

As is well known, not only representations of groups
are in use in physics, but also “representations up to
a factor,” equally often called “projective represen-
tations” or “ray representations” (see, for example,
Hamermesh!). For example, projective representa-
tions play a role in the theory of representations of
nonsymmorphic space groups and are quite generally
of importance for many quantum-~mechanical systems
because quantum-mechanical states are described by
rays (rather than by vectors) of a Hilbert space.
Such systems are systems of particles with half-in-
tegral spins (in connection with double groups), and
those of charged particles in an electromagnetic
field (in connection with gauge transformations?),

It is also well known that the time-reversal trans-
formation leads to antiunitary operators in quantum
mechanics, This gives rise to “corepresentations,”
which in the present paper will often be called “uni-
tary-antiunitary representations”, They occur in
symmetry considerations of systems with time-
reversal symmetry, for systems having a magnetic
group as symmetry, and in the determination of co-
representations of space-time groups. The theory of
projective representations of finite groups stems
from Schur,3 that of continuous groups was given by
Bargmann,4 Corepresentations were introduced by
Wigner,5 However, a still more general kind of repre-
sentations occurring in physics are projective repre-
sentations by unitary and antiunitary operators, that
is, projective corepresentations. A general discus-
sion of these “PUA representations” was given by
Parthasarathy® for locally compact groups. In the
present paper we want to discuss the general theory
of PUA representations for finite groups in more
detail. This case has already been considered by
Murthy,7 who has not, however, formulated a general
method for obtaining the so-called “factor systems”
for the PUA representations, so that his treatment
of the problem is incomplete. Our treatment is a
generalization of that given by Schur.3 We will give
a general constructive method to determine all pro-
jective representations and corepresentations of a
finite group. In particular, for the crystallographic
magnetic groups the classes of PUA representations
are explicitly given. Finally, we comment on two
applications of the general theory.

We start with a discussion of the role of PUA repre-
sentations in physics. The states of a quantum-
mechanical system are in one-to-one correspondence
with one-dimensional subspaces of a Hilbert space
X, called rays. The rays are elements of the pro-
jective Hilbert space J. Notice that this is not a
linear vector space. For any nonzerc element ¥ ¢ X
the ray ¥ is defined by
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¥ = {\¥| all complex numbers A}. (1.1)

The set of all rays ¥ with ¥ ¢ JC is the projective
Hilbert space ¥. In & one defines a kind of inner
product by

Koy | W,
(197 (0, | 9,)1/2°

This definition does not depend on the choice of the
representative ¥ of ¥. An automorphism of I is an
invertible mapping of & onto itself which preserves
this “inner product.” For any unitary or antiunitary
operator A on X an automorphism A of X is defined
by A¥ = (A¥). On the other hand Wigner has shown®
that any automorphism A of ¥ can be obtained in this
way from a unitary or antiunitary operator, We de-
note by U(3C) the group of unitary operators on I, by
G(X) the group of unitary and antiunitary operators
on X, by @(¥) the group of automorphisms of J¢,by
() those obtained from a unitary operator, and by
7 the epimorphism G(3C) — @(J¢) defined by (7A)¥ =
(A¥). (Since the theory of projective representations
is closely related to that of group extensions, we will
use a fair amount of terminology from group exten-
sion and cohomology theory. We refer the reader not
familiar with these notions to Hall® or McLane,®
Some notions are defined in Appendix A, where we
discuss also some concepts from the theory of finite
groups.) If we only consider normalized states we
can restrict the values of A in (1, 1) to U(1), the group
of unimodular complex numbers, and leave out the
denominator in (1.2). That this does not have con-
sequences is shown in Appendix B. In the following
we only consider normalized states. Then we have
the commutative diagram

(¥,,%,) = (1.2)

¥,,¥, € X,

11— U(1) — W) —1 uge)—s 1,

| | (1.3
1— U{1) — () 21— a(x) — 1.

This means that any element A € W(XK) [respectively
€ @(%)] is the image under 7 of some A € U(JC)
[respectively € G(3)]. If two operators A and A’
satisfy 7A = 7A’, one has A’ = ¢i¢A for some

et? < U(1),

We define a projective unitary-antiunitary repre-
sentation (PUA rep) of the couple (G, H), where H is
a subgroup of index 1 or 2 in the group G, as a map-
ping P:G — Q(X) such that (1)P = 7P is a homo-
morphism of G in G(3), and (ii) P(H)c U(¥), P(G-H)
¢ U(3). In an analogous way one can define a pro-
jective linear-antilinear representation of (G, H) as a
mapping of G on a set of linear and antilinear opera-
tors, which mapping is a homomorphism up to a non-
zero constant and which maps H on linear operators,
G-H on antilinear ones. An ordinary unitary-antiuni-
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tary representation (UA rep) of (G, H) is a PUA rep
of (G, H) which is a homomorphism. A projective
representation of G is a PUA rep of (G,G). Some-
times P = 7P is also called a projective represen-
tation (in X).

When P is a PUA rep of (G, H) in X,R a group,

0 :R— G an epimorphism,a UA rep Dof R in X is
called a lifting of P if D = Po. Schur has shown that
for a finite group G there exists a group R such that
any projective unitary representation P of G can be
lifted to an ordinary unitary representation of R. We
will show that the same holds for PUA reps of finite
groups. We will give a construction of such a group
R. The kernel of 0 is called the comultiplicator
M(G, H). For PU reps it is just Schur's multiplicator.
One has the commutative diagram (whose rows are
exact sequences)

1 —— M(G,H) R —— ¢ 1,
lx Dl /PJ (1.4)
1— U(1) G(30)—— a(3)

Any irreducible UA rep D of R will give a PUA rep
Pof Gby P =Dr,ifr is a sectionr:G - R.

The importance of PUA reps for physics will be
clear. As Wigner has shown a symmetry group G of
space-time transformations for a physical system
induces a group of automorphisms of & which forms

a PUA rep of G. More generally, the symmetry group
of an operator A on X is the group of all unitary and
antiunitary operators on ¥ commuting with A. This
symmetry group is of infinite order because it con-
tains the group of all scalar unimodular operators
{phase factors). The projection of this symmetry
group on @ (®)is a group G of automorphisms of IC.
Choosing a section s : @(3) - G(X), one obtains a PUA
rep of G. This group G may very well be finite.

2. PUA REPRESENTATIONS

Consider in 3 a PUA rep P of a couple (G, H) or, as
we also say, of a group G with respect to a group H.
Since 7P is a homomorphism, one has for any «,8 €
G an element w(a, 8) € U(1) such that

P(a)P(B) = w(a, B)P(aB). (2.1)
The mapping w:G X G—U(1) is called a factor sys-
tem. Because of the associativity of the product of
operators one has for any o, 8,7y € G

ifoaoeH
if « € G-H.

w(e, Blw(aB,y) = w(a, By)w(B,”

w(a, BY)w*(8,7) (2.2)

Now we define a mapping ¢ of G on the group of auto-
morphisms of U(1) by
plax=rae=p facH

1 ifa e G-H (2.3)

For any A € U(1). The mapping ¢ is a homomorphism.
Using Eq. (2. 3) one can write Eq. (2.2) as

w(a, Blw(aB,y) = wla, Briwg,r), a,B8,y €G (2.4)
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which expression means that w is a 2-cocycle (cf.
Appendix A for definitions of some cohomological
concepts). We denote the group of n-cocycles with
arguments in G, values in U(1), and the action (2. 3) of
G on U(1) by Z2(G). From the action of G follows the
action of the integral group ring ZG on U(1) by

AetB = popB ame = (pe)m any A € U(1), integer m.
When H = G the action of G on U(1) is the trivial one.
In that case we have a PU rep.

The PUA rep P gives a homomorphism P = 7P,
The same P is obtained from a PUA rep P’ if and
only if there is a 1-cochain c¢: G — U(1) such that
P(a) = c(@)P(a), Va€egG. (2.5)
The PUA rep P’ determines a factor system w’ re-
lated to w by
w'(a, B) = cla)c*(B)c (ap)w(a, B), Ya,B € G. (2.6)
This means that w/w=! is a 2-coboundary: w'w=1 =06c.
The group of n-coboundaries is denoted by Bz(G).
The reps P and P’ as well as their factor systems
w and «’ are called associated. Any homomorphism
P: G~ Q(I) determines a class of associated PUA
reps. If w € BZ(G), there is an associated factor
system which is identically 1, i.e., the PUA rep P is
associated with a UA rep. Then there is a section
5:@(3¢) —» G(I) such that the PUA rep sP is a homo-
morphism,

The classes of associated factor systems are ele-
ments of the quotient group

H2(G) = ZZ(G)/B%(G). 2.7

HZ(G) is isomorphic to the comultiplicator M(G, H) of
G with respect to H which is defined as a representa-
tive of the isomorphism class of HZ(G). If H = G it is
just Schur's multiplicator.

Theorem 1: In each equivalence class of factor
systems of a finite group of order N there is a factor
system consisting of Nth roots of unity.

Pyoof: This follows from a theorem in cohomology
theory which states that any element of H2(G, A) for a
finite group G,a G-module A and » > 0 has order di-
viding N. This implies that w" is associated with the
trivial factor system:

_ cla)ex(p)

c(aB)
for some ¢ € C1(G). Then choosing c'(a) = c(a)1/¥
one defines w’ = wdc which is associated with w and
has the property w¥(a,8) =1 (Va,8 € G).

w(a, BV

The notions of reducibility and equivalence are
analogous to those for ordinary representations. The
PUA rep P: G — Q(X) is irreducible if & does not have
a proper G-invariant subspace. The PUA reps P;

and P, are equivalent if there is a unitary operator

U €U(3C) such that U-1P, (a)U = P,y(a) (Ya € G). The
PUA reps P, and P, are similar if there are a uni-
tary operator U and a 1-cochain ¢ € C1{(G) such that
c(a)UrP,(a)U = P,(a). Equivalent representations
have the same factor system. The factor systems of
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similar PUA reps are associated. To find all non-
similar PUA reps of a finite group G with respect to
H one calculates first H2(G) and determines for one
factor system from each equivalence class the non-
equivalent PUA reps with these factor systems. The
first step is discussed in Sec, 3, the second one in
Sec. 4.

For two linear operators A, and A,, or two antilin-
ear operators B; and B, on vector spaces V, and

V,, respectively, one defines the Kronecker products
A; ® Ay, and B; ® B,on V; ® V, by (4, ® 4,)
(x®y)=(A;%) ® (A,y) and (B; ® B,)(x® y) =

(B; %) ® (Byy). Then A, ® A, is a linear operator
and B; ® B, an antilinear one. This implies that if
P, and P, are PUA reps of (G, H), the operators

(P ® P,y)(a) = P,(a) ® Py(a) form also a PUA rep
of (G, H). If w, is the factor system for P, (i = 1, 2),
the factor system of P; ® P, is w,w,. Consider a
one-dimensional space 3C, an antilinear operator 6 on
3¢ with 62 = 1,and a 1-cocycle ¢ € ZL(G). Then B,(a)=
c(a) for @ € H,B(a) = c(a)6 for ¢ € G-H gives a
one-dimensional PUA rep P. of (G,H). Then we see
that two PUA reps P, and P, with the same factor
system are similar if and only if P, is equivalent
with the product PUA rep P, ® P, for some 1-cocycle c.

3. DETERMINATION OF THE COMULTIPLICATOR

We will determine all nonassociated factor systems
for PUA reps of a finite group G with respect to H.
We use the close relationship between projective
representations and group extensions. When A is an
Abelian group, B an arbitrary finite group, and ¢ a
homomorphism of B into the group of automorphisms
of A, any extension of A by B determines a factor
system m Z?p (B, A) and conversely each 2-cocycle
m determines a group extension with product (¢, o)
(5, B) = (a* ¢p(a)b - m(a, 8), aB). Now we consider an
extension of U(1) by G where the action of G on U(1)
is given by Eq. (2, 3):

1—— UQ) K-—25¢G 1. (3.1)

Any extension (3. 1) gives a factor system. On the
other hand, equivalent extensions determine factor
systems which differ by a 2-coboundary. Therefore,
there is a one-to-one correspondence between the
nonassociated factor systems of PUA reps of (G, H)
and the nonequivalent extensions (3.1).

Now suppose that G is generated by v generators
0y, ..., 0, Furthermore, G is defined by » defining
relations ®;(ay,...,a,) =€ (i=1,,..,7). Takea
section 7:G = K and replace in the relations

, = € everywhere « by 7{a). Because o7(a) =a €G
one has 0®(r(a,),...,7(a,)) = 07(€) = €. Thisim-
plies that ®(r(ay),...,7(a,)) belongs to the kernel of
o,i.e., to U(1):
&(rey),...,re,)) =g cU@t), i=1,...,r. 3.2)
For another section 7’ there is & 1-cochain u € C1(G)
such that 7v’(a) = u(a)r(a). Using the relations
r(a)er(@)™l =cofe € U(l), @ € G),one has elements
7m,{a;) from the integral group ring ZG such that

(bi,(r,(al)’ e ey r‘(ay)) = éi (u(al)y(a]_)) ... )u(ay)r(al/))
=8; jli u(aj)m(aj) =g/{. (3.3)
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According to a theorem by Hall® elements g,,...,8,
€ U(1) determine an extension if and only if

ﬁ k=1 4
i=1 g‘i - (3- )
whenever elements #4,...,%4, € ZG are solutions of
the equations

v

,Elhiﬂi(a]')zo’ j =1,..-, v, (3. 5)

1=

Moreover, equivalent extensions are determined by
sets {g},; ,and {gi'}i=1,...,v if and only if there
are elements u(a,),...,u(a,) € U(1) satisfying
Eq. (3.3).

The solutions of (3.5) form a left ZG module. We
suppose that this module is generated by the sets
{ri}, ..., {n%. The sets & ={g,} form an Abelian
group by

o = {gHsg/t ={g; =ggy}. (3.6)
A subgroup is formed by those solutions ¢ which are
equivalent to {g, = 1} = ¢,. Because of the action of
G on U(1) one has with a mapping €:ZG — Z defined
by

2 my

B €G-H

€ (EG maa) = ag my — 3.7

the relation
g().‘,maa) - ge(Emaa).

The mapping of the group ring elements ki and W (aj)
gives the integers

mij_e(ni(aj))’ i=1,...,7 i=lL ...,V
kijze(ka:)7 2.21’-'-77’; j:l,...,k.

Then Hall's theorem can be stated in the following
form.

Theorem 2: The group HZ(G) is isomorphic to the
quotient group

7 .. .
{‘i’lil;llgiku =1,j= 1’-'-!k}

.,c,eUM)}
(3.8)

The elements 7,(a j) are found from the defining re-
lations, the elements k7 from Egs. (3. 5). They make
it possible to determine arbitrary extensions for

any ZG module A. For all four-dimensional crystal-
lographic magnetic point groups (i.e., also for »n-di-
mensional crystallographic point groups for n < 4)
they are given in Ref. 10. From the tables given
there the integers m;; and k,, are immediately found
using Eq. (3.7). Then HZ(G) f?ollows from Theorem 2.

As an example we determine the comultiplicator of
the dihedral group D, with respect to a subgroup C,.
The group D, is generated by a; and o, with de-
fining relations af = @ = (a3 @3)? = €. For the sub-
group C, we take the group generated by a,. The in-
tegers m;; and k;; are myy = kyy = kg = kyy =—Rkg,

v vl .
{olg, = jF__Ilc;"U, i=1,...,7,somecy,..

= 2 and otherwise zero. This means that g3 = g% =
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TABLE I. Comultiplicators of crystallographic point groups and Shubnikov point groups.*

Defining relations

G H G=H+ad MGH=C; a at (ap)m 2 aya~ly fyFly 62 abo™l  B5E16 oy 16
a k £, &9 &3 &4 &5 8¢ &7 &g &9 &10

Caner Coma €0 el T ' T T T

Cy, Cop € 0 u2n

Cs, c, a 1 1

Dy, Dy, € ] u2n*l v2 uZp2

D,, D,, € 1 t u2n v2 u2vp2

D, Cy B 1 w3 +1==zx1

Dy, C,, B 2 uln 1 1

D,, D, a 2 £1 v2 £1

T T € 1 u3 + p2 u3p3

o [¢) € 1 £ v3 u2p2

(o] T et 2 1 v3 z1

Cy, X Cy Cy, X Cy € 1 u2n 02 * 2

Cy, X Cy Cop v 2 * u2n 1 u2

Cp, X €y C, x C, a 2 1 vz %1

D,, X Cy Dy, X Cy € 3 1 y2n v2 u2p? w2 + w2 + w?

Dy, % C, D,, Y 4 + y2n + 2 £ u2y2 1 u2 v2

D, xC, D, x C, @ 4 +1 v2 1 w2 +1 + w2

Dy, X Cy C,, X Cy B 4 u2n +1 t1 w? * w2 t1

T X Cy T X Cy € 1 u3 1 p2 u3dy3 w? w2 w?

T X Cy T y 3 (—1)°u3 +{(—1)cv2 (—1)etdu3u3  (—1)¢ (—1)eu? (—1)<w?

0% Cy 0 X C, € 2 £l v3 u2p2 w? + w2 w2

0x C, o ¥ 3 + ud + 3 u202 (—1)5 w2 (—1)s2

0Xx C, T X C, o 3 1 v3 +1 w? E w?

Cy, X CyXCy Cy,XCpXCy € 3 u2n w2 2 z2 £ 22 + 22

Cpp X CyXCy €y, XCy & 4 £ u2n w? * w2 1 u2 + w2

CyxCyXCy CoXCyXCy @ 4 1 w2 1 22 x1 + 22

Dy, XCyXCy Dy, XCyXCy € 6 i+ y2n v2 u2v2 w2 + w2 + w2 22 + 22 + 22 + 22

D, XCyxXCy Dy, xCy 5 7 £ 428 + 92 + u2p2 w? + w2 + w2 +1 u2 v2 + w2

Dy, X CyXCy Cp,XxCpxC, B 7 u2n +1 1 w2 w2 ED 22 +22 t1 + 22

DX CyXCy DyxCyxC, a 7 1 v2 t1 w? 11 + w2 22 1 2% + 22

T X CyXCy TXCyXCy € 2 u3  p2 udp3 w? w? w2 z2 z2 22 + 22

OXCyXCy TXC,y 5 4 (—1)°u3 * (- 1)e02 (— 1) sudy3 w2 w2 w? (1) (—1)eu? (—1)ew2 & w2

OXCpuXxCy O0XCy%XCy € 4 + yd u3 u2,2 w2 + 2 w2 z2 + 22 22 + 22

OXCyXCy, O0XC, [ 5 + ud + p3 u2y2 w2 * w2 w? (—1)% u2 (—1)002 £ w2

OXCyXC, TXCyx Cy 1o 6 1 v3 11 w? + 1 w?2 22 +1 +z2 t 22

i i —v=w=2= i i 23 for T,432 for 0,6,¢ = O or 1.
2 u,v,w,z € U(l), representatives ¢ from all classes are found by putting # = v = w = 2z = 1, the triple n_,l,m is n22 for D,, 3 s 20, € r
Example: There are 22 = 4 classes of nonassociated PUA reps of T X C, with respect to 7. They are given by P(a)3 = [P(a)P(B)]3 if’(ﬁ)P(V)é’(B) 1P{y) =
P(a)P(y)P(a) 1Py} = 1 and P(3)2 = + 1, The class given by P(a)3 = u31, P(8)2 = v21,[P(a)P (8)]3 = w33 1,P(y)? = LF (@)P(y)P (@) P by) = u?1,
P(B)PW)P(B) 1P (y) = v21 is associated to a UA rep. The operator P(y) is antiunitary.

3832 = 1 and g, is arbitrary. A set {g1, 8, =% 1, Theovem 3. An element ¢ satisfying

g3 = # 1} is equivalent to {1,+ 1,z 1} choosing

g} = u(a)2g, with u(a)2 = g71. Consequently the clas- 0 ghi=1 i=1,...,v

ses of nonequivalent ®’s have representatives {g, = i=1" ’ T

1,8, =+ 1,85 =+ 1}. Hence M(G,H) = C, X C, has determines an element of Z2(G)/BZ(G). This means
four elements. that & determines a factor system up to an element

of B2(G). This proves that it is justified to give the
nonequivalent factor systems by nonequivalent &'s.
To determine one factor system corresponding to &
one chooses for any element @ € G a word o = w,

(¢¢q,+++,@,) in the generators. Then take a section

In the same way one finds the comultiplicators for the
other crystallographic groups. They are given in
Table I. Notice that for a cyclic group the co-
multiplicator is only trivial if H =G, i.e., for PU reps.
Moreover, any M(G, H) in the list is a direct product yi
. . in such a way that (o) = w, (r(a,),...,7(a,)),
of k cyclic groups C,. Hence any factor system is of has for the facslcor syséerzn 3 ((; (B)( =1);1 (a)r,(ﬁ§rr('g)ﬁ)—01nf
order 2. The PU reps of three-dimensional crystallo- w0, (r(ey) (@, w, (r(a ) ’ (@, Yusd(...) = -
graphic1 1poin(t1 groups \lvgre alrelatzzr determined 1by W}); o (10‘,1 5,‘ ? r (Va ))B As é ’map’s Waye ogﬁe,.i't 'is the
Dori and Hurley.12 In the latter paper explicit ’ AN S 5 .
malt‘;rili re rese;lmfatiscl)ns are wiven T paper explict product of certain ®;(v(a;),...,7(a,)) and conjugates
p g . ()@, (ay), ..., v(a ) )(@) ! = ¢ (ay),...,7{a,)

Although the group (3. 8) is isomorphic to M(G, H), Then one has
one particular solution ¢ does not determine a factor " -
system uniquely. Define a subgroup of C1(G) by wla,f)= M & @F(a,),...,7r(a,)% (a.8) — I gici(oc,B)
i=1 i=1
CiG)={ceCcr@G)lc(a) =1,7 =1,...,v}. for ¢;(a,B) € zG. (3.9)
The group Eb%(G) = 6C1(G) is a subgroup of BZ(G). As an example we determine a factor system w cor-
According to Ref. 7,p. 52, [case 2i] one has responding to a given ® for the PUA reps of (D,,C,).
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Choosing 7(a,a,) = 7(a,)r(a,) one has

wlay, a) =r(a, 2 =gy =1,
wlayg, ag) = rla)r(ay)r(ay)r{ey)t =1,
wlaq, 0q05) = 7(ay (e o,)r(ay)™t =1,
Wlag, ay) = r(ay)r(ay rey) (e )1
7{ay ) 17 (ay (e, )7 (o J(ay)r(ey)27(ay)
7 (a, )"1g3g511’(a1)
=838, 1= (£1) (1) = +1,
w(ag, ay) =7(ay)2 =g, =21,
wlay, @y ay) = (o {og ay)r{ay)?
= 7{oy ) (e rlay) 2r(ay )r(ay)—2
=g;'81t = £ 1,
wlay @y, 01) = {0y (o )r(ag r(ay)™! = gog5l =+ 1,
w(aq oy, ag) = 7(ay J7(0y)27(ay)™1 = gza1 =1,

Il

w(ay @y, @0y) = g5 =21,

The nine values w (o, ) are determined by the three
components of ¢ once one has chosen 7(a, o) =
7(aq)7(0s). Another choice would give an associated
factor system,

A second method to determine M(G, H) which does
not require solution of Eqgs. (3. 5) is the following.

Lemma 1: Hg(G) = Hg(G,Z).

Proof: The group U(1) is isomorphic to the factor
group of the additive group R of real numbers and
the additive group of integers. One has

0-Z—->R—->R/Z-0
and consequently a long exact sequence?

“++ = H%(G,R) - H2(G,R/Z) - H:"1(G, Z)

- H2*Y(G,R)— -+, (3.10)
where the action ¢ on an element a of R, Z or G/Z is
¢la)a = ala € H), pla)a = — ale € G-M). Because G is
finite and R divisible and torsion-free H%(G,R) = 0
for n> 0. Hence

H:(G,R/Z) = HE1(G, 2). (3.11)

As U(l1) = (R/Z) the lemma follows by taking n = 2,

We now apply a reduction theorem by Eilenberg and
McLane,13 If C1(G, Z) is the group of 1-cochains with
integral values, one has the isomorphism

(3.12)

H3'1G,Z) = H3G,C1(G,2)), »> 0,

where C1(G,Z) is a G module with action o defined by

[o(a)f]B) = f (Ba) —fB(a), fe€CYG,Z),apcG.

(3.13)

Because f is an integral-valued function with f(¢) = 0,
the group C1(G, Z) is isomorphic to Z¥-1, where N is
the order of G. It is the subring of ZG of all functions
with f(€) = 0. Then we have the following lemma.
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Lemma 2: For a finite group G one has the fol-
lowing isomorphisms:

M(G,H) = H3(G) =~ H3(G,2) = H2(G,ZV1). (3.14)

The determination of M (G, H) is equivalent to that of
H2(G,Z~"1), In Ref. 10 a technique was developed to
determine H2(G, Z*) for finite groups and an arbitrary
homomorphism ¢:G — Aut (Z*). The matrices 0 (G)
can be found by choosing a basis o, ..., @y in the
integral group ring. The elements a,,..., @y form

a basis for C1(G,Z). With respect to this basis

o(@)a;=a,0a"1—6,, 228, VacgG.
BeG

i

(3. 15)

4. REPRESENTATION GROUPS

In this section we show the existence of a group R
such that any PUA rep of (G, H) can be lifted to an
ordinary UA rep of R, First we treat a generalization
of Schur's lemma.

Lemma 3: If a unitary operator S satisfies SU =
US, AS~1 = SA for any unitary U and antiunitary A
from a set g of operators on an J-invariant irredu-
cible space JC, it is a scalar multiple of the identity
operator.

Proof: Define a new operator T =S — A1 for some
eigenvalue X of S. We show that the kernel of T is g-
invariant. If x is an eigenvector of S with eigenvalue
A, it belongs to the kernel of 7 and it is an eigenvec-
tor of S—1 with eigenvalue A*. Then for any A,U €
one has TUx = UTx = 0 and TAx = SAx — \Mx =
{AS™L —AX™)x = (AS72 — A*1)x = 0. Since X is irredu-
cible, the kernel is either 3¢ or 0. The latter is im-
possible as any eigenvector with eigenvalue A belongs
to the kernel. Hence the kernel is ¥,i.e.,T = 0 and
S = Al.

Now we consider an extension 1- A— R 5 G — 1 such
that the action ¢ of G on the Abelian group A is given
by ¢(a)a = a* = a, ¢p(B)a= ab = g1 for any a c A,

a € G, B € G-H. We denote the subgroup R which is
mapped by o on H C G by U. Taking a section »: G —
R one has 7(a)7(B) = m(a, B)r(aB) and r(a)ar(a)™l =
a“(a € A; o, B € G),where m is a 2-cocycle. Another
section 7’ given by 7(a) = u(a)7(a) for some u € C1
(G, A) gives r'(a)ar’'(a)~! = a®and m’ = mbu.

If D is an irreducible UA representation of (R, U) in
a space X,one has foranyac A, a € H, 8 € G-H
the relations D(a)D{a) = D(a)D(a) and D{(a)D(8) =
D(B)D(a)"1. Notice that A considered as subgroup of
R belongs to U. Therefore, D(q) is a unitary operator
satisfying the conditions of lemma 3., This means
that D(a) = x(a)1 for some 1-cocycle (homomorphism)
X € Z}(A) with values in U(1), where the action of

A on U(Q1) is trivial. The UA rep D of R gives a PUA
rep P of (G, H) by choosing a section »: G — R and the
definition P(a) = D(r(a)). The factor system is

given by

w(a, B)1 = P(a)P(B)P(apf)™t = D(r(a)r(B)r(ap)t)
= D(m(a, B)) = xm(a, BN
or

w(a, B} = xbm (@, B)). (4.1)
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Because

w(B, y)w(a, By)w (e, Blw (B, y)
=x(m B, yIm(a, By)ym=2(a, Bym~1(ap,y))
= x(e) =1,

wis a 2-cocycle: w € Z2(G).

Another section 7’ with 7’(a) = u{a)r(a) gives a
factor system w’ = wbc with c(a) = x(#(a)). There-
fore, x maps the cohomology class [m] on the co-
homology class | w].

The group Z i(A) is the same as the character group
A* which is 1somorphic with A: By this isomorphism
to any a € A corresponds a 1-cocycle a*, For any
element of A one defines p(a) ={a*(m)], the
cohomology class of a*(m) = w. Since a* maps the
cohomology class of m on that of w, p does not depend
on the section . The mapping p: A= HZ(G) is a
homomorphism because

p@) p(d) = [a*(m)][b*(m)] = [(ab)*(m)] = p(ab).

Some elements of Z}(A) are restrictions to A of ele-
ments of Z}(R), crossed homomorphisms R— U(1).
We define a subgroup B C A by

(4.2)

B=1{a € Ala* € Z1(4) is the restriction to 4 of a

x € Z}R)}. (4.3)
If p(a) = p(d) for a, b € A, one has a*(m) = 6c*b*(m)
or (ab~1)*(m) € BZ(G). Then the mapping x: R~ U(1)
defined by

x(r () = (ab~1)*(u): c(y),

is a crossed homomorphism since

ucA veG

x(wr(y)vr(8)) = x(uvym(y, 8)r(ys))

= (ab™1) X (uv?) c(Mer(6)c(y8)™1 c(yb)
(ab™1)*(u) c(y)(ad=1)*@)7: cr(5)
x(@r(y)xr(vr(6)).

il

!

Since x € Z}(R) and x(4) = (ab~1)"(4), one has ab-1 ¢
B. On the other hand if ab-! € B, there exists a

X € Z}(R) such that y(4) = (ab~1)*(A). Define c(a) =
x(#{a@)). Then

w(a, B) = (ab™2)*(mle,B)) = x(r{a)r(B)(ap)?)
= cla)ce(B)c(ap)t = 6c(a,B).

Consequently ¢* and b* determine associated factor
systems if and only if ¢b~1 € B, This means that
Ker, = B. Hence

A
Im =
e Ker,
Any irreducible UA rep D of (R, U) gives a PUA rep
P of (G, H) by P(a) = D(r(a)). The factor system of
P is given by w = a*(m) for some a ¢ A. If any PUA
rep of (G, H) can be lifted, this means thatp: A—»>H%(G)
is an epimorphism, Then one has for the orders of

(4. 4)

_A
=5 (4.5)

the groups: |H2(G)| = IImpl =]Al- IBI 1, For the
orderofRonehas IRl ="14l"IG] = Hz(G)( |Bl-1G|
> |H2(G)| -1G|. Hence if R gives all PUA reps of

(G, H), it is at least of order |HZ(G)|*|G|. We will
construct a group R with this property for which the
order is minimal. We call such a group a (co)repre-
sentation group. It is an extension of M(G, H) by G.

Suppose G is generated by ¢ 19+ 0 O, With defining re-
lations ¢{@;,...,) = €(i =1, 7), The Abelian
group H2 (G) is determmed by Theorem 2. As any
finite A_belian group it is isomorphic to a direct pro-
duct of cyclic groups:
13
Hz(G) = 11C,, (4.6)
=L %
where C, is a cyclic group of order ». If the generator
of Cd corresponds via this isomorphism to a solu-

tion &/ of (3. 4), the elements of C,. correspond to the
solutions (d> m(0 < m < d; ). Because (@)% is equiva-
lent to &, = ig,— =1,i= 1 'r} there is a solution
¢, equivalent to ! such that {d>]‘ i = &,. Then the »
components of & are d]th roots of unity. If ¢ is a
primitive d;th root there is an integer #;; such that

J
the ith component g;; of {®} satisfies

&; = e]ﬂ.
An arbitrary solution of (3. 4) is equivalent to

b= ch"]

0% 4.7

< p; < d;.

Consider a group A which is isomorphic to H2(G)
(4. 6) generated by a,, ..., a,. Define » elements of

A by
L= Hlaju, i=1,...7, (4.8)
Because & is a solution of (3. 4), one has
¥ i 7 k. .
ilelgf]!P - irzll ejz] #=1, anyjp
or
r
g}l n]kzp =0, modd;
Consequently
r
T I n aU’P-l . (4.9)
il;Ilfz f i=1 j=1 ve

This means that { ];} defines an extension of A by G:
12A->R->G—-1,

When P is a PUA rep of (G, H) with factor system w,
one can define an element u € Z1(A) by u(a ) = epJ
Then

u(f) =

which is the /th component of & (4.7). As & deter-
mines a class [w] € H2(G) and { f} a class [m] €
HZ(G, A), there are elements w ¢ ZZ(G)and m €

éz)(G A) such that w(a,8) = w(m(a, ﬁ)) Then the map-
pmg D:R — (X) defined by D(ar(a)) x(a)P{a) is a
UA rep of (R, U) because

D(ar(a))D(br(B)) = x(a)P(a)x(b)P(B)
x(@)x*(B)P(a)P(B) = x(ab®)w(a,B)P(ap)
= x(ab*m(a,B))P(ap) = D[ abem(a B)r(ap)]
= D[ ar(a)br(B)].

S

s s
I_zll u(a].)”z] = jI_:Il e;?u-‘b = jI;[l gz_]_J = gi,

i
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TABLE II, Character table for the dihedral group D,.

{e} {a} {&1azv aalaz} {61: aal} {az,aaz}
ri 1 1 1 1 1
rz 1 1 1 -1 -1
T3 1 1 -1 1 —1
T4 1 1 -1 -1 1
5 2 —2 0 0 0

Hence the PUA rep P can be lifted to the UA rep D.
As |R| =|H2(G)|' |G| it is a group of minimal order.
Hence it is a (co)representation group. Now we have
proved the following theorems,

Theorem 4: For any finite group G there exists a
finite group R suchthat any PUA repof G with respect
to a subgroup H can be lifted to a UA rep of R with
respect to a subgroup U. The group R is an extension
of the comultiplicator M(G, H) by G, where the action
of G on M(G, H) is given by a® = a, a® = a* for any
a € M(G,H), a € H, § € G-H. The canonical epimor-
phism ¢:R — G maps U on H,

Theorem 5: I G is generated by ay, ..., a, with
defining relations &;(a;, ..., @) =¢(i=1,...,7) and
if s
MG, H) > 11 C,,

a (co)representation group R is generated by
Oyyeesy Qg Tq,..., 0  with defining relations

d. N

a;7 = e, i=1...,s,

a;a, = a,a;, 1<j,k<s, (4.10)
(T, ...,q)=f, i=1,...,7, )
EpaJE;1=afp, i=L..,8p=1...,y,

where f, is given by Eq. (4. 8). Any irreducible PUA
rep of (G, H) can be lifted to an irreducible UA rep of
(R, 071 (H)).

The UA reps of (R, U) are found from the unitary reps
of U.514 When D is an irreducible UA rep of (R, U)
in I, either ¥ is irreducible under U (case 1) or it

is reducible in two nonequivalent (case 2) or equiva-
lent (case 3) components. When a U-irreducible sub-
space carries a representation with character yx, one
distinguishes the three cases by (R = U + pU):

27 x{(Ba)?) = order N of U in case 1
acl -
0 in case 2

— N in case 3. (4.11)

On the other hand, if one has a unitary representation
of U in & for which Eq. (4.11) gives N, the space &
carries an irreducible UA rep of R, If it gives 0 or
— N, there is an antiunitary operator 7, such that

X + T, = ¥ carries an irreducible UA rep of R.
From this it follows that one has to consider the uni-
tary representations of U. We can choose the genera-
tors and relations of G in such a way that aq,...,0, 4
generate H and @, € G-H. Then U is generated by
Qs evvy g, Oy, ..., 0, with defining relations as in
(4. 10), leaving out the relations in which @, occurs.

As a first example we consider the PUA reps of the
cyclic group C, with respect to its unit element.
From Table I it follows that the comultiplicator has
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two elements. Hence the corepresentation group is
generated by a and @ with relations 2 = e, a2 = q,
@da~t = ¢71 = q. This is the cyclic group of order

4 generated by @. The subgroup U is generated by a
and is the cyclic group of order 2. This group has
two irreducible representations: Di(a) = + 1. As
x(@2) + y(@daa) = 2y(a) = + 2, the representation
space (one-dimensional) for D, is irreducible for the
UA rep, whereas the one-dimensional space for D_
gives a two-dimensional UA rep. Hence there are two
nonsimilar PUA reps for C,: one one-dimensional
and one two-dimensional. The first is realized by the
complex-conjugation operator 6, the other by P(a) =
056, with o, the second Pauli matrix. As is well
known the first occurs for an even number of fer~
mions, the second for an odd number. These are the
only two possibilities to represent the time reversal
transformation by an antiunitary operator.

A second example is the determination of the non-
similar PUA reps of the dihedral group D, with re-
spect to itself (PU reps). The group is generated by
@, and @, with defining relations a? = 02 = (@;0,)% =
€. According to Table I,the multiplicator M(G,G) is
given by {g, =g, = 1,g; = + 1}. Hence the represen-
tation group R is generated by a, &;, @, with defining
relations

a2 =H% = ?)Z% = e, (61_2)2 = aq,
& a@{l = dyat;t = a.

It is the dihedral group D, with eight elements and
five classes. Its character is given in Table I,
Choosing 7(a,) = @y, r(ag) = Ty, r(ay0y) = T Ty,
r(€) = e one obtains five nonequivalent PU reps of
D,. However, the four one-dimensional representa-
tions are all associated (cf, remark at the end of

Sec 2). Hence there are two classes of nonsimilar
irreducible PU reps of D,: one one-dimensional, one
two-dimensional, The one-dimensional representa-
tion has trivial factor system.

5. LIFTING OF A GIVEN PUA REP

In Sec. 4 we showed that any PUA rep of (G, H) can be
lifted to a UA rep of a corepresentation group, A re-
lated problem is the following. Suppose a PUA rep of
G is given, e.g.,as a set of operators commuting with
a Hamiltonian (See, e.g., Ref.2.) To apply the group-
theoretical methods one wants to extend this set to a
group by adding appropriate phase factors. This
means that one wants to lift the PUA rep. The smal-
lest group which gives this lifting is, in general, only
a subgroup of a representation group.

If P is a PUA rep with factor system w, the class of

w generates a cyclic subgroup of M(G, H). As wé e
BZ(G) for some d, there is an equivalent factor system
consisting of dth roots. In the same way as in Sec. 4
one can define an extension of the cyclic group C,

by G:

1 c, K25 G 1. (5.1)
IfagainG={al,...,ay|¢,i(a1,.__,au):e,z’_—.l,...,_
7}, one has

¢1‘(P(a1)’ .o ,P(Qu)) = gi no (5» 2)

In order to determine K one determines the smallest
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nonnegative integer d such that
v
g¢ = jI‘_]l u(a].)mii for some u ¢ C1(G).

Then define

-mij/d o

v
g, =8 ]I;Il u(a].) = ¢ (5. 3)
which are dth roots. If a cyclic group C,is generated
by a, the elements
f,=4d7 e ¢, (5.4)
determine an extension (5.1). Any PUA rep with fac-
tor system equivalent to w? for some 0 < p < d can be
lifted to a UA rep of K. Then quite analogous to
Theorem 5 one has the following.

Theovem 6: A PUA rep of (G, H) with factor sys-
tem w of order d can be lifted to a UA rep of (K, U),
where K is generated by ¢, @, ..., d, with defining

relations

ai=e,

$(d,,...,q,)=d", cf.Eq.(5.3),i=1,...,7, (5.5)
___1 — o

ajaaj - ]’] = 19 s Vs

and U is the subgroup of K mapped on H by the
canonical epimorphism o: K— G.

6. UA REPS OF SUBGROUPS OF THE INHOMO-
GENEOUS LORENTZ GROUP

Important symmetry groups for physics are sub-
groups of the inhomogeneous Lorentz group. Among
these groups are the ordinary space groups |sub-
groups of the Euclidean group I0(3)], the magnetic
space groups [subgroups of I0(3) X J, when J is the
group generated by time reversal] and space-time
groups. They have a translation subgroup which is
an invariant Abelian subgroup. The UA rep can be
found by the method of induction!3 gketched below.
Here we will consider the UA reps of those groups
which have a finite point group. Among others this
includes the cases of unitary representations of space
groups discussed, e.g., in Ref,16, and the UA reps of
magnetic space groups,!?

We denote the group by G, its translation subgroup by
T, its point group by K =~ G/T. The subgroup of G
represented by unitary operators has point group

H C K,whereas the elements {o |/} € G with @ € K-H
are represented by antiunitary operators. The trans-
lation subgroup T is represented by unitary operators.
Consider an irreducible representation D(G). Since
the irreducible representations of T are one dimen-
sional, the carrier space ¥ of D(G) decomposes into
a sum of carrier spaces JC, of representations of T
characterized by a vector & in the Brillouin zone. If
y e &%, and {e|i} € G, the element D({a|{})y belongs
to &, with k’ = ak(= akfor o € H,= — ak for

a € K-H),because D{ € |a})D{a | })¥ = exp(z ika)
D{al#)y. Hence ¥ =&, %, ,where ky,..., k are
the nonequivalent % vectors from {ak|v a € K.
Moreover, if we define the group of k by

G, =1{{alt} € Glak equivalent to &}, 6.1)
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the space I, is invariant under G,. By the decom-
position

G=G, +g,G, +++ +gG, (6.2)

one has D(£)D(g)X, & D(g;)X, if gg; = g;h € g;G,.
Hence 3¢y, ..., J(st is a system of imprimitivity.
The representation D(G) is found by induction from
the irreducible UA reps D, of G, with the property
D,({ela}) = exp(ika)D, ({e |0}). Hence one can write

pMal}h) = exp(ikt)P(a), (el cG,,  (8.3)
where the operators P(a) form a PUA rep of the
point group K, of G,.

P(a)P(B) = exp(i[a~1(k — ak)]ts)P(ap) (6.4)

because P(a) does not depend on the nonprimitive
translation /.. It is readily verified that w(a,B) =
exp{i[a‘l(k ~ éek)]tﬁ} forms a factor system. Con-
sequently the irreducible UA reps of G are deter-
mined by the “stars” %y, ..., %, and the irreducible
PUA reps (6. 4) of K,. To find all nonequivalent
irreducible PUA reps one can use Theorem 6. The
preceding sketch of the method of induction is only
meant to indicate the line and to establish the factor
system (6. 4),

If G has elements {a | £, + a}, with @ € K, a € Tand non-
primitive translation {_, an equivalent (a.ffine_con-
jugated) group has elements {a |a + 7.}, with 7, =

(1 —a)v + a, +t,,where v is an arbitrary transla-
tion, a, € T. For this equivalent group G one finds
the UA reps from PUA reps of K with factor system

ula)u(B)

with u(a) = exp(ia~1(k — &))v). Hence equivalent
groups determine equivalent factor systems. Con-
sequently Eq. (6. 4) gives a homomorphism ¥, from
the group of nonequivalent systems of nonprimitive
translations corresponding to the arithmetic point
group ¢(k) to HZ(K). This homomorphism ¢, depends
on k. For a symmorphic group Imy, = 0,

w(a,B) = exp(ila~(k — &k)]tg) = wla,B)

As an example we consider UA reps of a two-dimen-
sional nonsymmorphic magnetic space group from the
arithmetic class R2'»’'m. It has a point group K
generated by

_{1 0 _{—10
0‘1‘(0—1)’ 0‘2“<01>

from the isomorphism class D,, and associated non-
primitive translations

L[ 0 E
1 \o/ ta2= %)’ t"‘lo‘zz 1/°

The elements o, and @, ¢, are combined with time
reversal. The Brillouin zone is rectangular. For

k = (m, 7) on the border of the zone the group G, is
the whole space group. Hence K, = K = D,. A group
from the isomorphism class D, is generated by

Gy, Go With

gy = Pla;)? = wlay, ay)
= — 1, because (o, — 1)k~ t% =—7,

J. Math. Phys., Vol. 13, No. 3, March 1972



350 T. JANSSEN

g2 = Play)? = wla,, a,)
= —1,because (a, + 1)k- ta‘z =7,
&3 =[Pla;)P(a,)2 = w(ayay, oy ay)

=1,a8 a @, +1=0.

Hence the PUA reps of D, with factor system (6. 4)
are obtained from the UA reps of the extension B of
C, by K generated by a, oy, d, with defining relations
@ = (@,a,)? =1, af —ag-a T,a= d@;, Gya=
ad,,. It is the group C4 x C, of order 8, generated by
@, and @,T,. Its subgroup U mapped on € and «, of
K is the cyclic group generated by @;. It has four
nonequivalent irreducible unitary representations, all
one dimensional: T',(a;) = #1(v =1,...,4). The
corresponding UA reps of B are found using

Loney (@ T,1)2) = 2x(e) + 2x(@3) = O(v = 2,4) or
4(v = 1,3). The representations I'; and I'; give one-

dimensional PUA reps of K with trivial factor system.

The representations I’, and Iy give together a two-
dimensional PUA rep of K with the nontrivial factor
system determined by g, 85, &3. Hence for & = (m, m)
there is exactly one two-dimensional UA rep of
R2'm'm.

Notice that this method can also be used if primitive
translations of the magnetic space group are com-
bined with time reversal. In this case one can take
for T the intersection of G with the group of three-
dimensional translations. The elements of T are
called primitive translations. In the point group K
there appears the time-reversal operator with a
nonprimitive translation. As an example take the
magnetic two-dimensional space group generated by
the magnetic translation a} (a,0)and the non-
magnetic translation g, = ?0 b). The group T has
elements 2na; + ma, (n,m integers), K consists of
two elements: the unit ¢ and the time reversal a. The
time reversal has nonprimitive translation {, = a;.
Then one can proceed in quite the same way as
before.
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APPENDIX A: SOME COHOMOLOGICAL AND
GROUP-THEORETICAL NOTIONS

A group G is said to be generated by elements o,

.,a, if any @ € G can be written as a product of
generators and their inverses. Any such product is
called a word in the generators. Any word which is
equal to the unit element € is a relation in the group.
If G is completely determined by the relations &;
(@q,...,0,) =€, the relations &; =¢,...,9, = €
are defining velations.

The functions on G with integral values form a ring.
Formally these functions can be written as Z ;7. ¢
(m, integer). Addition and multiplication are defined
by (5m, ) + Ep ) =2, m, +n,)a and (Z m o)
(Zg nBB) = Zmia w1thm = Zsecm Mg, With
these rules the set forms a ring called integral gvoup
ving Z2G.

For a ring F an F module A is an Abelian group A
for which a scalar multiplication with elements of F
is defined which has to satisfy some distributive con~
ditions. A vector space over a field is a module for
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which F is a field. When ¢ is a homomorphic mapping
of a group G into the group of automorphisms of an
Abelian group A4, the image ¢(a)a of a is denoted by
a®, This implies that A is a ZG module if one defines
a**h = a2ab® and am* = (@*)™ (integer m).

When A is a ZG module, an n-cochain u is a mapping
GX...XG - A: u(a,..., a ) € A. The n-cochains
form an Abelian group Cz(G,A) by (g uy)(ay,. ..,
a,)=u(a,,..., )uz(otl,..., »). The groups

Cg G, A% are connected by homomorphlsms

6,: C3(G, A) - C'“l(G A) if one defines (5,u)

(al,... ”,1)_u 1 (012,... a,.q) l'l,lu(a ,
@y al*l"" ,”1)(1)214((1 ,an)(—l)"” The first
three homomorphisms are
(Bot) (@) = ul=e, (A1)
(6 u)aq, ay) = u™ (az)u(alozz)_lu(ozl), (A2)

(@4, ag)u(alaz, 0‘3)-1

ula,, aga)ulay, ay,) ' (A3)

(Bu)ay, 0y, ay) = u®

The homomorphisms §, satisfy §,., 8, = 0. The ker-
nel of §, is denoted by Z"(G A), its elements are n-
cocycles The image of 6 -1 is denoted by B”(G A),
its elements are n- coboundarzes Since B;‘ (G A)isa
subgroup of the Abelian group Z2 (G, A) because of
5,0,-.1 = 0, the factor group Z"((% A)/B" G,A) is
again an Abehan group denoted by Hz (G A) Its ele-
ments are equivalence classes of n- cocycles cohomo-
logy classes. To give an example: for n = 2 the 2-
cochams are functions u(a 4, @ o), % is a 2-cocycle if
(oz a )u(al,a2a3) =ula,a,, ajzlula, a,), it is a
2 coboundary if there is a 1- cocham ¢ such that
ulay, ay) = u™ (a,)u(a,)ufe,a,)"t. Forn=1:al-
cochain # is a 1-cocycle if u(a)u“(B) = u(ap). This is
called a crossed homomorphism. I the action of G is
trivial, it is an ordinary homomorphism #:G — A.

A series of groups {4,};., connected by homomor-
phisms ¢;: A; = A, ., is an exac’ sequence if

Ker, =Im, . Anexample is the short exact
sequence =

p P 4, i Ag %2 A,y %51, (A4)

Exactness means Im = A3 (i.e., ¢4 is an epimor-
phism), Ker¢ =1(i. e ., ¢, is a monomorphism) and

Ker¢ =¢,(A l) The latter means that ¢,(A;) is an

invariant subgroup of A, such that the factor group
Ay/d4(Ay) = A;. Then A, is called an exfension of
Ay by A,. A section v for an epimorphismo:A— B
is a mapping v : B & A such that or is the identity on
B. We choose always a mapping which maps the unit
of B on the unit of A. A section 7 for ¢, in (A4) de-
termines an automorphism of A, by ¢(a%) =

r(@)pq (@)r(a)2 (Ve € Ay). Moreover, 7 determines
a mapping m: A, X A, —% A4 by 1'(01)7’(6) mla, B)r{ap)
(a,Bc Aj). K A is an Abelian group, it becomes a
ZAg module The 2-cochain m is a 2-cocycle, as fol-
lows from the associativity of the product, and is
called a factor system. For any 2-cocycle there is
an extension and vice versa. For any 2-cocycle m
there is an extension A, of A; by A, with product
rule (a,a) ®,8) = (" qb% b - m(a ﬁ) afB). Two exten-
sions A4, and A} of A, by A are called equivalen! if
and only if there is an isomorphism Y14, — Aj such
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that both the restriction to A, and the induced auto-
morphism of A, are the identity automorphism.
Equivalent extensions determine factor systems dif-
fering by a 2-coboundary and vice versa. The classes
of nonequivalent extensions are in one-to-one corres-
pondence with the elements of H3(A3, A,). They form
a group for that reason.

A commutalive diagram is a set of groups connected
by homomorphisms such that the composition of
several such homomorphisms between two groups
determines the same homomorphism between the
groups. In particular for a diagram

A-PsB
01/ lT
c-YsD

commutativity means that 7p = vo.

APPENDIX B

In Sec.1 we restricted ourselves to (anti)unitary
operators on ¥. A ray of operators consists of (anti)
unitary operators differing by a complex number of
modulus one. However, the rays of € consist of vec-
tors differing by an arbitrary complex number. If we
had defined operator rays in an analogous way we

would have found an exact sequence:
1-C*-> P(X)>a@)—1,

where C* is the multiplicative group of nonzero com-
plex numbers and

P@e)={AA| A e a@Ee),x cCx}.

Following the same lines the factor systems are then
elements of Z2(G, C*) when ac = c(a € H),ac = c*
(0 € G-H) for any ¢ € C* and classes of associated
factor systems are elements of Hizl(G, C*). Now we
have

H2(G) = H2(G, C).

For the proof consider the exact sequence

1- U(1)~ CX > R*— 1,where R* is the multiplica-
tive group of positive real numbers. From this fol-
lows the exact sequence

-+« Hp(G,R*) = HY'1(G)

> HE"(6,C%) = HE'{(G,RX) = - -
As G is finite and R* torsion-free and divisible
HZ(G,R*) = 1. From this follows the statement.

This means that the restriction to rays of (anti)uni-
tary operators is not essential.
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It is pointed out that the problem of realizing Lie algebras through polynomials in quantum canonical operators
is not equivalent to its classical counterpart because the polynomial Lie algebras taken with respect to the
classical and quantum Lie brackets are not isomorphic. Yet there are still many results which are common to
both. To show this, the properties of commuting polynomials in quantum canonical operators are analyzed.

This makes possible an extension from the classical to the quantum domain of a number of theorems on realiza-
tions of semisimple Lie algebras. At the same time it is stressed that differences can arise in the classical and

quantum solutions, and some of these are described.

1. INTRODUCTION

The success of the group theoretical classification of
the elementary particles has stimulated a reinvestiga-
tion of the dynamical symmetries of mechanical sys-
tems.1;2 This presents the following problem. Given
an arbitrary Lie algebra £, determine up to canonical
equivalence, all possible expressions for the genera-
tors of £ as polynomials in a given number # of pairs
of canonical operators. This problem can be con-
sidered in the context of either the Poisson bracket
Lie algebra of classical mechanics2-4 or the com-
mutator bracket Lie algebra of quantum mechanics.5,8
Now although a distinction is not always made be-
tween these two approaches, they may indeed admit

quite different solutions. This arises because on the
polynomials these Lie algebras are not isomorphic.?
This fact can be ignored in the simplest cases which
only involve subalgebras of the polynomials that do
admit an isomorphism.8 Yet it must be taken into
consideration in general for it can lead to important
differences in the dynamical symmetries of the two
mechanical systems.

The solution to the above problem in the classical

framework is greatly simplifed4 through the use of
certain existence theorems®-1?1 in the theory of dif-
ferential equations. It is our aim to develop a cor-
responding formalism which applies in the quantum
domain. This is achieved through the study of com-
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that both the restriction to A, and the induced auto-
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both. To show this, the properties of commuting polynomials in quantum canonical operators are analyzed.

This makes possible an extension from the classical to the quantum domain of a number of theorems on realiza-
tions of semisimple Lie algebras. At the same time it is stressed that differences can arise in the classical and

quantum solutions, and some of these are described.

1. INTRODUCTION

The success of the group theoretical classification of
the elementary particles has stimulated a reinvestiga-
tion of the dynamical symmetries of mechanical sys-
tems.1;2 This presents the following problem. Given
an arbitrary Lie algebra £, determine up to canonical
equivalence, all possible expressions for the genera-
tors of £ as polynomials in a given number # of pairs
of canonical operators. This problem can be con-
sidered in the context of either the Poisson bracket
Lie algebra of classical mechanics2-4 or the com-
mutator bracket Lie algebra of quantum mechanics.5,8
Now although a distinction is not always made be-
tween these two approaches, they may indeed admit

quite different solutions. This arises because on the
polynomials these Lie algebras are not isomorphic.?
This fact can be ignored in the simplest cases which
only involve subalgebras of the polynomials that do
admit an isomorphism.8 Yet it must be taken into
consideration in general for it can lead to important
differences in the dynamical symmetries of the two
mechanical systems.

The solution to the above problem in the classical

framework is greatly simplifed4 through the use of
certain existence theorems®-1?1 in the theory of dif-
ferential equations. It is our aim to develop a cor-
responding formalism which applies in the quantum
domain. This is achieved through the study of com-
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muting polynomials in the canonical operators. It
enables us to extend to quantum mechanics some of
the results previously obtained in classical mechanics
and to point out some of the important differences
that can arise. Though there is some overlap here
with results obtained using the quotient division
ring,5 the present analysis is quite distinct from this
and generally applies to a rather different domain, In-
deed our approach is much closer to that given? in the
classical problem, and for this reason we start with
a discussion of the Poisson bracket.

2. COMMUTING POLYNOMIALS AND THE POISSON
BRACKET

Let P denote the set of all polynomials over the com-
plex field C in the real variables ¢, p. This forms a
Lie algebra under the Poisson bracket defined by

{fgy=2L08 9% 2.1)

for all f,gc P.

Suppose we are given a pair of elements a,b ¢ P
having vanishing Poisson bracket. Then inspection of
(2. 1) shows that10 there exists a differentiable func-
tion F satisfying

F(a,b) = 0. (2.2)
For an application of (2. 2) in the realizations of Lie
algebras we note the following proposition.

Proposition 2.1: Given a,b,h € P satisfying

{a, b} =0, (2.3a)
{a,h} = sa, (2.3b)
{b,h} = tb, (2.3c)

where s, ¢ are positive integers, then to within an
arbitrary complex constant

at = bs. (2. 4)

Proof: Equation (2. 3a) implies (2. 2) which may be
substituted into (2. 3b), (2. 3c) to yield

oF oF

Integration of (2.5) gives (2. 4) as required.

sa (2.5)

To see the significance of this result, we note that
(2. 4) implies the existence of an element ¢ € P satis-

fying

a* = cs, bu = ¢t (2.6)

where # is the highest common divisor of s and ¢.
From (2.6) and (2. 3) we obtain

{e,h} = uc (2.7)
and conversely (2.6) and (2.7) imply (2. 3). Hence the
original problem of obtaining realizations of (2.3) in
P has been simplified to that of obtaining realizations
of (2.7) in P, Moreover, identifying @, b, c as eigen-
vectors belonging to the positive roots of the adjoint
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representation, we see that this analysis has a

general context in the theory of semisimple Lie alge-
bras. Indeed it is not hard to extend proposition (2. 1)
to verify the well-known result that a semisimple Lie
algebra of rank > 2 cannot be realized in P.4 This
argument may be further extended to the case of n
degrees of freedom and may also be strengthened to
apply to the space of infinitely differentiable functions.

We should clearly like to know to what extent the
above arguments apply in the quantum framework.
For this purpose we develop an analog to (2.2) for
this case. This applies to the polynomials; but is not
valid on formal power series. We use it to show that
proposition (2. 1) still holds for quantum canonical
operators, though by contrast we find that the fac-
torization of {2.4) to obtain ¢ fails. We then extend
these results to n degrees of freedom and apply them
to the study of semisimple Lie algebras. For mathe-
matical convenience we omit the imaginary number ¢
from the canonical commutation relations and set
Planck’'s constant equal to one. This does not affect
the present analysis, though the necessary adjust-
ments must be made if one wishes to speak of ¢ and
b as self-adjoint operators.

3. COMMUTING POLYNOMIALS AND THE COM-
MUTATOR BRACKET

Let @ denote the set of all polynomials over C in the
elements g, p and 1 which satisfy

gp— pg =1. (3.1)

Then ® becomes a Lie algebra with respect to the
commutator Lie bracket defined by

for all f, g € ®. We shall use ®” to denote the corres-
ponding algebra generated by the elements satisfying

[qi;pj] = Gijl, (3' 3)
i,j=12,...,n,where 0,; is the Kronecker delta.
The general commutator in ® may be computed
through the formula

(m.n)
[am,pn|= kzl (B VFRL gmkprk, (3.4)

in which s and » are arbitrary positive integers and
{(m,n) denotes the smaller of m and n, We remark
that the corresponding expression in P is obtained
from (3. 4) by omitting the terms in 2 > 1. It is these
higher terms which prevent ® and P being isomorphic
and cause the differences arising in the symmetries
of classical and quantum mechanics.

Given a € ®»,we shall say that « is nontrivial if it is
not equal to a constant multiple of the identity 1.
Given nontrivial elements a,, a,,...,q, € ®,we de-
note by ®(a,,a,,..., a,) the set of all polynomials
over C in a4, ay,...,a,,,1 ordered so that a; appears
to the left of a; for all ¢ < j. We shall say that

x € ®(--+) is nontvivial if as a polynomial in the ¢, it
is not equal to a constant multiple of the identity.

For the case of one degree of freedom the main re-
sult of this section (which we have previously stated
without proof8) may now be given. This is
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Theorvem 3.1: Given a, b nontrivial commuting
elements of @, then there exists a nontrivial element
of ®R(a, b) which evaluated in @ is identically zero.

Pyroof: We start by demonstrating some general
properties of ®. These are contained in the following
lemmas.

Lemma 3.1: Given a, b € ® with x(a) and y(b) non-
trivial elements of ®(a) and ®(b),respectively, then
[x(a), y(b)] = O implies [a, b] = 0.

Proof: 1t is sufficient to show that {x(a),b] = 0
implies [a, b] = 0. Since & is over the complex field,
we may factor x in the form

R
x=1l(a+ ol

i=1

with o; € C. From this the identity
S k
{x(a), ] = Z}(H (a + ail)>[a, b](ﬂ(a + ;1) | (3.5)
i=1

= i=j

is readily checked. Let us suppose that ¢ is a poly-
nomial of degree 7 in p having coefficient in p” the
polynomial f(g) in q. If [a, b] # 0, we may likewise sup-
pose it to be a polynomial of degree s in p with g(q)
the coefficient of ps. Then from (3.1) and (3. 5) we
have

(ad"*-Dsq)[x(a), b] = (rHrLsifi-lg f4
= (rl)F1slpt-ig,

Since f and g are both polynomials, [x(a), 8] = 0 im-
plies that either f or g vanish. In either case we have
a contradiction; hence [a, ] = 0 and the lemma is
proved.

Lemma 3.2: Given ¢, b non-trivial commuting ele-
ments of ®. Let a be of degree # in ¢ with x(p) the co-
efficient of g7 and b of degree s in ¢ with y(p) the co-
efficient of ¢s. Then there exists a nonzero complex
constant o such that

x5p) = oy (p). (3.6)

Proof: Setting to zero the coefficient of ¢7*s-1 in

[@, 8], we obtain, through (3. 1), the differential equation

dx(p) _ dy(p)

sy(P)W = Tx(p)—dj_)—' (3.7)

Integration of (3.7) gives (3. 6) as required.

Returning to the theorem we now show that there
exists a nontrivial element x € ®(a,b) which is in-
dependent of g. To this end, suppose that a is of de-
gree v in g and b is of degree s in ¢g. If either r or s
is zero, we need go no further. Otherwise, raise a to
the power s and & to the power 7. This gives two new
elements a’, b’ of the same degree { = »s. We show
that x € ®(a’, b’). Since ®(a’, d’') C R(a, b), we may
drop the prime without loss of generality.

From Lemma 3.2 we see that any two commutingele-
ments of the same degree in ¢ have linearly dependent
leading terms. On the other hand, the monomials in
®R(a, b) of degree ktor less in ¢ span a space of dimen-
sion (2 + 1)(k + 2)/2. Choosing k = 2f, we have

(B + 1)(k + 2)/2 > ki, and so the required element x
can be obtained as a suitable linear combination of

these monomials. Should x not be independent of p,
then it must be a nontrivial element of R(p). As a
commutes with x, then through Lemma 3.1 it must
also commute with p and so must a nontrivial element
of R(p). As a and b commute, the same applies to b
and the theorem follows through a repetition of the
above argument to the degree of p.

We remark that this result applies to formal power
series when one of the canonical operators appears
at least linearly and at most to some finite power in
both a and 4. However, it fails on general power
series. For example, from the Weyl form of the
canonical commutation relations, it is easily shown
that

[exp(iag),exp(21p/a)] = 0,

for all real a. Obviously there can be no polynomial
(or function) of these operators which vanishes.
Moreover, they exist in a well-defined sense if ¢ and
ip are self-adjoint. This result which does not hold
for the Poisson bracket has been used to discuss
quantum effects with no classical analog.!2 It also
provides a useful set of commuting observables suit-
able for discussing periodic systems in quantum
physics.13

As an application of Theorem 3.1 we extend Proposi-
tion 2.1 to ®. That is, we show:

Theorem 3.2: Given a, b,h € ® satisfying

[a,b] = 0, (3. 8a)
[a, k] = sa, (3. 8b)
[b,R] = tb, (3. 8¢c)

with s and ¢ positive integers, then to within an arbi-

trary complex constant
at = bs. (3.9)

Proof: As a and b are both clearly nontrivial,

Theorem 3.1 applies and we obtain an expression of
the form

m n
2 2 00" =0,
£ 1=0

where the a,, € C and not all these constants vanish.
Commuting & through (3. 10) » times and using (3. 8b),
(3. 8c), we obtain

(3.10)

m n

2 2 (sk+ t)a,, a*t = 0.

k=0 1=0
This holds for any nonnegative integer ». Hence the
double summation in (3. 10) must reduce for each non-
negative integer value u# of sk + ! to u single summa-
tions which individually vanish. As not all the o,, are
zero, there is at least one value of # for which the co-
efficients in the summation do not all vanish. By
formal multiplication of any one such expression by a
suitable multiple of ¢~1, we obtain a nontrivial poly-
nomial in ¢ = a~*bs, Factorization of this polynomial
over the complex field into terms linear in ¢ gives
¢ = y1 for some y € C. Multiplication through by a*
gives (3.9) as required and the theorem is proved.

In ®» Theorem 3.1 admits the following generalization.
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Theovem 3.3: Given ay, ay,...,a,, , nontrivial
commuting elements of ®#, there exists a nontrivial
element z € R(aq, a,y, ..., a,,;) which evaluated in
@®=, is identically zero.

Proof: As in Theorem 3.1, we compare, for given
degree, the number of distinct monomials in ®(a,, a,,
«+ ey 0y+) with the number of commuting elements
that are linearly independent in their leading term.
The key step in this argument is contained in the fol-
lowing lemma.

Lemma 3.3: LetS,, , be the linear span of a col-
lection of homogeneous polynomials of degree m in [
independent variables xl, X9, ..+, such that for each
subset fy,fp, -+, [ €S, ., @nd at each point xo of
the x-space, the d1fferent1als dffxg),i=1,2,.

(n + 1), are linearly dependent. Then dim Sl,m,n <
(m*-1) for all positive integer I, m, n.

Proof: The proof is by simultaneous induction on
! and 7. Since the number of homogeneous poly-
nomials of degree m in [ variables is (7:!1) it cer-
tainly holds for all / < n. In this case the condition
on the differentials is trivial. However, for [ > n, we
have from

14 af'
af ;(x0)= 2 —') dx;
i\=Q 1 0X. ¥, J?
and the independence of the x;, that any determinant

of order (n + 1) of the matrix (af/ax ) vanishes at
each point x of the x-space and hence everywhere,

For n = 1, this condition becomes

o % _3f %
ox, %, o 3k, C O (3.11)

forallf,g €S, ,,andallé,j=1,2,...,1. Multipli-
cation of (3. 11) by.x; and summat1on over i gives
after a little rearrangement

1 i
) L 51
(Z X, alogf> aalzgg (2 s, 108 ogg>alogf 0.

A ox i1 0x ox,

Since f,g are homogeneous of degree m, the expres-

sions in round brackets are both equal to »:. Integra-
tion of the resulting equation over each x, shows f and
g tobelinearly dependent and hence thatdims,; ,, | < 1,

Let us assume that the lemma holds for all [, i, n
satisfying [ < [, m < m,, n < ngand all , i, n satis-
fyingl < Iy + 1,m < mg, n < ng— 1. We argue by
contradlctlon to show that it holds for I =17, + 1,

m =m gy, N =n,. Let x denote the (/, + 1)th variable.

We show that &im S, ,; . o > (m":,:)"_l) implies the
existence of a nonzero element g € S 1g+1.m g g which
is divisible by x. Suppose there are no such ele-
ments; then each f; € §, ., ,, , may be written in the
form o oo

fi = mei,o + xmo-lfi,l 4 oee +fi,m0!

where the f; , are homogeneous polynomials of de-
gree 7 in l0 variables. Since (af/ax) = (af,._mo/axj)

for ali x; # x, the f, may be regarded as elements

of Sy . my Then through the induction hypothesis and
g

the aossumed dimensionality of S 1551, mg.my WE have

dimS > dimS$S . Hence the required

lo+1,m 7y l M
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element g can be obtained as a suitable linear com-
bination of the f,.

We now use the existence of element g to show that
the number of linearly independent elements con-

tained in Sl0+ 1.mg . and divisible by x is strictly
+ng2
greater than :g_;" . Since this is the maximum pos-

sible dimension of Si;.m-1.2,, repetition of the above
argument provides an element of S, oLy, divisible

by x2. We can then show that these elements form a
space of dimension strictly greater than('"0 507 )and

continuing in this fashion, we eventually find that the
dimension of the space of elements divisible by x” is
strictly greater than one. This contradiction will
prove the lemma.

Consider the (n + 1) X (#n + 1) matrix with entries
(afir/axjs) Withfi1 =g,

=2,3,...,(n+ 1),
<ly, s=23,...,

xil_xf CSl*lm "0’

1<y

S

(n + 1),

Through the hypothesis of the lemma, det(af /0x; ) =
0. By identifying the smallest coefficient of X in thls

expression and using the fact that g is divisible by x

and is a nonzero polynomial, we obtain

o,
det( °> =0,
ox
]S

where the prime denotes that the first column and
first row of the original determinant has been delet-
ed. Through Eq. (3.12), we may regard f, as an

r,m,
element of §, ,; ,, , -1. By the induction hyf)othesis

(3.12)

. . . : : my+n =2
this space is of maximum d1mens1on< 0,:0" ) . Hence

the space of all elements of § .; , ., divisible by x

is strictly greater than

(mo +mg— 1) (mo +n0——2> <’”0 +n0—2>
Mg o ™y mg— 1 ’

as we wished to show. The lemma is proved.

As in Theorem 3. 1, we may assume without loss of
generality that the ¢; are all of the degree {. Then for
given positive integer k the monomials in ®(a,, a,,
«++,Q,.4), which as polynomials in ®» are of degree
kt, span a space of dimension (%;%). Now we may com-
pute the leading term of the commutator of any two
elements in ®” by re-expressing the operatorsgq,, p;
as real variables followed by use of the Poisson
bracket. We stress here that the leadmg term is in-
dependent of the ordering in ¢;,p;. It is then an easy
consequence of a theorem1?l on commutative function
groups that the hypothesis of Lemma 3.3 applies to
these monomials and hence (setting [ = 2n, m = kt)
that their leading terms form a space of dimension
(¥3n-1), Thus, to obtain the required element z satis-
fying the conclusions of the theorem, it suffices to
find a positive integer %k, such that

ko k+n _ k0+n+1 > %05 m+n—1
B kO m=0 m
kot +n
= kot .

It
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This holds for all &y > (n
theorem is proved.

+ 1)¢# and hence the

Should the @; not all commute, then Theorem 3, 3 fails.
However, we note in passing the following result
which holds for general elements of @,

Theorem 3.4: Given 2x + 1 nontrivial elements
a,,.1 € @" there exists a nonirivial ele-

al, az, s 0y X
y @y ) Which evaluated in O

ment x € ®la,, @y, ...
is identically zero.

Proof: The proof is by monomial counting. Indeed
it is not difficult to show that there exists a positive
integer k such that the number of distinct monomials
in ®(aq,a,, ..., ay,.1) exceeds the total number of
ordered monomials in ¢4, 94, «++,4,, P1,P9, +++,0,
appearing in them. It should be noted that we use
(3.3) to effect this letter ordering so that the above
result depends on the particular form of these com-
mutation relations and cannot generally be assumed to
hold for arbitrary noncommuting polynomials.

Finally we remark that in analogy with the theory of
function groups,? an argument parallel to that used
in Theorem 3.3 establishes the following.

Theovem 3.5: Let m be a positive integer with
m < 2n, Letaq,, i=1,2,...,myand b, j=1,2,...,
n — m + 1,be nontrivial elements of &~ with fa, b,] =
0, for all ¢, j. Then either®(a,, a,, +..,a,)or b, ”2’
cerbo +1) contain a nontrivial element wh1ch evaluat-
ed in ®* is identically zero.

4. REALIZATIONS OF SEMISIMPLE LIE ALGE-
BRAS

Applying Theorem 3, 3, we can now extend some of
the results on realizations of semisimple Lie alge-
bras taken under the Poisson bracket to the quantum
domain. First we note a basic property of these alge-
bras which is nearly always used in this connection.
This is14

Theorem 4.1: A semisimple Lie algebras £ of
rank v admits a subalgebra £ of dimension 2» with
basis hy,ky, ..., R, €4, €,,...,¢, satisfying

[k, 1] = 0, (4. 1a)
le;, ] =0, (4. 1b)
{r;, ej] = a;e; (no summation). (4.1¢)

The o;; are rational constants and form a matrix o
for which

deta # 0. (4.2)

From this result we can now prove:

Theorem 4.2: Given £ a semisimple Lie algebra
of rank ». Then, if » > n, it has no realizations in @7,

Proof: The proof proceeds by application of
Theorem 3.3 to the commutation relations (4.1).
This will give deta = 0, which by (4. 2) is a contradic-
tion. To this end, we first observe that on account of
(4. 1c) and (4.2) the ¢; must be nontrivial elements of
®7». Thus Theorem 3,3 applies, and we may assert
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for v > = that there exists a nontrivial element
e € R(eq, €y, «. ., ¢,) satisfying
ml,mz m
Eﬁkk kr elklezkz-*-ef” = 0, (4.3)
.., € C. Not all these constants vanish and,
2 7

moreover, since the ¢; are polynomials, at least two
must be nonzero. We may also assume without loss
of generality that none of the partial sums in (4. 3)
individually vanish.

For fixed i we commute k,, using (4. ic), I times
through (4. 3). This gives

Ry & k
1 2 -
E}Bklkz. (Z} k]au) el ey?.e” = 0,

which holds for any nonnegative integer I. Recalling
our assumption on partial sums, it follows that the

(4.4)

summand Z)] 21 ]0!” must be independent of those k]
which lead to nonzero 8, ..., . As at least two of
1

these constants are nonzero,ywe may find integers
k;, j =1, 2...r, which are not all zero and such that

E kia, = 0.

Thls must hold for all 7; hence deta = 0 and the
theorem is proved.

For » = n we cannot generally assume that £ will
have a realization in ®#, On the other hand, given
such a realization, it is an easy extension of the above
argument to show the following.

Theovem 4.3: Given a realization in @~ of a semi-
simple Lie algebra £ of rank », then the invariants of
the enveloping algebra UL are all constant multiples
of the identity.

Proof: Select an arbitrary invariant element
I € US. ¥ is nontrivial, it follows from Theorem
3.3, (4. 1b), and the invariance of I that there exists
a nontrivial e € Rle,, e,, ..., ¢,,I) which is zero
evaluated in ®”7. Commuting through the k,, as in the
previous theorem, using (4. 1¢) and the invariance of
I, we can show that deta = 0. This contradicts (4.2)
and hence I must be a multiple of the identity, and so
the theorem is proved.

Since we have used only the fact that I € ®», this

result also applies to any invariant element of £ in

@, We can show for a compact semisimple Lie

group that it leads to certain realizations being ex-
cluded. In this we shall assume the¢q,, i = 1,2,...,n,
to be self-adjoint and the p,, ¢ = 1,2,,..,n,to be skew-
adjoint: a choice consistent with (3.3). Then

Theovem 4.4: Let G be a compact semisimple Lie
group of rank n with Lie algebra £. Then £ has no
realizations in ®» satisfying either one of the follow-
ing conditions:

(1) The elements of £ are either all self-adjoint or
all skew-adjoint.

(2) The elements of £ are all real polynomials.

Proof:

(1) Since G is compact and semisimple, we may pick
a basis x;, x5, ...,%, € £ such that
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n
Iy = 2o x?
i1

is an invariant element of £ in UL. Assume for the
moment that » = 3 and let » be the degree of the

highest term appearing in the x,. Certainly m = 1,
for otherwise £ would be commutative. To highest

order, we may write each x; in the form
m

>

aikq m-kpk,

where the ¢, are complex numbers. When the x; are
self-adjoint, we have through adjointness properties
of the canonical operators and (3. 3) that

a, = (— Do,

for all 7, k where the bar denotes complex conjuga-
tion.

Since, by Theorem 4.3, I, must be a multiple of the
identity, we have, on equating to zero the terms of
degree 2m in I, that

3 m m .

YT Loy 0 (= DY xRY =0,

i1 k=0 k=0
which holds as an identity in the arbitrary real vari-
able x. By induction on # we may show from this
that o,, = 0 for all 7, 2, which is a contradiction.
Similar arguments apply when the x; are skew-
adjoint and for general values of ».

(2) By Theorem 4.3,1, must be a multiple of the
identity. This clearly cannot hold for real polyno-
mijals in ®» and so the theorem is proved.

It should be apparent from the above proof that (1)
and (2) need not be equivalent, For example, by
choosing ¢ and ip to be self-adjoint, then

x = 3i{g? + p2), = 4i(g% —p2),2 = i(gp + bq)

are all skew-adjoint. They close on the noncompact
Lie algebra so(2, 1) rather than the compact form
s0(3, R). This is still true if we omit the imaginary
factor i to make these polynomials real. To obtain
the compact form, we must violate both conditions (1)
and (2).

The failure to find realizations satisfying (1) above
can be understood in terms of the representation
theory. Thus (1) by suitable exponentiation leads to a
unitary representation D of G which by Theorem 4.3
and the remark following it we should expect to be
irreducible. (Actually D is a factor representation
which could conceivably be of infinite multiplicity.)15
In the case that D is irreducible, then, as ¢ is com-
pact, it must also be finite dimensional, a result which
conflicts with the infinite dimensionality of repre-
sentations of the canonical commutation relations.

We close this section with one more result in the
same spirit. It is a comment on canonical trans-
formations in ®»,

Theorem 4.5: Given a realization in ®*of the nil-
potent Lie algebra £ with elements 1 q;, p], i,j =
1,2...,n, satisfying

[9;,5,] = (4.5)

with 1 in the center of £. Then, if 1 = 0, it is a con-
stant multiple of the identity.
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Proof: 1f 1 # 0,then from (4.5) the 4, are non-
trivial, If 1 is nontrivial, then by Theorem 3.3 there
exists a nontrivial element e€ Rg1,9g,+0,4,,1)
which vanishes in ®», By expanding ¢ as in (4.3) and
commuting the p; through this expression using (4. 5),
it is easy to show that e is trivial in ®(...). This
contradiction proves the theorem.

5. FACTORIZATION OF COMMUTING POLYNO-
MIALS

Though P”? and ®* are not isomorphic, there are, as
we have seen, many results which hold for both. This
cannot always be assumed to be true, and it is our
present purpose to point out one such difference.
This concerns the factorization of commuting ele-
ments of ®. Its importance derives from Proposition
2.1. Recall that here the factorization of (2. 4) yield-
ed the element ¢ which effected the reduction of (2. 3)
to (2.7). We show by counterexample that the corres-
ponding factorization cannot generally be carried out
in ®. However, before we do this, we consider a pos-
sible strengthening of Theorem 3.1 which would im-
ply this factorization in order to reveal the precise
manner in which this failure occurs.

Suppose we could show that, given any two commuting
elements a, b € @, there exists a polynomial d € @
such that @, b € ®(d). Then this would imply the re-
quired factorization. To show it is false, we attempt
the construction and observe how this fails. To this
end we first prove:

Theorem 5.1: Let a, b be nontrivial commuting
elements of @ with a of degree m and b of degree n.
Let » be the highest common factor of » and n. Set
# = m/v,v = n/r. Then there exists an element
e € @ such that to highest order

a=e* b= e (5.1)

Remark: Tt is clear that if d were to exist,then e

would be its leading term.

Proof: The proof is by construction. Let a’, b’ be
the leading terms of a, b, respectively. We may write
them in the form

m n
aqupﬂr'k, = 2 ﬁlqlpﬂ-l’

a' = Z
£=0
with a,, B, € C. We now compute the leading term in
the commutant of a’,b’.

Since a, b commute, this must vanish and so we obtain

n n

kZ)O IEO a B, (km —~ In)grri-1pmini=k-1 — @,
which holds as an identity in the canonical operators
g and p. This may be conveniently replaced by the
following identity in the arbitrary real variable x,
namely

m n

2 2 a, B, (kn — ln)x®*1-1 = 0.
k=01=0

Define the polynomials
n

Y2 = E Bl *,
k=0

(5.2)

m
Y1 = E Qkxk,
k=0

and substitute y,, vy, and their derivatives y;',v,’
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into (5.2). The resulting differential equation gives
on integration

¥i=9v3 (5.3)
to within an arbitrary multiplicative complex con-
stant. Since we have now eliminated the noncom-
mutativity from the problem, Eq. (5. 3) may be factor-
ed to yield a polynomial y ; satisfying

y]_:y%, y2=y§-

We may write y, in the form
r
Y3 = 21 yuxh,
k=0
withy, € C. 1t is clear that if we set
r
€= E 'yqup’“k,
k=0

then this element has the required property and the
theorem is proved.

From the fact that we have used only the leading term
in the expansion of the commutator [a, b], the above
theorem has the following immediate corollary:

Corollary 5.1: Given a, b, ¢ € @ with [a, b] = c.
Let m, n, p be the degrees of a, b, c, respectively, and
define u, v as before. Then, if p < m + n — 2, there
exists an element ¢ € ® satisfying (5. 1) to highest
order.

This result proves useful in the study of realizations
of Lie algebras in terms of high~order polynomials.

Returning to the construction of the element d, we set
u, v of Theorem 5.1 equal to 3, 2, respectively, and
write

a= e+ (3/4)(ef +fe), b= e +f, (5.4)
with f € ®. With this choice, which is not of course
the most general one, the higher-order terms in the
commutator [a, b] cancel, and we obtain

(a,0] = [e,{{e, [e,/T1 + 372} = 0. (5.5)

Equation (5. 5) will certainly hold if the term in curly
brackets is made to vanish. This can be effected by
setting

f:— 2(]2.

Moreover, with this choice, an elementary, though
tedious calculation, which we omit, shows that

e=4q?,

a? = b3, {5.6)
This provides our counterexample. Indeed, noting that
e and f are not themselves polynomials in a common
element and that deg f < deg e, we see that the re-
quired element d cannot exist. By contrast the clas-
sical analog of the expression [a, b] does not contain
the double commutator {e, [e, f]] appearing in (5. 5).
Consequently, in this case, ¢ and f commute and are
themselves functionally dependent. A corresponding
role is played by the double commutator in the veri-
fication of (5. 6), which is not mirrored by the clas~
sical expressions for ¢ and b. We may also anticipate
a similar behavior present in realizations of semi-
simple Lie algebras using high-order polynomials,
though this is more difficult to exhibit. As such it
would provide realizations with the propertythatthe
generators have different Lie algebraic relations
with respect to the Poisson bracket. The possibility
of this circumstance is a pointer to nonclassical be-
havior and merits further investigation.

Finally we remark that (5. 6) factorizes trivially in
the quotient division ring, a property which distin-
guishes it from @.
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Linear stochastic master equations for wave propagation in a continuous random medium are derived along
the lines of the resolvent theory used in nonequilibrium statistical mechanics. Equations for the mean and
fluctuating fields are subsequently obtained by operating directly on the stochastic master equations with
statistical projection operators. The findings are compared with the results determined using the method of

renormalization and the method of smoothing.

1. INTRODUCTION

The study of wave propagation in a randomly inhomo-
geneous medium leads, in general, to a family of
linear partial differential equations

L{wu(w) = flw). (1.1)
Here, L(w) is a stochastic operator depending on a
parameter w-€ ©,Q being a probability measure space.
In addition, f(w) is a random source distribution and
#(w), the random field quantity, is an element of an
infinitely dimensional vector space ¥. u(w) and f(w)
can be either scalar or vector quantities.?!

The operator L is now split into two parts as follows:

L=Ly—L,. (1.2)
L, and L, are linear operators in X corresponding,
respectively, to “free” propagation and “interaction”
propagation.

The field function « is, in turn, decomposed abstractly
into two mutually independent terms:
u=Vu+ Cu (1.3)
by means of the formal introduction of the two opera-
tors V and C.2 Vu is called the mean or coherent
component and Cu is the fluctuating or incoherent
component of the field fynction #.3 The uniqueness of
the decomposition (1. 3) as well as the mutual inde-
pendence of the two components are ensured by pres-
cribing the properties
V+C=1I, V2=V, C2=C,

VC =0, CV=0,

(1.4)

where I is the identity operator. By virtue of these
relations, V and C are called projection operators.

The interconnection between the decompositions (1.2)
and (1. 3) is contained in the commutation relations4:

[Ly,V]-=0, [LyCl-=0 (1.5)
which constitute a mathematical statement of the fact
that the fluctuating component in (1. 3) is due to the
interaction part of the operator in (1.2) alone, not to
the free propagation part of it. Therefore, L, must
commute with V, and, thus, also with C =7 — V. From
(1.5) and (1. 4) follow the relationships

CL,V =0, VL4 =0. (1.6)
A specific realization of the projection operators V
and C which will be used in the ensuing work is the
following:

14 U — g{u} 13

C:u — bu. 1.7)
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The ensemble average of the random field function
u{w) is given by

Su(w} = fulw)p(w)dw, (1.8)

with p(w) denoting the probability density in the mea-
sure space .

The mean part of the field is identified with the en-
semble average, and the fluctuating part is defined as

ou = u— Su}. (1.9)

From this definition it follows that &{6x«} = 0.

Thus, any field # € & can be written as a sum of the
mean field &{u} and a fluctuating field 6».5 Within

the framework of the specific realization (1. 7), the
commutation relations (1. 5) signify that L, is a non-
random (deterministic) operator, and L, is a generally
noncentered random operator.

2. SMALL PERTURBATION THEORY
There exists a well-known solution of the equation
Lyu—Lu=f 2.1)

in the form of a power series in the operator Lyl;it
is obtained from the equation

u=L3l(1—~ L LGy 1 f 2.2)
with the aid of the binomial expansion theorems®:
o0
U= 2, Lyi(LLgt)nf. 2.3)
n=0

This is the frequently used perturbation solution of
(2.1). The expression for the coherent field &{u} may
be found by applying the projection operator V (statis-
tical average) on both sides of (2. 3). Similarly, for
the fluctuating field du, one operates with the projec-
tion operator C. It is known, however, that the indivi-
dual terms of the perturbational series for & {u} are
secular, i.e., they increase without bound for large
distances. To circumvent these restrictions one re-
sorts to judicious partial summations of the infinite
perturbational series solution. Selective partial sum-
mations of the infinite perturbational series have been
effected most systematically by the method of renor-
malization introduced in the study of wave propagation
in continuous random media by Tatarskii and Gertsen-
shtein,? and the method of smoothing expounded by
Frisch.8 One should also consider the equivalent (but
more specialized) techniques developed by Meecham,?
Bourret,10 and Keller.11

In the following we shall develop another such techni-
que along the lines of the resolvent theory used in
nonequilibrium statistical mechanics (cf. Ref. 2) and
compare the findings with those obtained using the
aforementioned methods.
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3. STOCHASTIC MASTER EQUATIONS

Equation (2. 3) is rewritten by inserting between each
factor L, and L;! within the parenthesis the identity
operator in the form

LiLgt = L{(V + C)Lg?t. (3.1)
With (3. 1) taken into consideration,the sum (2. 3) is
subsequently rearranged by cutting every product at
the point where the projection operator V appears,
and grouping together all possible products between
successive V factors. Finally, one sums over all pos-
sible number of V factors. The result is established
to be

<0
u= 2, LEOMVLE)(Q + MCLF)S, (3.2)
n=0
with the operator Jll defined as
o0
M= 2, L(CLFIL,)?. (3.3)
p=0

This operator plays a significant role in the develop-
ment of the theory.

Before proceeding further, it will be assumed that f
is a deterministic source. Then, making use of the
commutation relation [L31, C]- = 0 and the fact that
CV = 0 [cf. Eq. (1. 4)], one finds that M CLG f = 0.
Hence, (3.2) simplifies to

o0
u = 2, LF{MVLZL)"f. (3.4)
n=0
This expression may be rewritten as
Lyu— MVu = f, (3.5)

The relations (3.4) and (3. 5) will be referred to as
the sfochastic master equations.12 The first is an
integral expression while the second is an integro-
differential equation.

One can obtain a relation for the mean field by operat-
ing on (3.5) with the projection operator V:

&lu} = Lgif + LgiM8{u}. (3.6)
By analogy to a similar equation in quantum electro-
dynamics, (3. 6) is called the Dyson-Schwinger equa-
tion with

o0

M =VIMV=2, VL (LgICL,)?V
p=1

(3.7)

the mass operator. (For the sake of simplicity, we
have imposed the restriction that L, is a centered
random operator. This condition is stated mathema-
tically as VL,V = 0.) Equation (3. 6), with the mass
operator given by (3. 7), is identically the result

reached by either the method of renormalization or
the method of smoothing.

The first-ovder smoothing approximationl3 ig deter-
mined by retaining only the first term in the series
expansion for the mass operator, and introducing it
into the Dyson-Schwinger equation, viz.,

M = VL,Lj1CL,V, (3. 8a)

§lu} = Lgif + LgivL,LziCL,VE{u}. (3. 8b)
It should be noted that the exact Dyson-Schwinger
equation (3. 6) corresponds to the formal summation
o0
Su} = Z)O (LAVMYy* L. (3.9)
n=
The same result can be found by applying the projec-
tion operator V on the integral expression (3. 4).
Also, (3. 8b) corresponds to the formal summation
&luy = 25 (LzVL,LgiL,V)* Ly} f.
n=0
which, in turn, can be obtained from (3. 9) by retaining
the first nonvanishing term in the mass operator.

(3. 10)

Finally, the fluctuating field is given in terms of the
mean field, as seen by operating on (3. 5) with the pro-
jection operator C:

: 0

ou = LFCME{u} = Z)l (Ly1CL,)® &lul. (3.11)

P:

This is exactly the result obtained from the method
of renormalization or the method of smoothing.

4, CONCLUDING REMARKS

In the method of renormalization and the method of
smoothing one derives first a closed system of equa-
tions for the mean field and the fluctuating field.

This system is then solved by the method of succes-
sive substitutions. Essentially, one iterates the field
equation in the space CX to obtain the fluctuating
field in terms of the mean field, and hence an equation
for the sole mean field.

In contradistinction, in this exposition, one iterates
the field equation in the entire space [ cf. Eq. (3.2)],
and the mean and fluctuating components of the field
are obtained by projecting the result on Vi[cf. Eq.
(3.9)] and C¥¢[cf. Eq. (3.11)], respectively. Finite-
order iterations are equivalent to the summation of
infinite subseries, e.g., Eq. (3. 10).

In closing, it should be pointed out that lifting the res-
trictions that the forcing function f be deterministic
and L; a centered random operator introduces no
essential difficulties.
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12 This term is used here by virtue of the analogy of wave propaga-
tion in continuous random media and nonequilibrium statistical
mechanics. As it has been pointed out by Frisch (cf.Ref. 8) this
analogy arises principally as a consequence of the mathematical
similarity of the linear random wave equation (1. 1) and the
linear Liouville equation.

IOANNIS M. BESIERIS

13 This terminology is due to Frisch (cf.Ref. 8). In diagrammatic
form, this approximation was first introduced by Bourret (cf,
Ref. 10} under the name of one-ficlon approximation. Tatarskii
and Gertsenshtein (cf.Ref. 7) refer to it as the bilocal approxi-
malion.

On Wave Propagation In Inhomogeneous Media

K.M. Case
The Rockefeller University, New York, New York 10021
{Received 17 September 1971)

Familiar relations between phase and group velocity for wave propagation in homogeneous media are genera-
lized to the inhomogeneous case. The constant velocity “c” is merely replaced by an appropriate weighted
average. The key tool lies in the stationary property of the frequency as a functional of the wavefunction.

1. INTRODUCTION

In many areas one encounters the phenomenon of
“waveguide propagation”. By this we will mean waves
traveling in a medium such that the medium is homo-
geneous in the direction of propagation but inhomo-
geneous in the perpendicular direction.

In simple cases of homogeneous media it is well
known that there are relations between the group
velocity (v,) and the phase velocity (v,). Thus, for
example,

vy = 1, (1)
and
Upl, = c2, (2)

where c is the velocity occurring in the wave equa-
tion. Here we will show that there are simple
generalizations of Eqs. (1) and (2) which hold for
“waveguide propagation.” While there are many varia-
tions of the waveguide problem,! we will for purposes
of clarity restrict attention to only one such—and, in-
deed, one of the simplest.

2. FORMULATION

Consider the following generalization of the simple
wave equation

132 _ (3)
c2 812
where now ¢ is independent of z but may be a general

real function of the perpendicular coordinate r,. We
look for solutions

V2o —

d = ei(kz—wt)q’;(:;))' (4)
Here \I/(rp) is to be such that Eq. (3) and prescribed
boundary conditions are satisfied.

Thus

(VZ— k2)¥ = — w29, (8)
We note these conditions are equivalent to the require-
ment that the expression

o JUgeiz + k2w [2d2,

®)
Jlwl2/c2¢,) a2,

is stationary with respect to variations of ¥.

3. RESULTS AND PROOFS

Let
2/c2 2
1767 = fl\I/I /c (rp)d 7, -
f1w|2a2»,
then with
w dw
Up = — Vv = —
k & adk
we have
v, = 1/1/¢2 (8)
and

v, 2 V1/1/¢2, (9)

(10)

Proofs: Since the expression in Eq. (6) is station-
ary with respect to small variations in ¥, we may find
dw/dk by differentiating Eq. (6) only where % occurs
explicitly. Thus
dk Jivlz/c2(r a2,

Therefore, dividing by 2k, we obtain Eq. (8).

2w =2k/1/c2  (11)

Further, since | V,¥ |2 is positive definite, we see that
_ k2f19za,
Sl¥l Zdzrp/c2(1'p)’

from which Eq. (9) follows. Finally, combining Eqgs.
(8) and (9), we get Eq. (10).

4. CONCLUSIONS

It has been shown that the relations between phase and
group velocities are generalizable in inhomogeneous
situations. The proof is in some sense simpler than
the conventional one of using explicit expressions to
verify the relations. The key property is the station-
ary property of w2 as a functional of the wavefunction.

1 See, for example, L. M. Brekhovskikh, Waves in Layered Media
(Academic, New York, 1960).
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(Received 16 July 1971; Revised Manuscript Received 18 October 1971)

The differential equations and boundary conditions describing the behavior of a finitely deformable, polariz-
able, and magnetizable, heat conducting continuum in interaction with the electromagnetic field are derived by
means of a systematic application of the laws of continuum physics to a well-defined macroscopic model. The
model consists of an electronic charge and spin continuum coupled to a lattice continuum, which in itself con-
sists of two interpenetrating ionic continua, which can displace with respect to each other to produce ionic
polarization. Since spin angular momentum and electronic and ionic linear momentum are taken into account,
magnetic spin resonance and both jonic and electronic polarization resonances are included in the treatment.
Magnetic interaction terms are obtained by regarding magnetization as a consequence of point circulating cur-
rent densities. When material resonances are suppressed, a simpler model is applicable and a not only
smaller but somewhat different system of equations turns out to be convenient.

1. INTRODUCTION

In recent years a number of workers have obtained
reasonably consistent descriptions of the interactions
of the electric, magnetic, and electromagnetic fields
with deformable continua, beginning with the work of
Toupinl in 1956, in which he derived a properly in-
variant description of static electroelasticity from a
variational principle. Subsequently, Eringen2 obtained
a similar consistent description of static electroelas-
ticity from a somewhat different variational prin-
ciple. Some time later Brown,3 and Tiersten4s5 pre-
sented essentially equivalent rotationally invariant
descriptions of magnetoelasticity. The former author3
employed a variational principle to treat the static
case, while the latter? introduced a continuum model
and employed the notion of the quasistatic magnetic
field to treat the dynamic case in the presence of
heat conduction, linear mechanical viscosity, and
magnetic dissipation. Shortly thereafter Eastman6é
reported on a wave velocity experiment, using a
static biasing magnetic field, in agreement with the
linear limit of the rotationally invariant nonlinear
description of magnetoelasticity and at variance with
the linear descriptions of Kittel,7 Schlomann,® and
Akhiezer, Bariakhtar, and Peletminskii,? which are
based on the infinitesimal magnetostrictive theory of
Becker and D6ring.10 Recently Tierstenl? introduced
a continuum model of polarization and employed the
notion of the quasi-static electric field'? to obtain a
description of dynamic thermoelectroelasticity. In
the static case in the absence of heat conduction,
these equations are equivalent to those of Toupinl
and Eringen,2

In 1963 Toupinl3 presented a theory of the electro-
dynamics of finitely deformable, polarizable continua.
This description encompasses electromagnetic pro-
pagation and reduces to his earlier theory in the
static case. Toupin obtains his equations by postu-
lating certain electromagnetic-mechanical inter-
action terms without defining a model in any specific
detail. In 1965 Dixon and Eringenl4 employed a par-
ticle model and averaging techniques to obtain equa-
tions for the electrodynamics of deformable continua.
When the unusually general case treated by Dixon and
Eringenl4 is reduced to that treated by Toupin,13 the
resulting equations appear to differ in certain res-
pects. Penfield and Haus15 have discussed the inter-
action of the electromagnetic field with deformable
continua in a variety of circumstances. Throughout
their treatment, they employ a procedure they call
the Principle of Virtual Power in order to obtain
momentum interaction terms, and they systematically
employ the concept of magnetic poles and use the
formalism of Chu,16 which they compare to other
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formalisms. It is difficult to compare their equations
with those of others in seemingly equivalent situa-~
tions because they do not present the complete con-
stitutive theory. Recently, Nelson and Lax,17 in a
treatment of the acoustical scattering of optical
waves, obtain a description of the interaction of the
electromagnetic field with a finitely deformable,
polarizable continuum by means of a variational prin-
ciple. The resulting equations, although similar to,
appear to differ in certain respects from those of
Toupinl3 and Dixon and Eringen.14 However, more
careful examination may reveal that they are actually
equivalent in more ways than are readily apparent,18
None of the aforementioned electrodynamic works is
Lorentz invariant, but that is not a severe limitation
because material velocities encountered in practice
are considerably less than the speed of light, Never-
theless, Grot and Eringenl® obtained a Loreniz in-
variant description using an appropriately simplified
version of the model of Dixon and Eringenl4 and
Bragg2© presented a Lorentz invariant description of
the electrodynamic theory of Toupin.13 In the ab-
sence of intrinsic magnetic moment, the low velocity
limit of the work of Grot and Eringenl?® has been
shown21! to be equivalent to that of Toupin.13 How-
ever, the flexibility of the model as related to its
potential use in diverse physical situations and the
range of applicability of the resulting equations are
of greater interest to us at present than whether or
not a particular set of equations is Lorentz invari-
ant, although Lorentz invariance per se is certainly
desirable.

In this paper the differential equations and boundary
conditions describing the behavior of a finitely de-
formable, polarizable, and magnetizable, heat con-
ducting continuum in interaction with the electromag-
netic field are derived by means of a systematic
application of the laws of continuum physics to a well-
defined macroscopic model consisting of appropri-
ately defined interpenetrating continua. Magnetic
spin resonance and both ionic and electronic polari-
zation resonances are included in the treatment. In
essence, this work couples previous work in magne-
toelasticity4 with an extended version of recent work
in thermoelectroelasticity.1? The resulting descrip-
tion is not Lorentz invariant, but, as already noted,
that is not a severe limitation because macroscopic
material velocities are considerably less than the
speed of light. However, it is to be noted that the
description should be accurate to terms linear in the
ratio of the material velocities to the speed of light,
and, consequently, should be capable of accurately
describing very small velocity effects. Moreover, as
we indicate later on, there are reasons to believe that
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it will not be difficult to find the equivalent Lorentz
invariant description in simplified cases.

The model, from which the description is obtained,
consists of an electronic charge and spin continuum
coupled to a lattice continuum. The lattice continuum
is somewhat more complicated than any considered
heretofore,4s11 in that it consists of two interpene-
trating ionic continua, which can displace with res-
pect to each other and, thus, produce ionic polariza-
tion. The electronic continuum is a combination of
one used previously in magnetoelasticity4 and one
employed recently in electroelasticity,11 in that both
the charge and angular momentum of the electronic
continuum are taken into account. However, the defi-
nition of the spin continuum employed here is more
fundamental than the one used previously,? in that
this one consists of a circulating current density,
which, in the appropriate limit, accounts for the mag-
netization. The more fundamental approach employed
here results in a different and more satisfying des-
cription of the magnetic energetics. The difference,
although important in principle, is not significant in
practice whenever quasi-magnetostatics is applicable.
The identified continua interact by means of defined
local electric and magnetic material fields, which
cause balancing forces and couples to be exerted be-
tween the continua,

Since the fundamental electrical and magnetic con-
stituents of the matter are taken to consist of charge
and current as opposed to polarization and magneti-
zation, the electromagnetic field interacts with the
material continuum in accordance with the Lorentz
force. However, the rates of supply of linear mo-
mentum and energy from the electromagnetic field
to the magnetized and polarized continuum are deter-
mined from the Lorentz prescription by means of
appropriate continuum definitions of magnetization
and polarization rather than by some particle aver-
aging techniques, as has been done in the past. In so
doing we are able to treat magnetization in addition
to polarization, and in a straightforward analogous
manner; and further, we are able to treat magnetism
as a dynamic current-induced phenomenon, which we
find desirable since magnetic monopoles have never
been observed experimentally. Lorentz, in his theory
of electrons,22 does not attempt to treat magnetiza-
tion explicitly, nor do Toupin!3 or Nelson and Lax.17
Dixon and Eringen!4 include magnetization and define
a model in some detail, but their model is a particle
model and does not consist of interpenetrating con-
tinua and is not defined in as much specific detail as
the one employed here.

The application of the appropriate equations of bal-
ance of mass and momentum to the respective con-
tinua yields the material equations of motion, which,
with the electromagnetic field equations, constitute,
as usual, an underdetermined system. The applica-
tion of the equation of the conservation of energy to
the combined material continuum results in the first
law of thermodynamics which, with the aid of the
second law of thermodynamics23—25 and the prin-
ciple of material objectivity,26,27 enables the deter-
mination of the constitutive equations of our nonlinear
theory. These constitutive equations along with the
aforementioned equations of motion and electromag-
netism and the thermodynamic dissipation equation
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result in a properly determined system, which can
readily be reduced to 16 equations in 16 dependent
variables. This system of equations in addition to
encompassing such phenomena as magnetic spin re~
sonance including the exchange interaction and ionic
and electronic polarization resonances, also accounts
for frequency dispersion caused by ionic polarization.
This occurs because the material stored energy func-
tion turns out to depend on the ionic polarization gra-
dient, among other variables, on account of the defi-
nition of the ionic continuum, Mindlin28 has con-
sidered the dependence of the stored energy function
on the polarization gradient in the static linear case
by means of a variational technique. The relation of
Mindlin's theory of the polarization gradient to the
small displacement equations of lattice dynamics has
been discussed by Askar, Lee, and Cakmak.29

When the interaction problem under consideration is
such that ionic and electronic polarization reso-
nances can be left out of account and the dependence
of the stored energy function on the ionic polariza-
tion gradient can be ignored, the distinction between
ionic and electronic polarization may be omitted and
the model of polarization may be replaced by the
simpler electronic-lattice continuum model employed
previously.11 If, in addition to the abovementioned
simplifications, magnetic spin resonance and the ex-
change interaction are left out of account, the result-
ing system of nonlinear equations can readily be re-
duced to eight equations in eight dependent variables
in place of the aforementioned 16 equations in 16 de-
pendent variables. Under appropriate circumstances,
intermediate systems of equations can be obtained.
These reductions are greatly facilitated by the use of
a Legendre transformation in the first law of thermo-
dynamics, which in each instance results in a valu-
able change of constitutive variables.

In order to complete the system of equations, jump
(or boundary) conditions across moving, not neces-
sarily material, surfaces of discontinuity are deter-
mined from the appropriate integral forms of the
field equations, which are taken to be valid even when
the differential forms from which they were obtained
are not. In addition to the integral forms of the bal-
ance equations, important integral forms of the mo-
mentum and energy relations for the electromagnetic
field equations in deformable continua are obtained
from the aforementioned fundamental expressions

for the rates of supply of momentum and energy from
the electromagnetic field to the matter with the aid of
the low velocity limit of the relativistic transforma-
tions of the electromagnetic field vectors. The inte-
gral form of the momentum relations results in ex-
pressions for the Maxwell tensor and the electromag-
netic momentum that reduce to those of Livens30
when the matter is at rest. The integral form of the
energy relation reduces to Poynting's theorem, which
is interpreted in a somewhat more general way than
heretofore, when the matter is at rest. The integral
form of the momentum relations is essential in the
determination of boundary conditions, which are re-
quired if boundary value problems are to be properly
formulated and solved. The integral form of the
energy relation is required in principle, provides
interesting insight and can be used to obtain approxi~
mate information about jumps across surfaces of dis-
continuity when a solution is not available.
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2. THE INTERACTING CONTINUA

As stated in the Introduction, the macroscopic model
consists essentially of an electronic charge and spin
continuum coupled to a lattice continuum, which, in
itself, consists of two interpenetrating ionic continua.
Actually there are two electronic continua, one for
each ionic continuum. However, as we shall see,a
sufficient number of assumptions are made so that
the two electronic continua can be regarded essen-
tially as one. Initially, all continua occupy the same
region of space and, hence, have the same material
coordinates X,. The motion of a point of the lattice
continuum, which is at the center of mass of the ionic
continua, is described by the mapping31

Vi =yi(XL; t), y =¥(X,1), (2.1)
which is one-to-one and differentiable as often as
required. In (2.1), the y, denote the spatial coordi-
nates and X;, the material coordinates and ¢ denotes
time. We consistently use the convention that capital
indices denote the Cartesian components of X and
lower case indices, the Cartesian components of y.
(X and y denote the initial position of all material
points and the center of mass of the ionic continua,
respectively.) Both dyadic and Cartesian tensor nota-
tions are used interchangeably. A comma followed
by an index denotes partial differentiation with res-
pect to a coordinate, i.e.,

3y, 0Xy

YiL = X, Kj = "3'3‘,]_‘, (2.2)
and the summation convention for repeated tensor
indices is employed. The lattice continuum has a
positive charge density o! and the (total) electronic
continuum, a negative charge density o¢. The plus
(minus) ionic continuum has a positive net charge
density o* (07), which counsists of a positive lattice
charge density o*(0!") and a negative electronic
charge density 0¢*(c¢”), and we may write

o =gt + o°’, (2.3)

o =gl + o¢, (2.4)
and

ol =0t + g, (2.5)

o€ = ¢t + o€, (2.6)
so that we have

ot +0” =0l + oe, (2.7)

Clearly, in addition to possessing charge, each por-
tion of each ionic continuum possesses mass, and we
have the analogous mass relationships

pt=ph + per, (2.8)
p~ = pi +peT, (2.9)
p! = ph + pl, (2.10)
pe=per + pe, (2.11)

where the p with the appropriate superscript refers
to the mass density of the continuum associated with

TABLE 1. Charge densities of continua,

Lattice Electronic Total
+ ITonic ol oet o*
— lonic ol oe- o
Total o! foad 0

that superscript, and all p and o in (2. 3)=(2. 11) have
the same material coordinate X. Clearly, from
(2.8)-(2.11), we have

p=p" +p~ =pl+pe, (2.12)

where p is the (total) mass density of the combined
continuum,

In a (finite) motion, the ionic continua are permitted
to displace with respect to the center of mass of the
ionic continua by infinitesimal displacément fields
w' and w- and each electronic continuum is permit-
ted to displace with respect to its ionic continuum by
additional infinitesimal displacement fields n* and
1-. However, since we are interested in considering
only one electronic polarization resonance, we arbi-
trarily assume that 5* =7~ = . This is one of the
assumptions which enables us to discuss ore elec-
tronic continuum without regard to the ionic conti~
nuum with which the specific electronic continuum is
associated. A schematic diagram indicating the
motion of the model appears in Fig.1. The infinitesi-
mal displacement fields w*, w™, and i are regarded
as functions of y and ¢ and are constrained to satisfy

Wer =0, W, =0, (2.13)
in order to assure that elements of the different
continua, with the same material coordinates, have
equal volumes at all times. Since the net charge den~
sity at any material point vanishes initially,i.e., in
the reference configuration, and (2. 13) are satisfied
identically, we have, by virtue of the conservation of
charge,

Mo = 0,

(2.14)
gl +o¢=90 (2.15)

for all times. The charge relations contained in
(2.3)~(2.7),(2.14), and (2. 15) are shown in Table I.

+ionic continuum - ionic continuum

\ - electronic

+ electronic . X continuum

continuum

FIG.1. Schematic diagram showing the relative displacements of
the interacting continua.
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On account of the conservation of mass and charge of
each continuum and (2. 13), the ratios of mass density

to charge density for the respective continua are

t [E’ié(v»f %:—‘_)x BM]

- iomc continuum

y
FIG.2. Schematic diagram showing the linear momentum and
force and couple vectors acting in the negative ionic continuum,
A similar diagram can be drawn for the positive ionic continuum.

/ \\
&% dw dl.
P (v+jf+j' ) /

- efectronic continuum
N

FI1G.3. Schematic diagram showing the linear momentum and force
vectors acting in the negative electronic continuum. A similar dia-
gram can be drawn for the positive electronic continuum.

-

Mx F
o~

AN
.. \——electronic continuum

/% \\
/ﬁ'x'?(y

e

FIG.4. Schematic diagram showing the angular momentum and
couple vectors acting in the negative electronic continuum. A
similar diagram can be drawn for the positive electronic con-
tinuum.
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fixed constant numbers, and we may write

pt =r'e*, pT=¥r"0", pe=rige (2.16)
where ¥* and 7~ are given constants for a specific
material and v ¢ is the ratio of the mass to the charge
of an electron. Although other » coefficients can
readily be defined,»" ,7 7, and 7€ turn out to be the
only ones needed because we introduce the additional
material constants

(2.17)

m=p7/p", s =p¢pl

e=oge/oet, M= |M"/{M"] (2.18)
which are more convenient. In (2.18), M'* and M’~
denote the magnetizations associated with the res-
pective ionic continua. From (2.14),(2.16), and (2.17),
we have

o= —mr, {2.19)
Since a point y of the lattice continuum is defined as
the center of mass of the interpenetrating ionic con-
tinua, we may write

Joly +wprdV + fo (y + w)pav
= [,(p* +p-)ydv, (2.20)

and since, by virtue of (2.13),V* = V- = V, we have

prwt+pwm =0, (2.21)
In addition, because of the conservation of mass of
each ionic continuum, we further obtain

L dwt _dw"

P e WZO, (2.22)

where d/dt denotes the material derivative32 follow-
ing y.

The electronic continuum associated with each ionic
continuum, in addition to possessing the negative
charge density o¢ and appropriate linear momentum,
possesses at each point a circulating current density
j)c, i'ds, which in the appropriate limit accounts for
the magnetization M’, and angular momentum density
M’/y (y the gyromagnetic ratio and a negative num-
ber), where M’ is the magnetization referred to the
instantaneous local rest system of inertia33 of that
point y of the deformable continuum, Each electronic
continuum interacts with its ionic continuum by
means of defined local electric material fields E#t,
which cause equal and opposite forces o¢*E¢ and

— g¢*E¢ to be exerted between the respective elec-
tronic and ionic continua that act through the res-
pective points (y + w* + 1), and defined local magne-
tic material fields BZ#, which cause equal and oppo-
site couples M't X BL* and BL* X M’* {0 be exerted
between the respective electronic spin and ionic
continua. Each electronic spin continuum interacts
with neighboring elements of the same spin continuum
by means of 2 magnetic exchange field4 F*, which
acts across the surface of separation to produce a
couple per unit surface area M'* X F* However,
since we are interested in treating only one electro-
nic polarization resonance and one magnetic spin
resonance, we arbitrarily assume that E¢* = E¢~ = Ee,
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Bi* = BL- = BZ and F* = F~ = F. By virtue of these
assumptions and the previous assumption on 7, we
can usually discuss the two distinet electronic con-
tinua as if they were one. The ionic continua interact
with each other by means of a defined local electric
material field EX, which causes equal and opposite
forces o*EL and 0"EZL to be exerted between the ionic
continua at the position y, and defined equal and oppo-
site local material couples ¢. Each ionic continuum
interacts with neighboring elements of the same ionic
continuum by means of a traction force per unit area
t* acting across the surface of separation. As stated
in the Introduction, the Maxwell electric field E¥ and
magnetic induction field BM exert the usual Lorentz
force on all elements of charge and current density.
Schematic diagrams illustrating the abovementioned
interactions in the model are shown in Figs. 2-4.

3. THE EQUATIONS OF BALANCE

In view of the discussion in Sec. 2, the equations of
the conservation of mass for the different continua
may be written in the form

d
& forav=0, Z oeav=o, (3.1)
d (o d o
G lerav=0, % fweav =y, (3.2)

where V is an arbitrary element of volume for which
each of the continua has the same material coordi-
nates. From (2. 8),(2.9) or (2.10), (2. 11), and (2. 12),
(3.1),and (3. 2), we obtain the equation of the conser-
vation of mass for the combined continuum in the
form

& [pav =o.

The equations of the conservation of linear and angu-
lar momentum for the electronic charge and spin
continuum associated with the positive ionic con~
tinuum are, respectively,

(3.3)

fyoe"[EM(y+w*+n) +Ee+é<v + 4w

at
+ Z—?) X BM(y + w* + ")} av + [, §oi™ds x Bi(y)dV
d (e dn)
=71 WP <" tar @) (3.4

g +w +q)x o”[EM(y +tw ) +Ee

1 a d
+C( +;'L+d;'>x BM(y +w++n)]

+ §pi’* ds X BM(y)de + M'* X FdS

+ [,M'* X (BM(y) + BL)dV = i fv(y tw

. dw*

where v = dy/dt, i’* is in magnetic units, C is the
speed of light,C’ is an arbitrary vanishingly small
circulating current loop taken to be stationary with
respect to the local rest system of inertia Gaussian
electromagnetic units are employed and we have
used the relation34
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lim $orr X (i7*ds X BM)
i1+ 00
C'—'Omaplane
= lim ¢ LD n X BMdsS = M'* X B¥,
50

it >0
n fixed

i'*nSy.

(3.6)

where
M*= lim
i+ 00
S(’)—>0

n fixed

(3.7

The equations of the conservation of linear and angu-
lar momentum for the lattice portion of the positive
ionic continuum are, respectively,

ftds + fy[ol*EM(y +w') —g¢E¢ + o' EL

C dt
_d 24 dw
=3 oo ( + 7”-) v,
L(y + w+) b'e t+ds + .IV(y + wo) X [UI*EM(y + w+)_o-e+Ee

1+
+ 2 ( +d_w_)x BM(y +w"):|dV

I+
+ 7 ( +‘-il)XBM(y +w*)]dV

(3.8)

c di
+ IV[YX g +EL+1)X(—0'?*E¢)C +BLX Ml+]dV

4 9 x pt+fy + 3% 3.9
_dth(y+w)Xp (v+dt)dV. (3.9)

The equivalent equations of the conservation of linear
and angular momentum for the electronic and lattice
portions of the negative ionic continuum take the
forms

B} N 1 d
Jroe [F-M(y+w +n)+Ee+C(v+ ;;

d .

+ 3?) X BM(y +w + n)] av + fvsgc,z"ds X BM(y)dv
_d _ dw~  dy
_a?fvpe (V'f‘—a-t—‘l’d—t-)dv,

fry +w +7q) x %0‘?’[1‘3“(3’ +w +1n) +Ee

(3.10)

+1< +‘.%"'it-+ )XBM(y+w +n)]
+ §pi’-ds x BM(y)g dv + [{M'- x FdS
+ Jm- x ®M) +BHav = 2 7 +w

o dw
+m) X p (v+dt dt)dV+ fv M v ,3.11)

i~
fst-as + fv[o“EM(y +w?) —oEe + ¢"EL + %— (v

dw - _d . dw~
+ 'ﬁ‘)x BMy +w )] v = prl (v + _at_)dv,
(3.12)
Ky +w) x vds + [y +w) x [0"EM(y +w)—o¢ E°
l
+ OC ( + d—;t—) x BM(y +w‘)] dv + fv[Y X o-EL
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+N X (—0¢E?) —-C + BL X M"]dV = ad? fV(Y

+W)XP"(V+ )dV (3.13)
Since w*, w™, and 5 are all infinitesimal displacement
fields, we expand E¥ and B¥ at (y + wt + ) in a
Taylor series about y and retain the first term to
obtain

EM(y + §)= EM(y) + £+ VEMYy), (3.14)

BM(y + &)= BM(y) + £+ VBX(y), (3.15)
where V = e,9 /3y, and e; is a unit base vector in the
ith Cartesian direction. However, since the displace-
ment fields w*, w", and 7 constitute an integral part of
the models of the ionic and electronic polarization
densities, but bear no relation to the model of the
magnetization densities, which consists of the circu-
lating current terms i'* ds, the expansion (3. 15) is
employed in charge density terms only and not in
current density terms. This is tantamount to assum-
ing that i'tds experiences the B¥ at y rather than at
{y + w* + 7). This fact has already been taken into
consideration in writing Eqgs. (3. 4), (3. 5), (3. 10), and
(3.11).

Substituting (3. 14) and (3. 15) into (3. 4) and (3.10),
taking the material time derivative, employing the
second of (3.1) and the second of (3.2}, neglecting
terms containing products of 1 and/or w* and utiliz-
ing the fact that V is arbitrary, we obtain, respec-
tively,

e+
0 EM 4 ge'wt + VEM + oe*n-VEM +9;.v X BM

C
0 dw' \ gy 0% 4N . VBM
+ = ar XB +C ar XBM+-é—vx(w vB¥)
ge*
- ) + 0e*Ee + M'* « BMy
_ e GY La2wt | L.d?m
= pe — 5 + pet = - dfz’ {3.16)

.-
g¢"EM + gf"w ¢ VEM + ge e+ VEM +2  vxBxM

C
oe” dw” o dn —.
+ o G XBM + thM+—C—vX( vB#)
+ %5V X (n+VBM) + 0*"Ee + M« B¥Y
_dv _dw _dn
=pe-Z¥ 4 pe +pe 3.17
P dt P dt2 datz’ ( )

where we have utilized the relation34

lLim $oiitrds X BM = Yim ks ivn e (BMV)dS

i’ o0
C’~0 in a plane 54— 0
n fixed
= M't sBMY {3.18)

and employed (3.7). Adding (3. 5) and (3.11), and
utilizing the second of (3.1) and (3. 2), (3. 4), (3.10),
and the relation

M =M"*+M", (3.19)
we obtain
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b x Fas + fymr x (B + BV = 3 f, v,
(3.20)

which is the integral form of the conservation of
angular momentum for the electronic spin conti-
nuum.35 Application of (3. 20) to an elementary tetra-
hedron in the usual manner yields the definition of
the magnetic exchange tensor A:

F=-—n-"A, (3.21)
where n is the outwardly directed unit normal and, by
virtue of the definition of F, we have, without any loss
of generality,

A'M =0, (3.22)
which reduces from nine to six the number of pos-
sible components of A. Since the material is mag-~
netically saturated and mass is conserved, the mag-
nitude of the magnetic moment per unit mass p’,
defined by

u=M/p, (3.23)
is conserved, and we have
poep' =pl2 (3.24)

and p} is constant in a homogeneous material. Sub-
stituting from (3. 21) and (3. 23) into (3. 20), taking
the material time derivative, utilizing (3. 3), the
divergence theorem and the arbitrariness of V, we
obtain

W X (BM —V+A—(1/p)Vp+ A + BL) = %‘fi_“i, (3. 25)
where we have introduced the condition36
A=Ak, (3.26)

which is required on account of (3, 24). Equation
(3. 25) is the magnetodynamic equation of motion of
the spin system. Adding (3.16) and (3.17), and sub-
stituting from (2. 6), (2. 11), and (3. 19), we obtain

0¢EM + (0¢'w* + g¢"w) * VEM + g¢q « VEM
[¢5d 1 dw dW’ M
*a“'xBM*‘C("‘”?T* dt)xB

oedn

tear X BM + X [(oew* + 0¢"w) * VB¥]
+ %x (oem + VBM) + o¢Ee + M’ « BMVY =pe%
d?w* _d?w d2n
+ + — @ e -+ —_— 3. 27
” datz P dt2 gdtz ( )

which is one form of the equation of motion of all the
electronic charge, i.e., of the electronic charge con-
tinuum.

Application of (3. 8) and (3.12) to an elementary
tetrahedron in the usual manner yields the definition
of the respective stress tensors of the positive and
negative ionic continua, thus,

(3.28)
Substituting from the first of (3. 28) into (3.8) and

tr=n-7", tt=n-*71,
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from the second of (3. 28) into (3, 12), taking the mat-
erial time derivatives, using the first of (3.1) and
(3.2),(3.14), (3.15), the divergence theorem and the
arbitrariness of V, we obtain

V7t + ¢I*EM + glvw* « VEM — g**E¢ + g*EL

—— M — + o M 0 dw M
+Cva +Cvx(w VB)+C dth
dav d2w*
=ph 22 4 plv =2 3.29
ph R — (3.29)

Ver +ol'EM + gl'w + VEM — ¢g¢"E¢ + o"EL

gt ua OF - opM 4 O dw
+t—-VXB +'C—VX(W vB )+-U-W—XB
_dv _d2%w
=pb— 4+ plt— 3.30)
P dt dt2 (

which are the stress equations of motion of the lat~
tice portions of the positive and negative ionic con-
tinua, respectively. Substituting from the first of
(3. 28) into (3.9) and from the second of (3. 28) into
(3.13), taking the material time derivatives, using
the first of (3.1) and (3. 2), the divergence theorem
(3.29) and (3. 30) and the arbitrariness of V, and
neglecting products of w*, w~ and/or 7 in terms in
which the Taylor expansions (3. 14) and (3.15) were
employed, but not in terms in which they were not, we
obtain, respectively,

6,75 +C + BEX M + eg,,(wiry),; + ob'w* X EM
+ 9 @ x (v X BY) + w x (2 4%, g
C C di
+ + dav dZVI+
—(n +tw) Xo“Ee—w* X plt — _wrplt —— =,
at dt2
(3.31)

- - —— l._ -
€,6;;7; —C T+ BIX M'™ + e,¢,,(w;77),; + ol'w X EM

X (y X BM) + or dw” M
+?w (v X BM) w><<c dth)

d2w-

“@vw 9o

di2
(3.32)

The procedure used in neglecting products of w*, w"
and/or 1 implicitly assumes that the products of the
magnitudes of any of the infinitesimal displacement
fields with the magnitudes of the gradients of the
electric and magnetic fields EM and B™ are suffi-
ciently small compared to the fields themselves to
justify the operations., Now, substituting from (3. 16)
into (3. 31) and from (3.17) into (3. 32), employing
(2.3) and (2. 4) and neglecting products of w*, w, and
7 resulting from the use of (3. 14) and (3. 15), we
obtain

_.(17 +w‘) X g¢Ee —w )(pl*%_w—xpl_

€8, Th + ele,kj(w;'r‘.’j),‘. +C +BL X M* + o*w* X EM
ot + d* dw

+ X (v X BM + v
ol (vXBM) +w x(a_dtxn)

+ 7% oe*EM+nx%‘:(vaM)+1, = (d;; xBM>

dn dn dv
+ * X o M) — w
"XT(dth>+wxc<dt"B> v ar

d2w d2y dy
+ % + + ev 4 ___ X pet
P dat2 P dat2 nxe dit
2wt d2q
X pet ——— —q X pet =L = 0, 3.33
nX pe — X P g (3.33)

e, ;T t+ e,e,kj(w;ri‘j),i —C+BLXM-+0ow XEM

o M o~ dw” M
+CwX(vXB)+w X(C thB)
-EM M aw
+ X o¢"E +nX (VXB)+"XTTit_xB
dn _,, 0¢ [dy M

+nx——-c (dth>+w X = (thXB

v d%w %

~WXp ——W Xp ———w Xpe

p dat < dt2 P dt2

_dv _d2w -d%n
—paxper L _pxpe-Z¥ _pxpe =0, (3.34)
X P —r =X peT—re = X peT =2 =0,

which constitute one form of the equations of the
conservation of angular momentum of the positive
and negative ionic continua, respectively, including
the electronic continuum associated with each ionic
continuum,

At this point we introduce the following definitions,

Pe=gen = pme, (8. 35)

Pl =ow* + ow =pni, (3. 36)
where P¢ and P/, ¢ and 7 are the electronic and
ionic polarizations per unit volume and per unit
mass, respectively. In view of (2.14),(2.17), (2. 21),
and (3. 36), we have

Pl=ocw(l+m=0wm+1)/m (3.37)
and from (3. 35)=(3. 37), (3.1)—(3. 3), (2. 16), and (2. 22),
we have

ame AN

P =037, (3.38)
dnl . dw* - dw
Par =9 g T g =0+m )‘rdt

fr3):

From (3.1)-(3.3) and (2. 16), we find

aw*
I (3.39)

ldp_1doc_1do°_1do
pdt oedt o*dt o dt’
hence, we may write
d21re d?n
=
P ar de2’ (3.40)
d2yl d2w* d2w d2?w
=g* + 0 =(1+ a
di? dt? dat? ( m) o dt?

m+ 1 d2w*
={—) 0" ——. 3.4
( m )0 dat2 (3.41)

Substituting from (3. 35), (3. 36), and (3. 38)~(3. 41)
into (3. 27) and utilizing (2. 6), (2.12), (2.16)~(2. 19),
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(2. 21), (2. 22), and possibly some other relations in
Sec. 2 and (3. 23), we obtain

EM +(’——~'1' - e) r'nle VEM +%f1re'VEM +é—x BM

m—e\rtdn ve dme

( )UdthM+BCdsz

( _> v X (1{+ YB¥)
+7/—v><(1re'VBM)+E‘?+Z—ep’°BMV

BC g

- 241 2 42
=reﬂ yoye P —€ d2m +(re) d2ne (3.42)

dt 1+ e/ dt? B dt?

which can properly be called the equation of motion
of the electronic polarization, and where
B=s/(1+s). (3.43)
Adding {3. 29) and (3. 30), substituting from (3. 16) and
(3.17) and utilizing (2. 3), (2. 4), (2. 8),(2.9), (2. 12),

(2.14), (2.186), (2. 22), (3. 35), (3. 36), and (3. 38)—(3. 40),
we obtain

. CURM 4+ ¥ . URM P_d_ M
VT +P*VE¥ + = X (P+VB¥) + car XB
dv d2qe

+M e BMY =p L +rep S, (3.44

o pdtz, ( )

which are the stress equations of motion of the com-
bined continuum, consisting of the positive and nega-
tive ionic continua including the electronic continuum
associated with each, and where p dety, ,, = p, the
jnitial mass density and

T=717"+7, P=P+P¢ 7w=mul+gye (3. 45)
where 7 is the total mechanical stress tensor and P
and 7 are the ordinary total polarizations per unit
volume and per unit mass, respectively. Now, sub-
tracting 1/m of (3. 30) from (3. 29), substituting from
(3.16) and (3. 17) and employing (2. 3), (2. 4), (2. 6),
(2.8),(2.9),(2.14),(2.16)-(2.19), (2. 21), (2. 22),
(3.23), and (3. 35)~ (3. 41), we obtain

mr*V oA + pEM + y*m — 1)P/+ VEM + pEL

+gvXBM +1:—17%~———L)VX(PI'VBM)

*(m——l) M m—e . M
——C-'— WXB +r* T 5e P¢+VE
fm—e\pdne Mo Y (m—e JR—
tr <1+e>C ar *B +0(1 )""(Pe vB*)
rm —7r )M’-BMV
1+rm)
d2w 'm — d2ne
= "2 +reyt{——)p ——
m(r*)2p (1+e> a2’ (3. 46)
where
A=p Lo (3.47)
™m

and Ais called the ionic polarization stress tensor.
Equation (3. 46) can properly be called the equation
of motion of the ionic polarization. Adding (3.33) and
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(3. 34) and employing (2. 6), (2.14), (2. 16)-(2.19),
(2.21),(2.22), (3.19), (3. 35)-(3.41), (3. 45), and (3. 47),
we obtain

€,6,,;T;; T e, mr(nla) ; + BLX M

+ MY My rm=1) _, fdn! M
PX(E +CXB>+ C p‘n’xd B

r*m — e) [ . (dﬂ' dne
+er ey Plre(ar x B+ v (g < B
+ .7: pme x(d‘” X BMy— m(7,+)2p1,1 X d2m!
CB dt dt2
_ 2
_rep"ex d_v_y*rz(’n g)p(.”lx d Te
dt 1+e dt?
d21r1> (r9)2 d2qe
+ e X —_— e X = 3,
212 3 P 7 0, (3.48)

which is the equation of the conservation of angular
momentum for the combined continuum. As can
readily be seen, this has been an involved derivation
of a rather complicated relation. However, in Sec. 6
we shall show that this rather complicated relation
is a straightforward consequence of the principle of
material objectivity, which in this instance is satis-
fied if the stored energy function is invariant in a
rigid rotation. As a consequence, the equation of the
conservation of angular momentum is not explicitly
required because it is satisfied identically by virtue
of the abovementioned rotational invariance condi-
tion. Moreover, since we are not interested in evalu-
ating the couple of interaction C between the ionic
continua, which couple can readily be determined a
posteriori, the difference equation of the conservation
of angular momenta of the ionic continua is not of
interest and will not be presented.

Since the electromagnetic field vectors E# B¥ P,
and M’ appear in the pertinent equations of balance
(3.25), (3.42), (3. 44), and (3. 46), the Maxwell electro-
magnetic field equations naturally must be included
as part of the theory. Consequently, we briefly dis-
cuss the electromagnetic field equations for continua
in the next section.

4. THE ELECTROMAGNETIC FIELD

As we have already noted, the field vectors E¥ B,
P, and M’ must satisfy the Maxwell field equations
for electrical insulators, which in Gaussian units
take the form37

CV xXH = %%, (4.1)
M
CVXEM=-a~a§t—~, (4.2)
where C is the speed of light,
D=E¥ + 47P, H=BM¥—47M (4. 3)
and 1 1
M:M'—EVXP', P==P'+6VXM', (4.4)

are the low velocity limit of the relativistic trans-
formations38 from one inertial coordinate system to
another. In (4.4) P’ and M’ are the polarization and
magnetization, respectively, in the instantaneous -
local rest system of inertia for the point y(X, {) mov-
ing with velocity v relative to our rest system of
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inertia, and P and M are the polarization and mag-
netization, respectively, in our rest system of inertia.
In addition to (4.1) and (4. 2), the auxiliary Maxwell
equations

VeBM=0, V+D=0, (4.5)
are satisfied identically. Equations (4.1), (4.2), and
(4. 5), respectively, may properly be regarded as
consequences of the integral forms39

§Hdy = Cat 9 [n-Dds, (4. 6)
fE¥ . dy=—1 2 [n-Bias, (4.7)
[neBMiS =0, [in-DdS=0, (4.8)

from which (4. 1), (4. 2), and (4. 5) can be obtained
when the field vectors in (4.6)~(4. 8) are properly
differentiable. However, (4. 6)—(4. 8) are taken to be
valid even when the field vectors are not differen-
tiable and, consequently, (4. 1), (4.2}, and (4. 5) are not
valid. In (4.6)—(4.8),c denotes a closed circuit sur-
rounding an open area s and S denotes a closed sur-
face surrounding a volume V, all of which are sta-

tionary with respect to our inertial reference system.

Clearly, Eqgs. (4. 6)—(4. 8) can be used to determine
jump conditions on the field vectors across moving
surfaces of discontinuity in addition to determining
(4.1),(4.2), and (4. 5) under appropriate circumstan-
ces, Detailed use is made of (4.6)-(4.8) across
moving surfaces of discontinuity in Sec. 7.

In view of Eq. (3. 44), which is the conservation of
linear momentum for the combined material con-
tinuum, there is an electromagnetic force relation
that can be derived with the aid of (4.1)-(4.5) and
used to obtain an integral form from (3. 44), which
can be used to determine jump conditions on traction
across moving surfaces of discontinuity. We now
proceed to derive this integral form. To this end we
consider the electromagnetic body force term in

(3. 44), which resulted from our model and in indicial
notation takes the form

, 1 1 dm,
fi = PEN + M{BY + &= 0, PBY + meuP -7~ tBp,
(4.9)
which with the aid of the relations
dp
Py=pm, G5 =—pl, (4.10)
dP, P,
at =1 T (4.11)
can be written in the form
, 1
fi =PEN + M{BY + CejklkaiBl%
L1, oy Pigw 4 1 "
'C-e,ul Y +— ]kl(ka) B (4.12)

From (4.1), (4. 3), and (4. 4), introducing indicial
notation, we obtain

8Pl. C ’ ’ 1 ———aE‘M
=7 = g G BY — 41M) , + 0P — 0, P)) , — = =7,

(4.13)
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which, with the aid of (4. 2), enables us to write

1 P, Ml M , M
S 5pBM = - [(BM — amMy)) , — (B —

C 7il 3t 4"Ml’).j]BlM

1 ’ , 9 ]zl M
+ Eej”(viPr —v,,Pi)'TBl FTiVes EMBM
EM

i
—T;(Eﬂ- — EM). (4.14)
Substituting from (4. 14) into (4. 12) and employing
(4.3), (4.4), and the second equation of (4.5) and neg-
lecting terms in v,2,/C2, we obtain
Sy = a[ATPEM + EMEM + BMBM —

— L(EMEM + BYBY — 8aM;BY)S, ]

41rBiMMj’

_ 2 <e’” EMBM) (4.15)
4nC ‘
where
, 1
E; M E] + = ol ]klka, , (4.16)
and (e ]”EMBM/41rC) is Livens'40 expression for the

linear momentum of the electromagnetic field, and

Ti.E;M = 41_17[4ﬂpiEj¢M + EiME]-M + BiMB]_M _ 4nBiMMjI

- %-(El{zuEl]eM + B}IawBIIeW - 81TM,;BkM)6i].], (4.17)
is the Maxwell electromagnetic stress tensor for our
polarizable and magnetizable deformable dielectric
continuum,

When the dielectric is rigid and at rest with respect
to our inertial reference system,v =0, E¥ = E'M,
and M’ = M, and the force relation (4.15), and the
expression for the Maxwell stress tensor (4.17),
reduce to those of Livens.40 Consequently, these
electromagnetic force relations for a deformable con-
tinuum can be considered to be a generalization of the
force relations of Livens49 for the rigid continuum.
It should be carefully noted that these electromagne-
tic force relations are valid only to terms linear in
v/C because terms quadratic and higher in v/C have
been neglected in the derivation of these relations.

Substituting from (4. 9), (4. 15), and (4. 17) into (3. 44),
integrating over an arbitrary material region and
employing the divergence theorem, the transport
theorem4! and (3. 3), we obtain the integral form

fsn- (T + TEM + vg)dS :(% fv<pv +rep %1;—6 +g>dV,

(4.18)

where

g = EM X BM/4nC (4.19)
is the electromagnetic momentum in Gaussian units.
When the dependent variables are properly differen-
tiable, the differential form (3. 44) can readily be
obtained from (4.18). However, the integral form
(4.18) is taken to be valid even when the field vari-
ables are not differentiable and the differential form
(3. 44) cannot be obtained, such as across surfaces of
discontinuity. Equation (4. 18) is applied across mov-
ing surfaces of discontinuity in Sec. 7 in the deter-
mination of jump conditions on traction. When all the
appropriate substitutions are made, Egs. (3. 25),
(3.42),(3.44),(3.46),(4.1), and (4. 2) constitute an
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underdetermined system and constitutive equations
are required in order to obtain a determinate sys-
tem, as usual with continuum descriptions. To this
end we consider the conservation of energy for the
material continuum in the next section.

5. THERMODYNAMIC CONSIDERATIONS

The conservation of energy for the combined mat-
erial continuum, which consists of the positive and
negative ionic continua including the electronic con-
tinuum associated with each, can be written in the
form

%L(mpe)dv:fs[t“(v dﬂ)“’ < *ié"'i‘-)

+F-p%%——n'q}ds+fVEdV, (5.1)
where T is the kinetic energy per unit volume, € is
the internal stored energy per unit mass, t*s (v +
dw*/dt) denote the rates of working per unit area of
the mechanical surface tractions acting in the posi-
tive and negative ionic continua, respectively,

F * pdp’/dt is the rate of working per unit area of the
surface exchange torques,42 n* q is the rate of eff-
lux of heat per unit area and X is the rate of supply
of energy to the entire material continuum from the
electromagnetic field. In order to obtain expressions
for T and Z, we must return to our model of the com-
bined mater1a1 continuum,

From the model of the continuum it is clear that the
kinetic energy per unit volume is of the form

dw aw*

— 2 I+ —_—
)25
R aw* | dn dw* 17)
+pe ("* ar dt) ("+ ar ta

aw dw
- aw_
w0+ ) (v + )

- aw n dw™ | dn

+pe ( +’&T+dt) < +7dT+dt>}’
and the kinetic energy associated with the spin angu-
lar momentum has been omitted since its material
time derivative vanishes on account of (3. 3) and
(3.24). Expanding terms in (5. 2) and employing
(2.8)=(2.12), (2. 14), (2.16)-(2.19), (2. 22), (3. 38),
(3. 39), and (3. 43), we obtain

1r1 dn!

(5.2)

(r9)2 dme  dne

Py, 2 an wozan’
T_2[v v + mr*) Tt+ g ar | @
dme m — e\dne  dn!
HE A (TT?) a dtj| (5-3)

From the fundamental charge and spin model of the
continua, the rate RM at which work is done on the
matter by the Maxwell electric field E¥ is of the
form

RM = o“(v + ‘%‘9 . (EM +w+-vE“)

+ae*(v+dw Z?) (EM +w eVEM + 7o VE“‘>

+gl—<v+%:).(EM+w—.VEM)

+oe‘(v+d;; + ) <EM+w-VEM+n VEM>
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+C §p i'ds+ EM, (5.4)
and the rate at which work is done by the magnetic
induction field B¥ is zero in general because funda-
mentally the force exerted on any moving charge
element by B¥ is always normal to the instantaneous
total velocity of that charge element. Consequently,
the rate at which work is done on the matter by E¥
is identically the rate of supply of energy to the
matter from the electromagnetic field, and we have
T =RM, (5.5)
The constant C appears in the last term of (5. 4)
because i’ is in magnetic units. The last term in
(5. 4), which represents the rate at which work is
done by E¥ on the circulating conduction current
loops ¢, i'ds, may, with the aid of (4. 2), be written
in the form

C 9,i'ds*EM=C fs, i'n+V X EMdS
_———f i’n'——a as
S’ ot s

which, with (3.7) in the limit, yields

< . s oBM
’ . M — __ ’ .
i}irg c ﬁc, i'ds* EM = i}yg)z fs(', ne — ds
C’—0 in a plane $4—0
n fixed
=—M- at (5.6)

In the magnetic terms in (5.1) and (5. 4) the notation
for the + and — continua has been dispensed with and
the sum of both used directly. Substituting from
(2.3),(2.4),(2.6), (3.35),(3.36), (3. 38), (3. 39), the
second and third equation of (3.45),and (5. 6) into

(5. 4), and neglecting products of w* and 7, we obtain

EM‘pg1t'+P VEM'V—M"aB

(5.7)

Substituting from (2. 16), (2. 17), (2. 22), (3. 39), (5. 3),
and (5.7) into (5.1), we obtain

2
i pr I:-év.v +%(’V )2 d‘ﬂ'I dun? + (ye) dmwe dﬂe

28 df  df

+e]dV

+F-p%”;:—n-q)ds
M
aB )dV
(5.8)

t dat  dt
dme ,m—e dne dn!
REAMA A =l T T

+q. ani
—fs<t v + mr*d ar

+fV(EM-p§l+P VEMey—M -

where

d=t —1¢,

po (5.9)

t=t +t,
and from (3. 28), (3. 45), and (3. 47), we have

t=n*7, d=n-A, (5.10)
and t is the mechanical traction vector of the ionic
material continuim and d may be thought of as an
jionic polarization traction vector acting across
neighboring surfaces of the ionic continuum. Taking
the material time derivative in (5. 8) and using (3. 3),
substituting from (3. 21), (3. 45), and (5. 10), employing
the divergence theorem (3. 24), (3. 25), (3. 42), (3. 44),
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(3. 46), and the arbitrariness of V, we obtain

de R . {4 du;
Par = Tl p“l‘BHUJ’L"”A i)~ AP\a).

d 1 e d
— &p ap — (B} + BM)p 2 “J
aBiM
_ pp’l ..52__. qi.i’ (5. 11)

where we have introduced indicial notation and

& = r*(m — 1} EY +EL+5( — g,

. e vt e M
+ ¥ (1 s e)n E] +7 <1 un e) ejklvkn;lBl_m

IBM
riUTAB M,

rim =7r") ,gu 5.12
(1 +»m) KBy (6.1
o —
& =7 <1 - e) TIEM + ngEY + BC &t B,
rt om—

e T e ejklvkﬂmBl'm + Ef + 'B‘“kBk.j' (5.13)
Employing (4. 11), with P, replaced by B, and
defining

x =€ + BMuj, (5.14)

5)1-]- = mr*Aij, (5.15)

we may write (5. 11) in the form

dx dy; dnf dng
% 1o T gep 15
Par =Tt — BE P gr — 8P g5 — &0 3

dau/ dm;
—‘qijp<—af_).i +®ij(d_tjl>.i ~ g (5.16)

which is the first law of thermodynamics for our
combined continuum.

Since we are considering a heat conducting, polari-
zable and magnetizable, deformable ionic continuum
without viscous type dissipation and with a first law
of thermodynamics of the form shown in (5. 16), the
mathematical expression of the second law of
thermodynamics may be written in the form43—45

dy LAy dn} dnf
—_— (4
P aF — T, +det+é'p +é’p
du dm; d
J J n
+Aijp<717)"' “Qif(a'r)‘ =p0 g, (517

where 8 is the positive absolute temperature and n
is the entropy per unit mass. From (5.16) and
(5.17), we have the dissipation equation

dn

—-q.._.pﬁdt, (5.18)

and the entropy inequality may be written in the form

dn 8% Lo
dt+<> = o2 =pI' = 0,

where I' is the (positive) rate of entropy production.
At this point it should be noted that this continuum
theory can readily be generalized46,47 to account
for arbitrary functional (viscous) constitutive res-
ponse in the manner set forth in a previous paper.11

(5.19)

Before proceeding to a determination of the consti-
tutive equations, we wish to write the conservation

of energy (5. 8), in a particularly interesting integral
form in which no volume source terms appear. To
this end we consider the expression (5.7) for Z,
which, with the aid of (4. 10) and (4. 11), can be
written in the form
3P, 0B}
= EiM -37_ + (vkpi),kEiM + PiE}gd,iUk M1 Bt . (5. 20)
Substituting from (4. 2) and (4. 4) into (5. 20) and
neglecting terms in v;v,/C2, we obtain
OB aBM
B=El g M

From (4.1) and (4. 2) in the usual way,48 with the
aid of (4. 3), we obtain

+ (0, P,EM),. (5.21)

c ) dUF 3P, aBM
477 e”kE MH '—a't—‘ + Ei —a—-t——Ml -a-t—, (5. 22)
where
1
UF = o (EMEM + BYB) (5. 23)

may be interpreted as the free-space electromag-
netic field energy. Equation (5. 22) is a particularly
interesting and useful differential form of Poynting's
theorem for nonconducting continua.4® Since the form
in (5. 22) depends only on the validity of Maxwell's
equations [Eqs. (4.1) and (4. 2)] and the relations

(4. 3), and is independent of any particular constitu-
tive assumption, it is always valid. Substituting from
(5. 3), (5.21), and (5. 22) into (5. 1), and employing the
divergence theorem and the transport theorem,41 we
obtain

d r[p ng 9T AT ("") dng dmg
EffV[§<”k”k+"’(7’) @t ar @t dar

L o) dngdn’) Jev
Yk 1 , e dar dl tpetU

f + d'ﬂ
= Js|tp; + mrid; dt +Fp dt — mg;

+2re

WLy Gk

which is the particularly interesting integral form of
the equation of the conservation of energy we have
been after. As with all such forms, Eq. (5. 24) is taken
to be valid across moving surfaces of discontinuity
even when (5.1) is not meaningful, and (5. 24) reduces
to (5.1) [or (5.8)] when P, M, EM and B¥ are appro-
priately differentiable. Clearly, Eq. (5.24) enables
the determination of jump conditions on the energy.
Moreover, Eq. (5. 24), which is a consequence of our
model, says that the material time rate of change of
kinetic plus stored internal plus electromagnetic
field energy is equal to the rate at which work is
done by the mechanical surface tractions, magnetic
exchange torques and ionic polarization tractions act-
ing across S less the flux of thermal and electromag-
netic Poynting energy outward across S plus a con-
vective flux of electromagnetic field energy and elec-
tric field-electric polarization interaction energy.

E H, + np,P,EM + nkkaF:]dS (5. 24)

6. CONSTITUTIVE EQUATIONS

Since we are concerned with thermodynamic proces-
ses for which both the state function equation (5.17)
and the dissipation equation (5. 18) are valid, we may
determine the heat conducting constitutive equation
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from (5.19) and the remaining constitutive equations
from (5. 17), which, by virtue of the relations

d dpJ'. d
i = Xmi gr (.1 ar /i = Xui gr (TANA

d‘njf d
i )i =Xui g7 T
may be written in the form
dy d o dy! dn!
P ar =i dar Vi — ijL’dT] — p&l —1-
e d
- pg]‘? at pA,-jXM’i dar (ﬂ;,M)
d dn
+D; X g7 fa) + PO (6.1)
Since the entropy inequality is of the form shown in
(5.19), it turns out to be convenient to define the
thermodynamic function y by the Legendre transfor-
mation

Y =x —nb. (6.2)

The substitution of the material time derivative of
(6. 2) into (6. 1) yields

ay d du J d1r1

P g5 = Tii%mi g7 Wi — PBf 7 — p&]
drs
- pé’je dt pAp]XMz dt (“] M) +$11XM idt ( M)
_dp
PN T - {6.3)
Motivated by (6. 3), we assume
W o= WA, a0 155 T T 5 15 a5 1 s 0, (6.4)
whence
ay oy d N Y du; oy dnf
@ =50, at i) Ve @ e al
oy dm 3 d W d
j 1% , Y
P + — (Wt — (nl )
A T S ar M agy) at
aw de
Yo a (6.5)

At this point we must recall that 12 of the 37 time
derivatives appearing on the rhs of (6. 3)and (6. 5)are
not independent, but on account of (3. 24) are connec-
ted by the four relations
dau’ d ay’,
[y 717]— =0, g Wt #},M“dT]‘

Consequently, we must introduce four Lagrangian un-
determined multipliers A and L,,, then multiply (6. 6),
by x and (6. 6), by L, and add the sum to the rhs of
(6. 3) while substltutmg from (6. 5) to obtain

oY\ du oY\ dm!l oY\ dme
) )@ e )
W] d on] 7if
, oy a ..,
- p(AinM.i — Lk + Tgﬁ)ﬁ W)

W \d (
(:D i — P (,M))dt(“”) pn+a

=0. (6.6)

oYy db _ o
)dt
6.7)
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Since we have introduced the proper number of un-
determined multipliers in the usual Lagrangian man-
ner, we may treat all 37 time derivatives as if they
were independent; and since (6. 7) holds for arbitrary
d(yj’M)/dt,dp]’./dt,dn]l/dt,d@e/dt,d(u]’,'M)/dt d(n ,,)/dt,

and d6/dt, we have

3
XouaTig =P 5] (6.8)
oy
L
B = oy P (6.9)
3
&=~ 5"%, (6. 10)
7
oy
g; =TT, (6- 11)
om?
oy ,
XM.i 5] = — 3 (}1’, M) M’J‘] (6. 12)
7
oy
XM.if’Dij = P a (ﬂ.IM) b (6. 13)
7
-
n=—=5 (6.14)

Note that by virtue of the definition of BL without loss

of generality, we may take
u]BL = 0. (6.15)

The Lagrangian multipliers may be determined by

substituting from (6. 9) and (6. 12), respectively, into
(6.15) and (3. 22), with the results

N T2V S
T L (T LT )

Substituting from (6. 16) into (6.9) and (6. 12) and

solving (6. 8), (6.12), and (6. 13), respectively, for 7, A,

and D,we find

[T (6.16)

oy
Tij = PViu a(yj )’ (6.17)
3 1 'y 0 'y
Bf — l:_ + — (a_wy_ p’k“j + % p,kuj_M> ,(6.18)
opy (192 \awy 3 (i, m)
3y 1 oy
=, — TN (6.19)
A "M(a(u;,M> W)? ) )
9
iDi]- =PYim N ! ) (6.20)
M

Clearly, ¢ cannot be an arbitrary function of the vari-
ables shown in (6. 4) because, in order to satisfy the
principle of material objectivity, 26,27 ¢ and, hence,

x and ¥ must be scalar invariants under rigid rota-
tions50 of the deformed, polarized and magnetized
body, and any arbitrary function of the 37 assumed
variables (12 vectors and a scalar at the point y,)
will not be so invariant. However, there is a theorem
on rotationally invariant functions of several vectors
due to Cauchy,51 which says that ¢ may be an arbit-
rary single-valued function of the scalar products of
the vectors and the determinants of their components
taken three at a time, Application of this theorem
shows that ¢ is expressible as an arbitrary function
of 78 scalar products and 194 determinants and ¢ for
a total of 273 quantities. However, the 273 quantities



ELECTROMAGNETIC DEFORMABLE INSULATOR INTERACTION 373

are not all functionally independent and it can be
shown, by using procedures similar to those employ-
ed in Sec. 6 of Ref. 4, that the 273 variables are ex-
pressible in terms of the 34 arguments

wi

CKL:yi,Kyi.L; NL:yk,L“');’ :yk’LﬂkI’

e e . ’
WE =31, Koy =W 1Y% m

(6.21)
Oy =1 "zf,M’ 6.

Thus, we find that ¢ is invariant in a rigid rotation if
it is a single-valued function of the 34 arguments lis-
ted in (6. 21). Now, as in Ref. 4, we must recognize
that any single-valued function { of the 34 arguments
listed in (6. 21) will not necessarily satisfy (3. 26) by
virtue of (6.19). Equations (3. 26) comprise a system
of three independent differential equations in the 34
variables listed in (6. 21), which must be satisfied by
Y. Consequently, ¥ must reduce to an arbitrary func-
tion of any 34 — 3 =31 functionally independent solu-
tions of (3. 26), which must be composed of C,N, W/,
We, K, Q, and 6, Clearly, C,N, W/, We, Q, and 6 consti-
tute 25 such solutions and six additional solutions
are given by

K xCoaddun = B 105 m = G

as may be verified by following the procedure em-
ployed in Sec. 6 of Ref.4. Thus we find that  may be
reduced to the form

V= l1/(1':1@71‘]1.’ Wi, W, Gy p, Qs 6),

(6.22)

(6.23)

in place of the form shown in (6, 4), and where we have
taken the liberty of replacing Green's deformation
tensor C,;, which does not vanish in the undeformed
state, by the equivalent material strain tensor EKL,
Wthh does vanish in the undeformed state, and is re-
lated to Cg, by

%L =% (CKL - 6KL)'

It is interesting to note that G is invariant in a rigid
rotation of the entire spin continuum with respect to
the lattice continuum. Thus it is clear that (3. 26) has
served to make the exchange energy invariant in a
rigid rotation of the entire spin system as it is in the
quantum mechanical description.52

From (6.10), (6.11), (6. 14), and (6.17)—(6.24), we
obtain

(6.24)

T =M sg - T @i a%lvk; [y

+oir 8221 AR ai,v\ie YL ang s
(6.25)

BN =y, % (ugl)z Vi b M, g}% (6.26)

& =— ,wa%,, (6.27)

ge=— ]LaaWwLe, (6. 28)

AZJ 2Y;, MM, L 3Gy’ (6.29)

Di; =PYi,mY;L 3Q, .’ (6.30)

oy

n=—s55, (6.31)

where we have introduced the conventions 8y//3E, , =
oy /9E,,, and 9y /3G,,, = 9y /3G, and it is to be as-
sumed that E)EKL/&)ELK =0 and aGKL/a x = 0 in dif-
ferentiating y» and we have found that

1w, 2 oy
(15)2 dpg * ()2 9Ggy

At this point it should be noted that since we have con-
constitutive equations for §fand &7, which are com-
posed of the EL and E¢, respectively, plus other
terms, the equatlons o% motion (3.42) and (3. 46) of

the electronlc and ionic polarizations, respectively,
may be written in the more convenient forms

i = ot =0.  (6.32)

1 vyt (m— e dnf
ge + E + = 6l Jklka +~C— —~————1 _— ejkl—cﬁ—- BZ
’V" dn v,
— e __J
BC el dt BY =v dt
m — e\ d2rl  (re)2 d2g¢
+ eyt ) 7 4+ I (6.33)
\1 + e/ a2 B di2
P M
D, T g toE + o) GriUB
*(m - 1) dnf
Py 7 B
" — € dﬂk
< "o
d2q! m — e\ d3pe
)2 p I 4 yeyt (—-—) R 6.34
mer )2 p di2 1+e p di2 ( )

Substituting from (6. 26)~ (6. 28) and (6. 30) into (6. 25)
and employing the chain rule of differentiation, we
obtain

oY
Ti; = PYi1¥im 5_11«_

oy
uku B
ELM i

— Bfpu; + ()zy,,,,

— 8lpn} — &£ TF + O (6.35)
Taking the axial vector of the antisymmetric part of
7;; in (6. 35), substituting from (6.33) and (6. 34) and
employing (3. 23), (3. 35), (3. 36), (3. 45), and (5. 15), we
obtain

mz]BtLM mz]PE

Uy oo ¥ m — 1) dml
 Pie; B~ €mij P C5p ar BM

T € Ly C C
e
p)

e, ..T.

mij ij mz] (m’r Akzﬂ )

r*m — e) dnl

dang
k
C(‘T;)‘Pm”( ejleBfu-’—‘”e]kl ar

dzn’
Py dt2

e m— e Idzﬂje N edzﬂj
77 (e )P (omt g + emit )
dv, (re)? d2me

e _J 4 > e — 2

7 5 P€y,; ;T TR (6.36)
which is identical with the component form of the vec-
tor form given in (3. 48), which was obtained from

the conservation of angular momentum for the com-
bined continuum. Thus, even in this rather complex

re dmg

o M
s PEps TiCpy —— 7 B + m(r+)2

+ vepey,; nf
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situation, the antisymmetric portion of the mechanical
stress tensor is derivable from a thermodynamic
state function and has just the value required by the
conservation of angular momentum.

This brings us to a consideration of the heat conduc-
ting constitutive equation, which proceeds from the
entropy inequality (5. 19), which indicates that we
must have

q = qi(9,k), (6.37)
since 6 > 0; but since the other constitutive equations
(6.25)~(6. 31) depend on the y, ,, 1/, 1/, 781/ ;, 1], and
0, there is no logical reason to exclude them from this
one.53 Thus, because of the chain rule of differentia-
tion, we may write

@ = G0, 0595005 W5 T3 T8 5 15 a0 g 5 0), (6.38)
for the general functional dependence of the heat flux
vector in this case of the interaction of the electro-
magnetic field with a heat conducting, polarizable and
magnetizable deformable continuum. Now, ¢; cannot
be an arbitrary function of the variables shown in
(6. 38) because an arbitrary function of the 40 vari-
ables (12 vectors and four scalars) will not satisfy
the principle of material objectivity,26, 27 which re-
quires the constitutive equations to be independent of
the frame of reference of the observer. However, if
g; is expressed in the form

q,; :yi’KLK(G’Myy] M, ’J'Ja" T[ ]M’ JIMy 9)’ (6- 39)
then it can be shown readily, using established
methods,46,54,55 that the principle of material objec-
tivity is satisfied if L, is a vector invariant in a rigid
motion. Then the previous application of Cauchy's
theorem on invariant functions of vectors shows that
the required invariance of L, is assured if L is of
the form56

Ly =Ly (6,3 Ep s Ny WEHWE Gy @3 8),  (6.40)
where the functional dependence on the 34 variables
shown in (6. 40) may be arbitrary. However, L, can
have no term46,55 independent of 6 ,, and the domi-
nant term must be odd in 6 ,, because of (5.19). On
the other hand on account of (6.1), x cannot depend
on 6 4. Thus, the constitutive equation for the heat
flux vector in the general case is given by

q; Zyi'KLK; (6.41)

with L, as given in (6. 40).

Equations (6. 25)~(6.31) and (6.41) determine the con-
stitutive equations for our continuum. Thus, all that
remains in the determination of explicit constitutive
equations is the selection of specific forms for x and
L,. Once the constitutive equations have been deter-
mmed we have a determinate theory, which by appro-
priate substitution can readily be reduced to 18 equa-
tions in the 18 dependent variablesy,, 0, nf, 7¢, BM EM
and two of the three u/. The 18 equailons are the
three eachof (3. 44), (6. 33), (6. 34), (4. 1), and (4. 2), two
of the three of (3. 25) and (5. 18). Clearly, thesystem can
be reduced further to 16 equations in 16 dependent
variables with the aid of the electromagnetic poten-
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tials.57 In order to have a complete field theory, the
boundary (or jump) conditions at moving surfaces of
discontinuity have to be adjoined to the aforemention-
ed system of equations. This is done in the next sec-
tion.

7. THE BOUNDARY CONDITIONS

In this section we determine the boundary conditions
which must be adjoined to the system of differential
equations, as noted at the end of Sec. 6, in order to
formulate boundary-value problems. These boundary
(or jump) conditions are determined by applying the
integral forms of the pertinent field equations to
appropriate limiting regions surrounding the moving
(not necessarily material) surface of discontinuity58
with normal velocity #, , and assuming that certain
variables remain bounded. The pertinent integral
forms are (3. 3), (3. 20), (4. 6)~ (4. 8), (4. 18), the inte-
gral form of (5.19), which takes the form

d ,4, -le P

7 fvpmav +
and an integral form assomated w1th either (6.34) or
(preferably) (3. 46), neither of which can be used
directly to find an integral form for the determina-
tion of jump conditions without making some sort of
physical assumption about the manner in which EL
becomes unbounded in the vicinity of the surface of
discontinuity. Different assumptions concerning this
unboundedness of EL result in different jump condi-
tions on 3} ;. The most plausible form of these jump
conditions can be determined from a consideration of
the physical model in the limit required at a surface
of discontinuity, while having recourse to the method
of derivation of the equations from the model. Speci-
fically, we first observe that the stress equations of
motion (3. 44), which ultimately resulted in the equi-
valent integral form (4.18), were determined by sum-
ming the force equations for the two ionic continua.
We then note that the equation of motion of the ionic
polarization was determined by taking the difference
of the force equations for the two ionic continua ac-
cording to the prescription mr*[(+) — (—)/m]. We
further observe that the electromagnetic force terms
n (3.46), which become unbounded across surfaces
of discontinuity, are of the same form, term by term,
as those which become unbounded in the sum force
equation (3. 44), and resulted in the Maxwell stress
tensor and the electromagnetic momentum terms in
(4.18). In addition, we note that the expression for
the Maxwell stress tensor for charge, current, and
free- space regions, i.e., when no polarization or mag-
netization is present, is exactly the same59 as in
(4.17) in the absence of P and M’, and the expression
for the electromagnetic momentum is exactly the
same as in (4.19). On account of the foregoing rea-
soning, we postulate that the integral form associated
with the differential form (3. 46), which is valid in the
vicinity of a surface of discontinuity is

as = [, dv =0, (1.1)

mr s ma, ds + [, pEstav
+1'f n[TS + (m — 1)v,8,]dS

gt Lo [l g+ (o) F)
=rﬁpm77t_rl+eﬁ_

+ (m — 1)g].] av, (7.2)
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where
Tgf =
= [4na>.rE;.u + (m — 1)(EYE¥ + BYBY) — 4n BYO]
_ (m - 1) (EMEY + BUBM _ %) 5,.1.] (7.3)
Z{.}d.—_ m — 1) P} +[(m — e)/(1 + e)] Pf (7.4)
= [m — rm)/(1 + 7™M, (7.5)

and g is given in (4.19), and ES! is the portion of the
volumetric interaction force density, exerted between
the ionic continua, that remains bounded in the vicinity
of the surface of discontinuity. Note that this proce-
dure, which is based on the aforementioned physical
argument, in essence makes a specific assumption
about the manner in which EL becomes unbounded in
the vicinity of a surface of discontinuity. At this point
it should be noted that similar considerations apply
in the case of the integral form associated with (6. 33)
or (preferably) (3.42), but since there is no surface
interaction between neighboring elements of the elec-
tronic charge continuum, the jump condition associa-
ted with this integral form is not needed in the formu-
lation of boundary-value problems. However, appro-
priate consideration of this integral form indicates
the existence of a surface force of interaction be-
tween the electronic charge continuum and the lattice
continuum, which can be determined a posteriori. On
the basis of our earlier physical argument, the rele-
vant integral form is taken to be

Jy pESeav +re [in, (Tff + B )dS
d [m—e d'rrj’
=riar ?p[”j tr (‘1‘_+ e) a

fav,

re dn]?
B dt

+ (7. 6)

|9

where

T$e = (4n<}>eEM + 5 (BYE} + BYBY — 4nBIM))

55 (BYEY + BYBY — 81M;BS, j>, (1.7)

and

®¢ = (re/B)Pe + 7 [(m — e)/(1 + e)]P], (7.8)
and ES¢ (= E¢) becomes uribounded in the vicinity of
the surface of discontinuity and g is given in (4. 19).

For all integral forms considered, except (4.6) and
(4.7), a volumetric region is taken in the usual way,58
and it is assumed that all pertinent variables remain
bounded. The jump conditions obtained from the res-
pective integral forms consisting of (3. 3), (3. 20),
(4.8), (4.18), (7.1), and (7. 2) are

o] — nylgp] = O, (1.9)
ni[Ayeuom) + uulow/v] — v oui/v] = 0, (7.10)
n[B¥] =0, =n[D]=0, (7.11)

nry; + TEM] + u,[pl; + redmge/dt) + g]

—n[v,p(; +redne/dt)] = 0, (7.12)
#,[q;/0] — u,[pn] + n,[v; o] = O, (7.13)
n[D,; + T + [m(r*)2 ( d—ﬂ;—
7 — 1)g]} —n, [ <m('r")2 dt}
(Y o a0

where we have introduced the conventional notation
[C;] for C;— C; and n; denotes the components of the
unit normal directed from the — to the + side of the
surface of discontinuity. The jump conditions on H
and E¥, respectively, are determined from (4. 6) and
(4.7) by considering the circulation around a limiting
open surface intersecting the moving surface of dis-
continuity in the usual way, 69 and are given by

76,5 [H,] + (@, /C)[D;] =0, (7.15)
l]k[EM] (un/C)[Bfi“] = 0. (7.16)

If the surface of discontinuity is material
U, =mU=nuy, (7.17)

and (7. 9) evaporates and (7.10) and (7.12)- (7. 14), res-
pectively, reduce to

n; [Aikejkl pu] =0, (7.18)
mlr; + TG +0,4] =0, (7.19)
n;[4,/9] = 0, (1. 20)
n; [‘ZDi]. + 7T +ri(m — 1,81 =0, (7.21)

and in (7.15) and
continuous, i.e.,

(7.16),u, = nv,. Moreover,if 6 is

[6]=0, (7.22)
across the surface of discontinuity, I' is bounded and,
from (5. 19), in place of (7. 20), we have

n;(q;] = 0.

This latter situation, consisting of the jump condi-
tions (7.11), (7.15), (7.16), (7.18), (7.19), and (7. 21)-
(7. 23), is the most common, and if the body does not
abut another solid body but abuts, say, air instead, the
boundary conditions are fully defined by the noted
equations. However, if a body does abut another solid
body and the full field equations have to be satisfied
in each region, additional conditions on any two of
the [p}], [v;], and [7/] have to be satisfied at the sur-
face of discontinuity. The condition on [y,] usually is

(7.23)

[v:] = 0, (7.24)
and the conditions on [u}] and [7]/] we take as
e idu
[( )2 —ﬂ-’——k]= 0, [nf]=0. (7. 25)

Frequently, the thermal conditions are such that we
may eliminate either (7.22) or (7.23). Clearly, all
boundary expressions, which are not prescribed, may
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be expressed in terms of the same 18 field variables
as the 18 equations mentioned at the end of Sec. 6 by
making the appropriate straightforward substitutions.

Thus, at this point we have obtained the nonlinear dif-
ferential equations and boundary conditions describing
the behavior of the interaction of the electromagnetic
field with polarizable and magnetizable, heat conduc-
ting, deformable solid continua. The description con-
sists of the aforementioned 18 equations and 24 boun-
dary conditions, all expressed in terms of the 18 field
variables y,, two of the three u}, 7!, 7¢, EM,BY and 6 in
each region. All that remains in the determination of
explicit equations is the selection of specific forms
for Y and L;. A sensible polynomial approximation
for y might be of the form

1

p
=50 kL MNEx LM +%(—) Xo N Ny +—29 X Wiwl
0

Po
5 XelWE WE 0ok VW + 0ol 2 N WE
bo
+ Pl WEWE + 57 0 Gyr, + Brrun Q1 Qun
1
+5 CO2Z + €}y By Ny + LB + €10 By WE

2
—pl; Yer B 8+ NENL6

+MWEO + A8 We0 +p ok wn Ex 1Ny Ny

T e rmn EgQun

tp Oblﬁ,MN E Wi Wh + 0 obie i Bt W We

. 7
+ P bk s an B W Wy + p oDk EpanEsc NuWht

+ pobrrun ExiNuWa + 02/ %1 1Crulg

I 1
+ p8fd G + PfErmCruWi + PovkLmnExi1Gun

+ p2 Y unCxQyn T higher order terms, (7.26)

where the material coefficients Cp; yns X% X&1r X&L»
bumm

Qyr s Brerwws Cs €80 a0 €hran €Rrw Vir s MEs Nos Moo D haws
b wns D% pn s and yg v are called the elastic, mag-
netic anisotropy, reciprocal ionic and electronic sus-
ceptibilities, exchange, ionic polarization gradient,
thermal, piezomagnetic, ionic and electronic piezo-
electric, thermoelastic, pyromagnetic, ionic and elec-
tronic pyroelectric, magnetostrictive, ionic and elec-
tronic electrostrictive and exchangestrictive con-
stants, respectively, and the remainder of the coupling
coefficients we do not bother to name. Actually,all
coefficients in (7.26) may be regarded as functions of
the absolute temperature 6 (and perhaps even the
fields through N, , WI, W¢ in some instances). For
linear heat conduction the form for L, would be

KNG’N’

where the linear thermal conductivity tensor X may
be a function of 6, E;,,, N;, W/, and We .

As noted earlier, we can determine an energetic jump
condition from the integral form (5. 24), which condi-
tion is not needed in the determination of the solu-
tion of a boundary-value problem, but can be useful
for obtaining information when the entire solution is
not available. This jump condition is obtained by
applying (5. 24) to the aforementioned volumetric
region surrounding the (not necessarily material)
surface of discontinuity and assuming that p,y;, €, pj,

L, =— (7.27)
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7§, mg,B¥, and EY remain bounded, with the result

c
} ; 94— (25) G EFH,

+ o,PEM + v, UF]+un[T + pe + UF]

dm} du},
g [Tf’“”k T Degr —AwPar

— j[vj(T +pe + UF)] = 0, (7.28)
where T and U7 are given in (5. 3) and (5. 23), res-
pectively, and € may be found from (5. 14), {6. 2), and
(6.23). If the surface is material, we have (7.17), and
(72.8) reduces to

(T, + Dy dul/dt — Ay pdpi/dt — g

— (C/4m)e) , EfH, + v;P EY + 0, UF] = 0. (1.29)
8. AN ALTERNATE DESCRIPTION FOR THE
USUAL CASE

Frequently the material resonances—ionic polariza-
tion, electronic polarization and magnetic spin—may
be left out of account, as may the distinction between
ionic and electronic polarizations, the exchange inter-
action and polarization gradient effects. In such sim-
plified circumstances, the model used in Sec.2 is
needlessly complex and a simpler, but similar, model
consisting of a single electronic charge and spin con-
tinuum coupled to a single lattice continuum is per-
fectly adequate. When this more common situation is
considered, the saturation condition (3.24) is aban-
doned, and in place of (3. 25) we have

BL = — BHM, (8.1)
In addition, in place of the equations of motion of the
ionic and electronic polarizations (3. 42) and (3. 46),
we have the equation for the single electronic charge
continuum

- _ m_ 9° M_Pdm M
g¢Ee = — o¢E CvXB Cdth
— PeVEM— % X (P+VBM) — M'-BMy, (8.2)

in which o¢ is the charge density of the electronic
charge continuum, ¢ E¢ is the force exerted by the
lattice continuum on the electronic charge continuum
at the position of the charge continuum and
T =P/p. (8.3)
Since the electronic inertia is negligible in the case
treated here, the stress equations of motion take the
form
x (P-vBM) + £ d—’t' X BM

d
dv
reBMy — o 4V
+M BV_pdt,

aA

Vet + PeVEM + o)

(8.4)

in place of the form shown in (3. 44), and the conser-
vation of mass is still given by (3. 3). At this point it
should be noted that Egs. (8. 1) and (8. 2), although
satisfied, are not actually needed in this formulation.
The electromagnetic equations [Eqs. (4.1)-(4.17) and
(4.19)] remain valid. In place of the integral form in
(4.18), we have

d
Jsmelr + TEM 4 vg) dS = 1 Jy(ov + g)av. (8.5)
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In place of (5.8) the equation of the conservation of
energy takes the somewhat reduced form

4a
dat ;
where T is still given by (5.7). In place of (5.16), the
first law of thermodynamics takes the simpler form
de dBM o dm,
Pgr =TiiY — PH g T PEY o — g,

The second law of thermodynamics for the present
case takes the form

de dB¥ dm, an
P gr — T ¥ PM; g — PEM = =p6 51
in place of (5.17). The dissipation equation and the
entropy inequality are still given by (5.18) and (5.19),
respectively. In place of (5.24) the integral form of
the energy equation without source terms in the pre-
sent case takes the form

,pGvev+edV = [ tv—nqds + [, Ed(V,
8

(8.7

(8.8)

d
ar fv [p(z vy, + €) + UFlav = g n].['rjkvk— g;
~ (C/4n)e, EYH, + v REM + v,UF]ds, (8.9)

where U¥ is given in (5. 23).

In this rather simplified case, the most convenient
form of the constitutive equations is considerably
different than the forms used earlier in the treatment
of the more complicated situation, which appear in
Sec.6. In view of (5.19) and (4. 2),61 it turns out to
be particularly convenient in the present situation to
define the thermodynamic function F by the Legendre
transformation

F=e¢—-EMnmg—n. (8.10)
The substitution of the material time derivative of
(8.10) into (8. 8) yields

il d , dBY dEM  de
Y dr = Tiij,i dat (yj,M) — PH; ar o, —d—t— — pnjt_’
(8.11)

where we have substituted for v; ; as in the beginning

of Sec. 6. Motivated by (8. 11), we assume
F = F(y; ,;BY; E/% 0). (8.12)

From (8.11) and (8.12), in the usual way, we obtain
the relations

N y = OF
A TCTIP A Y
oF oF
M= oM =g (8.13)
1

As with ¢ in Sec. 6, F must be invariant in a rigid
rotation and, from Cauchy's theorem, we find that F
can be an arbitrary function of 15 scalar products
and 10 determinants as well as 6, for a total of 26
quantities, However, the 26 quantities are not all
functionally independent, and it can be shown that the
26 variables are expressible in terms of 13 argu-
ments consisting of

K—yzKBM QK y;K z ) 0’

and the E,; defined in (6. 24). Thus we find that F
may be reduced to the form

(8.14)

F = F (B, Zy, .,6) (8.15)

in place of the form shown in (8.12). From (8.13)-

(8.15) and (6. 24), we obtain
oF oF ,
Ty =PYiLYim 9E,, +py; L 32, B +pYir 6% EM
8 16)
wim oy, 2B Ly OF __3F
i,L ’ i = Wl yQ. Y
8 ot (8.17)

where we have introduced the usual conventions con-
cerning F' and E,;. At this point it is easy to show,
with the aid of (8.16) and (8.17), that the conserva-
tion of angular momentum is satisfied. The heat con-
duction constitutive equation is still given by (6.41),
but now

L =L (67M’ LM!ZM;QM;G), (8-18)
in place of the form given in (6.40). Once specific
forms for F and L, are chosen, the constitutive equa-
tions may be determined from (8. 16), (8.17), and
(6.41). Thus we now have a determinate theory,
which, by appropriate substitution, can readily be re-
duced to ten equations in the ten dependent variables
y],B EM,and 8. The ten equations are the three
each of (8 4),{(4.1),and (4. 2) and {5.18).

The jump conditions at moving nonmaterial surfaces
of discontinuity required to complete this descrip-
tion are (7.9), (7.11),

nlr; + TEM] +w,ov; + g — n]v;00] = 0, (8.19)
in place of (7.12), (7.13), (7.15), and (7.16). If the
surface of discontinuity is material, (7.17) holds and
the boundary conditions are (7. 11), (7.15), (7. 16),
(7.19) and, if 4 is continuous also, (7.22) and (7. 23).
If in addition material surfaces are attached, (7. 24)
holds as well. Clearly, these boundary conditions can

be expressed in terms of the same ten field variables
as the differential equations.

It should be noted that since no material resonances
or other complex material behavior are included in
this description and, fundamentally, the model con-
sists of charge and circulating current densities, it
should not be difficult to find the equivalent Lorentz
invariant form of this description. It should also be
noted that other convenient descriptions incorpora-
ting any one material resonance, while ignoring the
others, may readily be obtained by making the appro-
priate Legendre transformation in the state function
equation.
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APPENDIX
Equation (3. 6) may be written in the component form
$or [rx @s x BY]; = Jor &n 42,

in which the magnitude of the steady circulating cur-
rent density i'* has been omitted and where

(A1)
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Emj = €iptmn ZeBY- (A2)

From Stokes theorem for tensor point functions, 62
we obtain

ﬁC' gmdem = Js» nieirmgmj,rdS’ (A3)

where S’ is the area enclosed by the closed curve C’.
Since

Zk,r = 6kr ’ (A4)

CitmCikt = Omy 055 — 0,015 (A5)

in the limit |r| — 0, Eq. (A3) yields

$o, [rx @s xBM)] = [;, nxBUS. (A6)
In Eq. (3.18) we employ the vector integral identity63

b, ds X BM= [, [n+(BMY) — nv-BM|dS, (A7)
which with (4. 5), yields

9, ds X B¥= [ n-(B¥v)dS, (A8)

and where we have again omitted the constant i’*.
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Quantum Theory of Heat Transport in an Isotopically Substituted, One-Dimensional,
Harmonic Crystal
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We present a quantum mechanical treatment of thermal transport in a one-dimensional isotopically substituted
harmonic lattice. This work is an extension of a classical mechanical treatment. We find that the difference
between the quantum and classical expressions for the thermal conductivity of a random chain vanishes in

the limit N — ©, where N is the number of isotopes. Thus, as in the classical treatment, the thermal conduc-
tivity diverges as N1/2, For a periodic diatomic lattice, we derive explicit formulas for the heat current as

a function of temperature. At very low temperatures, this quantum mechanical current exhibits Kapitsa

behavior.

1. INTRODUCTION

In a recent paper,! referred to as RGI, we examined
heat transport in a model crystal. Using classical
statistical mechanics, we derived exact expressions
for the steady-state heat current passing through a
finite isotopically disordered harmonic lattice, whose
end atoms were harmonically bound to semi-infinite-
perfect harmonic chains at different temperatures.
From the definition of the coefficient of thermal con-
ductivity in terms of the heat current and tempera-
ture gradient, we found the conductivity to be a func-
tion of the length of the disordered segment. The
numerical calculations for 25 < N < 600, where N is
the number of defects, revealed that the conductivity
is proportional to VN within statistical uncertainty.

In this paper we present a quantum mechanical ex-
tension of our earlier treatment of thermal trans-
port. Much of the discussion closely parallels that
given in RGI to which the reader is referred for
details. As far as the anomalous behavior of the
thermal conductivity is concerned, there is no sub-
stantial difference between the classical and quantum
mechanical results for randomly disordered lattices.
We present the quantum version for completeness
and to demonstrate the connection between our non-
equilibrium treatment and the method of Kubo? and
Green3 used by Allen and Ford.*4

We emphasize that the thermal conductivity which
we calculate is for a finite isotopically disordered
chain of atoms with a particular coupling to the
thermal bath on either side of it. The baths consist
of semi-infinite perfect lattices and the connection
is via a harmonic force between the extreme atoms of
the system and bath. Other boundary conditions or
different baths give different results for the thermal
conductivity.> While real experimental systems pos-
sess intrinsic thermal conductivities whose values
are independent of the nature of heat baths or sur-
faces used, these one-dimensional harmonic crystals
possess transport coefficients which depend on such
details.

2. REVIEW AND SUMMARY OF CLASSICAL TREAT-
MENT

Consider a finite chain of atoms bound to nearest
neighbors by harmonic forces. The particles are
labeled by an index v, — I < v < . Except for N
isotopic defects of mass M, at lattice sites » = A4,
j=1,2,...,N,all particles have mass m. The order-
ing of the indices is such that 0 = A; < A, < ---<

AJ <+ --< A, and the length of the disordered region
L = A, — A, is much smaller than the length of the
entire chain £ = 230 + 1. Ultimately we allow 3 — «
in order to provide a thermal bath of infinite extent
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on either side of the finite disordered region. The
nearest-neighbor force constant f is the same every-
where in the crystal.

The formal solution to the quantum mechanical equa-
tions of motion for the displacement and momentum
operators is equivalent to the classical solution.é
X(1) = M~1/2w~1/2 gin(w1/21)M~1/2P(0)
+ M~1/2 cos(W1/21)M1/2X(0),

P(r) = M1/2 cos(W1/27)M~1/2P(0)
— M1/2y1/2 Sin(Wl/zT)M1/2X(0), (1)
where all matrices are (20 + 1) X (201 + 1).Mis a

diagonal matrix whose r»th element is the mass of
the rth atom, and W = M 1/2yM1/2,

The matrix V is the symmetrical potential energy
matrix:
Vr,s = Zf[ﬁr,s - %6r.s+1— %67,3'1]’ ¥,s # ax. (2)

The end conditions of the 23 + 1 atom chain are that

the atoms at ¥ = — Ol and » = + JU are harmonically
bound to fixed positions (i.e., the hypothetical atom
aty = — 3 —1or + 3 +1 is fixed in its equilibrium

position). Thus

Vr,-f)’l:f[zor,‘ﬂ - 67—1,- ]’

3)
\/v N :f[ZGV.i)’L - 67+1 E)’l]
The time variable 7 is dimensionless; with respect
to the real time ¢, 7 = 2(f/m)1/2t, where f is the
nearest neighbor force constant. In this model we
considered an ensemble of initial conditions in which
all atoms of index — R < v = + N are held fixed with
zero velocity, and in which the initial velocities and
displacements of the atoms of index — N <= < —R
are specified by a canonical distribution at tempera-
ture T.1 These initial conditions are specified by
the phase-space distribution function

(5[5 5o (- sysomin

1 it .
~ S XEOV,X,0) T olit, 0ol 0. (9
In this expression Z is the normalizing constant.

Here we have partitioned X(0) and ).((O) into
X, (0) . X, (0)
X(0) =| * J X(0 :[ . }
=" =" (%)

where the components of X, (0) and Xh(O) are the
atomic displacements and velocities, respectively, of
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particles of index — N <7 = —R. The (M +1 —R) X
(% + 1 — R) matrix M, is diagonal with elements
equal to the mass m. The matrix V, is defined by the
following set of equations:

[Vh]r.s = Zf[ér.s - %Gr,sﬂ ——%ér,s-l]’
v,s #— R,— N,

[Vh]r,-sz = Zf[br,-f)l— %67,-—31“1]’
(Vilrz =2f[6, .5~ 20 r-R-1)

Similar definitions cover V,;, V ,M ;M.

(6)

This nonequilibrium temperature distribution gives
rise to a net flow of heat from the “hot” region to

the colder one. The average value of the heat current
past atom 7 at any time 7 > 0 is

(Iylr, )= im0, )zl — 1,7 —x0, DD, (1)

where the classical phase space average implies, as
usual,

A, ).(; = fdx—m AX_qay "
X dxg di_g di_g - di g WX, X]AK, X;8).  (8)

In RGI we showed that as 7 —» ®©, 3 — ©,and /7 > «©,
the heat current (JN (r, 7)) becomes independent of »
and T:
. — kT (1

lim (I, =y =5 [ doTF(w), (9)

T, N
where 7% (w) is the square of the transmitted ampli-
tude for a wave of frequency «. The explicit expres-
sion for 7 2(w) is given in RGI and in two earlier
papers.7,8

In RGI we found that, because 7§ (w) is negligible for
frequencies much larger than w ~ N-1/2 the heat
current is

dy ~ N-1/2, (10)
Hence, the thermal conductivity K, ,defined via

Jy = —Ky(AT/L), (11)
is

K, ~ N1/2, (12)

In fact, an adequate approximation for K, was devel-
oped in RGI by a Gaussian approximation for 7,2(w).
The result is

~ _ k (1+QC 1/2
Ky =1qc (11(1 = C)) N1z (13)

where @ = (M — m)/m and C is the fractional con-
centration of defects in the segment of length L =
N/C.

3. QUANTUM THEORY OF HEAT FLOW

In this quantum mechanical modification to the results
of the previous section, we wish to retain the basic
model: an initial thermal nonequilibrium condition
which approaches a steady state as 7 = «. This is
accomplished simply by replacing “W[X(0), X(0)] of

Eq. (4) by an initial density matrix operator p(0) and
by replacing the averaging prescription in Eq. (8) by

a trace over a complete set of states.
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Consider the three, uncoupled chains of atoms in
Fig.1l. The left-most and right-most circular chains
have periodic boundary conditions. The linear chain
of length 2R — 1 > A, — A, has fixed boundary con-
ditions, although as we shall see, the exact nature of
the boundaries for this chain are not important.

It is easy to see that these three chains may be as-
sembled into the chain defined in the previous sec-
tion by breaking and forming certain bonds.

The Hamiltonians for each chain are

-R -R
-3 TR 2
Jch —ng-)-m 2m 6x§ + anzz_m(xn - xn-l)Z,

p pA
_ —n2 32

Re= 2 Tm oz * ¥ 00— 50

R=1 R-1

Y
Ry=21 i az+if 2 (x,—x,,)2
4 n==R+1 ZMn axﬁ an=-R+2( " n—l)
+ 35} + %2, (14)

Because of cyclic boundary conditions in the “2” and
“c” chains, the atom of index — % — 1 and N + 1
are, respectively,— R and R in the summations above.
We use cyclic boundary conditions in order to facili-
tate the normal coordinate analysis. The chain whose
thermal transport properties we are investigating
has a Hamiltonian
€ <€
—Hhe 92 1

“= B g P R )

+afxg +5fx2. (15)

We now define the initial density matrix operator to
be
p(0) = exp(— 8,3,) exp(~ B,X,) exp(~B.X,)
Tr{exp(— 8,3¢,) exp(— B, X ,) exp(— B,3.)]
(16)
where 8; = (kT;)~! and T; is the initial temperature
of the jth chain for j = &, d,c.

Because the eigenstates of p(0) are not the eigen-
states of ¥, the average value of any dynamic vari-
able A changes with time:

(A)) = Tr[p(0) ei®t/2 A(0) e~ B4/F], an

The variable in which we are interested is the heat
current operator

Jylr,7) =5{ptr,Nxr —1,7) —x(r,7)]
+ [xr —1,7) — xtr,7)]P(r, ) (18)
~ N1

. x— !
- " .
. R ) .
-R-1 R 1
-R-2 R+2

—R#+1 Ay R—

f‘IG. 1. Uncoupled harmonic chains used to define the initial
conditions.
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The trace is taken most conveniently in the basis set
defined by the normal modes of the three independent
chains #,d, and c.

In matrix notation,

Ky =2PiM,P, + XLV, Xy,
¥, =3iPIM P + iXTV X, (19)
g, =3PIMP, + 2XIVXy,

where the elements of X, are the displacements of
all atoms of index + R < 7 < J and P, contains the
conjugate momentum operators to those displace-
ments. Similar definitions obtain for X, and P, and
X, and P, . Obviously,

X,(0) P,(0)
X(0) = | X,0)|, P(0) =|P,0)]. (20)
X, (0) P.(0)

Normal coordinates for each of the three initially
unconnected chains are

— 1/2
g, = SfM}2X,,

ThA~1/2 ; (21)
@J: S]-MJ Pj’ ]:h,C,OI’ d,
whence
3€j = %(P]T@]. + %2}92221. (22)

In Egs. (21) and (22),

sz = 51]7M;1/2\/jM]_—1/25j = S";stj,
j=h,c,ord. (23)

The S, matrix is found from the requirement that the
0% matrices be diagonal with elements w? which are
solutions to the secular equation

det[M;1/2V M71/2 — @2 ]=0, j=h,c,ord.

Quantum mechanical averages now are®

@,07) =5, ,[31Q, coth(¥8,Q,)],
©,27) =0, [HQ:1 coth(3B,2))],
1.
<2J(PJI"> = éj,j,[zlh ]j]v
«%Q};):ﬁjd,[* 3ih Ilj], j=nh,c,ord, (24)

The calculation of the average of J 4 (v, 7) is outlined

in the Appendix. The final T — », Jl - ® steady state

heat current is given by Eq. (A32) of the Appendix:

1 /1 hw flw

JN = _Z_Efo dwT%](())) ((ehw]kTh —_ 1) - (eﬁw’/ch —_ 1)) M
(25)

The result is independent of T, the initial tempera-

ture of the finite defect chain.

We also see that, in general, the heat flux is not pro-
portional to the temperature difference T, — T, =0T.
However, if 0T is small, we may expand Eq. (25) in a
power series in 87T
T 1 1H22ehw/kT
JN = 'z—n_é—kw fO dw(e"(:”k-—fw Tﬁ(w)
+ O[(eT)2] +---, (26)

where T =T,.

Thus, by Eq.(11), we identify the thermal conductivity
from the linear term
L 1 ehw/kT

This is in exact agreement with the results of Allen
and Ford,4 who use the Kubo linear response forma-
lism. As % — 0, we retrieve the classical result ob-
tained earlier in RGI:

. Lk (1
}flf?)K =5 fo doT {(w). (28)

It is noteworthy that our model, which places the en~
tire chain in an extreme nonequilibrium situation
initially and which follows the average heat flow as a
function of time until a steady state obtains, gives
exactly the same result as the Kubo formalism in
which an infinitesimal temperature gradient is im-
posed initially.

Is there any quantum effect on K, for an isotopically
disordered lattice of N defects at random atomic
sites within a length L ? Unfortunately,no. In RGI we
demonstrated that T 3(w) is essentially zero for

w > N-1/2 Hence quantum effects which are distinct
from classical ones will be seen only if iw/kT > 1,
for these values of w which contribute to the integral,
or, kT < Fiw < AIN-1/2, Thus the temperature must
be small indeed for a quantum contribution to K, to
be sizeable if N is macroscopically large.

4. PERIODIC ISOTOPIC SUBSTITUTION

In the cases when 7 (w) is nonvanishing over an
appreciable frequency range the fore-going conclu-
sions are not applicable. One particular situation
which is easy to treat is the case in which the spacing
between successive defects is a constant,i.e.,a
periodically substituted lattice. If we denote the inter-
defect separation by a, the transmission coefficient is
given by Rubin,”? Appendix B;

Tl@(w) = lD.Nl ~2’

where (29)
Dy = [Uy(x) — (1 — iA) exp(~ ika)Uy.;(x)] exp(— iNka),
(30)

and where Uy(x) = sin(N + 1)n/sinn is a Tchebycheff
polynomial, 77 = cos™1x and
A = Qu(l — w2)"1/2,
x =3(1 +4A) exp(ika) + 3(1 —iA) exp(— ika). (31)
One finds that
2 gip2 -1
T3w) = (1 +_A_§M_A_’Ul) ) (32)

sin?y
As long as 1x1< 1,7 is real and T§(w) is an oscil~
lating function of w. When |x|> 1,5 becomes imagi-
nary, and 7 #(w) is an exponentially decreasing func-
tion of N.

A rearrangement of Eq. (31) yields

sin?p =1 — (1 + A2) cos2(ka + ¢), (33)
where ¢ = tan"1A, The transmission cut-off fre-
quencies {w,} at which |x|= 1 are determined from

the condition
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FIG.2. Heat current J (multiplied by 2n/k5T) as a function of
temperature. Here w, = 2(f/m)1/2 is unity in the units employed
in this paper.

G.2 r
2nd
k 6T
Q.
oab O
10
0 s " . L
[+] 0.01 0.03

kT/ hwy, —m

FIG.3. Low temperature behavior of 2mJ/k5T for choices of

Q/a.
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sin?n = 0,
or
(1 +4A2) cos?(ka + ¢) =1,
or
cos(ka) — A sin(ka) == 1. (34)

Equation (34) provides the frequencies at which
transmission regions are separated by stopping
bands, for N sufficiently large.

In the limit N - ©, we may replace 7 3(w) by a
smoothed function 7' 2(w):

0 , 7 imaginary
(1 +3A2/sin2n)"1, 7 real, (35)
for all frequencies except w = 0 at which T3(w) = 1.

T2(w) =

This simplification to Eq. (32) occurs because, for
real %, sin2(Nn) is rapidly oscillatory about 3 over
any small frequency range [w,w + dw]. As N — o,
the interval 6w becomes infinitesimal. The smoothed
transmission coefficient of Eq. (35) is useful in
numerical integrations.

Because the smoothed coefficient for a periodically
substituted lattice becomes independent of N as N — o,
the thermal conductivity defined by Eq. (11) diverges
linearly with N. This feature has been noted for per-
fect harmonic lattices also.t,?

The heat current is

5T ehw/kT

1
J = 5nTe fo dwT 2(w)iZw? eralF T T2 - (36)

In the high temperature limit for which kT >> fiw, the
heat current is proportional to 6T and independent
of T itself:

1
g=5 J, dwT2@). 37)
However, in the low temperature region for which

kT S liw, a distinct quantum effect emerges, and J

is a function of T and of 6T. At very low tempera-
tures, the temperature dependent terms in the inte-
grand of Eq. (36) decay rapidly as a function of w. As
a consequence, the transmission coefficient is essen-
tially constant over that frequency range for which

the integrand contributes to the integral.

Hence, at sufficiently small T,

_ 6T 2 (® 2w2phw/kT
J = 2mkT2 T f() dw my (38)

where

o _ Q/a)2 \~!
72 = lim T30 = (1 +§éTQ7@> . (39)

We note that 72 is a function of @/a which implies
that the low temperature limiting behavior of the
heat current for periodic crystals of the same ratio
/a is identical.

For sufficiently low temperatures (¢T < %), the inte~
gral in Eq. (38) differs negligibly from the heat capa-
city per atom of the heat reservior harmonic chains:
_ 92 1 fi2w2ehw/kT _
() = jo A ruRT = 1)2 1)z (1 —w2)-1/2

.27 fi2plerulker
(1) = ;fo dw (e®RT — {)2°

Thus we write

or (40)

if kT < liw,
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J_.4kT2T C(T). (41)
The exact T-dependence of the current as T — 0 is
2
J= [2—71'5@2 sz T6T, (42)

where {(n) is the Riemann Zeta Function of argument
n. This proportionality of J to T8T is typical of
Kapitsa resistance in one dimension. In three dimen-
sions, one observes a T36T10 behavior which is re-
lated to the difference in the density of states near

w = 0 in one and three dimensions.

In Figs. (2) and (3), the heat current vs. temperature
for choices of @ and a is displayed. Both the classi~
cal kT > Fw and Kapitsa kT < fiw are clearly seen.

5. DISCUESION

We have extended our earlier! classical treatment
of heat transport across an isotopically substituted
linear crystal to the quantum domain. In the limit

of an infinitesimal temperature gradient 6T, our
result reduces to the Kubo—Green result workes out
by Allen and Ford.4 From a knowledge of the trans-
mission coefficient T 3(w) as a function of frequency,
we are able to deduce the following results.

(a) In an isotopically disordered one-dimensional
lattice connected to harmonic heat baths, the thermal
conductivity is divergent as N 1/2, where N is the
number of isotopic impurities. This general result
is true in the quantum and classical domains.

(b} In a periodic isotopically substituted lattice, the
low temperature heat current is given by Eqgs. (38)
and (39). All crystals with the same ratio of @/a
have exactly the same low temperature current. For
large values of N, the thermal conductivity is pro-
portional to N.

APPENDIX

According to Eq. (18),the average heat current past
atom 7 at time 7 is

<JN(7aT)> = %(p(‘r‘,‘r)[x(r - I,T) “X(’V,T)]

+xr —1,7) —x0r 7)]p(r,7)). (A1)
For the finite 20U + 1 particle chain, we use the
matrix notation introduced previously;
X(r,7) = AT[M-1/2W-1/2 gin(w1/27)M~1/2P(0)
+ M~1/2 cos(W1/2T)M1/2X(0)],
P(r,7) = AT[M1/2 cos(W1/27)M~1/2P(0)
— M1/2W1/2 gin(Wl/21)M1/2X(0)]. (A2)

The 20U + 1 component column vector A, has only
one nonzero element, the th one which is unity.
Using the normal coordinates of the initially un-
coupled lattices, Egs. (20) and (21), we define

X(0) = M~1/2 5(0)92(0) ,
P(0) = M1/250) PO, (A3)
where

2 @)
90 = gd , CO= gd ,

5, O O
sO=|0 s, O
o o s,

With these definitions, the general average value of
interest in the heat current expressions, Eq. (Al), may
be written as

(A4)

WP, t)xlr', 1) +x(r',7)P(r, 1)) = 3, (1)
= $A7M1/2 cos(WV27) 5O (PO POT)s@T
x sin(wl/27)w-1/2M-1/2 — M1/2W1/2 gin(w1/27)
x SO(Q®QO SO cos(W1/27)M-1/2]A,,.  (AS5)

In Eq.(A5) the quantum mechanical averages of pro-
ducts of normal coordinates and conjugate momenta
are obtained by using Egs. (A4) and (24). The cross

terms containing (2O @ OT) ang (P YOT) cancel
exactly.

The matrices,M,w,and $(? are the same for both
class1cal and qua.ntum mechanics. Only the averages
Q@ 9O and (POPOT) appearing in Eq. (A5) are
different in quantum and classical calculations.

We write out explicitly the result of matrix multipli-
cation,

9,,,(1) = $ D[P, (1(COEOT) X, (r)
q

+P,q<r)<2<0>2<0>> X,, (],

aq " r’q

(46)

where the index ¢ denotes normal modes of the ini-
tially uncoupled lattices and

X, (1) =

P, (1) =

M- /2y-1/2 sm(wl/Z‘r)S(O)],, , (A7a)

1) = [M1/2 cos(Wl/ZT)S(O)],q, (ATb)

MX,
and the dot over X, (‘r) or P q(T) denotes a time
derivative. From Eqs (A2), we observe that X, 4 (1)
as defined in Eq. (A7a) is the displacement of the
r’th atom at time 7 when the initial lattice conditions
are defined by

2@ =9, ©CO=a (A8)
Thus X, (1) is the classical displacement of the 7'th
atom, while Prq("r) is the classical momentum of the
rth atom at time 7 when the initial lattice conditions
are given in Eq. (A8). The identification of these
functions at classical displacements and momenta
allows contact with our earlier! classical treatment
of the disordered harmonic chain.

The quantum mechanics enters Eq. (A5) from

©EOEO") | = inw, coth(ihiw, /kT,)

QOO = in 6, ,, A9

w1 coth(zhw, /RT)S, .,

where the normal mode frequency of index ¢ is w,

k is Boltzmann's constant, and the temperature T 1s
T,,T;,or T, depending on the chain of Fig.1 for

Whlch q is a normal mode index.
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We are interested in the long time behavior of the
heat flow when transients introduced by the initial
nonequilibrium temperature profile have decayed.
Because the defect bearing region of length L if
finite in extent, for 7 sufficiently large that
LKL KR, (A10)
the contributions to the heat current J, arising
from the initial temperature T, of the defect region
are much smaller than the contributions to J, from
the two large heat baths at temperatures T, and T,.
In the limit as 9 — o, 7 — © and 01/7' - o0, the con-
tributions from the defect region's initial tempera-
ture are vanishingly small. If we anticipate the
limits 3 - « and 7 — «© and neglect contributions
to Jy or g, ,,(7) from the defect modes, we find
J,..(7) to be a sum of two contrlbutlons one from
the lattice section initially at temperature T,, the
other from the lattice section initially at T,:

3yr T)

= Z)h[P,q(T))g,q(T)<@,,0’T>qq + B, (1)X,, (12, 2),,]
qe
+ D [P0, (VOO g+ By (1, (2,20 ]

g ,,(r) + g8, (7). (A11)
Next we evaluate g% ,(7) explicitly and appeal to
simple physical symmetry to deduce J¢), (7). In

this calculation we require an explicit form for S, .
For mathematical convenience, we have chosen the
left-most chain to be initially characterized by
cyclic boundary conditions. In general we are free
to specify any arbitrary boundary conditions, but we
know that as 91 — wand as 7 — o, the contributions
of the boundaries to J, ,,(7) vanish, provided » and »’
are finite.

For the cyclic boundary conditions cited previously
and depicted in Fig.1, the initial velocity {classical)
of the nth particle,— N =< » < — R, is given in terms
of the classical momenta [®,] by!!

. 2 \ 1/2%2 27N
x(n,O) = (W) s;]. (Ps,l cos 5

+0_, sin <2"s">} . W =N—R+1. (Al2)

D’ZI
Here the normal mode index g = (s,j), where j =1,2.
Therefore, if ¢ = (s, 1) and @, = A, then

. 2\ 1/2 2rsn

x(n,0) = (W) cos <—'Jl—’> , (A13)
and if ¢ = (s,2) when @, = A,
then

. 2\ V2 _ (2wsn

x(n,0) = <W> sm< 5T ) . (A14)
The normal mode frequencies are

w, = sin(rs /), j=1,2. (A15)

From Egs. (A3), (A7), (A13), and (A14) we find that
the displacement X,,q('r) is

X = (-2 /2 5 w-1/2 sm(wl/zf)]
y/(sj)(T) - Mrg’Ll -
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Nenftzz)
i)

where the upper of the two trigonometric functions
in curly brackets {-**} is appropriate to j = 1, the
lower toj = 2.

(A16)

From the definition of g% (7) and Eq. (A16),

9, 7) =3 m},:/,‘z fw, coth< kﬁ;)<2>

» <27ren) <27rsn’)
xn:_mmgm cos | =) eos| 57—

s (357) an (25" )] -1z sinwrer),.,
X [cos(W1/27)] , — w72[cos(wl/2T)]
% [W1/2 Sin(Wl/zT],,“}-

rin

(A17)

At this point we immediately proceed to the limit
as N — . In this limit the discrete argument g =
27s/9’ becomes continuous in the interval [0,7] as
s ranges over [1,30’]. That is to say, the sum over
s becomes an integral over q:

lim Ul’ Z}f (2"8)— 1 f(: dqf(q).

Nr— 00

Hence, for 31 — o0, and 7 finite,

(A18)

-R  -R
1 m
IP) = 5o fo dghiw,, coth(zhw,/kT,) 25 25

n==o0mI==00

x {[w-1/2 sinwi/21)], , [cosWi/2)], .
— W ;2 [COS(W]/ZT)]y/n [Wl/z Sin(wllzT)]”" ! }

X [cos(gn) cos(gn’) + sin(gn) sin(gn’)]. (A19)
Again we make a physical interpretation of the matrix
elements of Eq.(A19) and use results derived pre-
viously.l
From Eq. (A2) we note that

-R

27 [w-1/2 sinfwl/27)] ,, trig(gn), (A20)
n==0c0
where trig{gn) is either sin(gn) or cos(gn), is the dis-
placement of the th atom at time 7 when the initial,
classical conditions of the lattice are

Xu‘ig(,r’ ’ T) =

X(n, 0) = 0,
X@,0) = trig(gn),
X(n,0) =0,

all »,
n=< —R,
n>—R.

(A21)

when #* > A, this displacement,Xmg(r'-r) isl

oL err
Koy O'7) = gz [, b p( +52)7/2D, ()

-R
X 2, E26'-n) (p) trig(gn), (A22)

n=-c0

where L is a contour in the complex p-plane to the
right of all singularities of the p-dependent integrand,

E(p) =[p + (1 +p2)1/2]1

Dy(p) = det<6r,s + (ﬁ%ﬁEzlA,-Asl) ,
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(M _
Q= (m 1) ’ (A23)
When trig = cos,
' _ __1_ ePTE2(*R)
Xoosr'7) = 57 fL @b 5a DI20,(5)
cos(gR) 1 1
X \: 2 1= E2%¢ia 1 —E?e-ta
_ sin(¢R) 11
2 (1 T E2¢id 1 —EZe-iq)| ° (A24)
and when trig = sin,
, _ —_1 ePTE2('*R)
Xanlr',7) = 353 fL a P +p2)172D,(p)
sin{gR) 1 1
8 [ 2 (1 —EZeid 1 —-E?.e-iq>
cos(gR) 1 _ 1

The integrand in either case has branch points at
p = + i, and simple poles at

p=0, p=41isin"1(Eq) =42 iw,. (A26)
If the two branch points are connected by a cut which
lies to the left of the imaginary p-axis, we may make
the following arguments for large 7: The contour L
is deformed to encircle the branch cut and isolated
poles on the imaginary p-axis. As 7 increases with-
out bound, the contribution to the integral from the
branch cut contour vanishes because e?7 falls ex-
ponentially to zero if Re{p} < 0. Thus only the simple
isolated poles on the imaginary p-axis determine
Xiriglr’,7) as 7 = .

After the evaluation of the residues at these poles,
the displacements are

Ty (w,)

X o5 7'7) = 3 cOS(gR) +3 sinfw,7 — ¢7' — 4y (9],

(A27)
cos[w,T—qr’ —yy(q)],

q

Tylw,)

Yy

X i (r',7)=—13% sin(gR) + 3
where we have used!

Dyllie,) = Ty(w,)e- ¥n@. (A28)

Here 7, (w ) is the transmitted amplitude of a wave
of unit amplitude and frequency w, incident on the
array of N defects. The phase shift is yy(g).

Finally, from the use of Eq. (A27), (A19), and (A20),
we derive

lim g® (7)

T—>00

_1 T @) e
= 157 fo dghie, o, sin[g(r — 7’)
1
X coth 2% (A29)

s

T,
which is independent of 7 and R and only depends on
v and 7’ through their difference.

Since

lim Jy @, 7)) = lim [§%)_; (1) — 9 ()],

7200 T—00

(A30)

The asymptotic contribution to the heat current past
atom 7 > A, is

1
1 HATANE
(JN(’V)) = mfo dqh'ij%(wq) COth< kTh> Sing

1,1 1
= ﬂfo dwTﬁ(w)ﬁw <W;Th—:—1 + ’l§> . (A31)

Since ¢/ (r)} is independent of 7, the heat current is
constant everywhere in vicinity of defect region;i.e.,
a steady state has developed. Obviously the current
arising from the region initially at temperature T,

is the same as Eq. (A31), except for a change of sign
and replacement of T, by 7. Thus the steady state
heat current across an N-defect lattice connected to
two semi-infinite harmonic lattice heat baths at
temperatures T, and 7T, is

J, ——l—fl dwliwT,? (w) 1 — 1
N~ 2n’0 N ekl —1  ehlRT —1) °

(A32)

With the interpretation of
(n(w, 7)) = (ehw/eT — 1)1
as the mean number of phonons of frequency w

present at temperature T, the physical meaning of
the integrand in Eq. (A32) is clear.
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We consider irrotational perfect fluid solutions of the Einstein equations with an equation of state p=vp. We
define “velocity-dominated” singularities of these solutions, a notion previously introduced for dust models.
We demonstrate explicitly that uniquely and invariantly defined inner metric tensor, extrinsic curvature tensor,
and scalar bang-time function can be assigned to these singularities, as in the dust case. We study the effects
of a time-varying equation of state and viscosities on these singularities, and show by order-of-magnitude
estimates that they do not change the structure of the singularity provided y > 0. Some known exact perfect
fluid solutions, both homogereous and inhomogeneous, are listed as examples.

1. INTRODUCTION

In a previous paper,! we introduced “velocity-dom-
inated” singularities of irrotational dust solutions of
the Einstein equations. However, it is possible that
primordial matter at the very beginning of the big
bang was more complicated than dust, although recent
investigations of the microscopic properties of had-
ronic matter23 seem to indicate, that dust might be a
good approximation to the state of matter up to a
microsecond after the explosion. Moreover, if inhomo-
geneous singularities are to play any role in the
construction of realistic models for quasars or
galactic centers, it would be very naive and artificial
to use dust as the matter source. The study of the
effects of realistic matter on the structure and pro-
perties of the cosmological singularity (or singulari-
ties) is thus of interest.

The purpose of this paper is to generalize the notion
of velocity-dominated singularity to solutions of
Einstein equations with irrotational perfect fluid
sources having a barotropic equation of state p = yp.
It turns out that in this case the Einstein equations
can also be explicitly integrated to give the form of
the metric near the singularity. Similarly, one can
identify some functions of integration as the metric,
extrinsic curvature tensor, and bang-time functions
of the three-dimensional singularity manifold. The
results show that the inclusion of pressure does not
affect the behavior of Kasner-like singularities, in
agreement with the findings of Lifshitz and Khalatni-
kov.4 However, pressure does play a role in the
structure of the Friedman-like singularities, a pheno-
menon well known in the homogeneous Friedman
models. Moreover, it is interesting to note in the
Kasner-like case that our analysis, which is done in
comoving nongeodesic frames, shows the same kind
of singularity structures as those found by Lifshitz
and Khalatnikov, who use geodesic normal co-
ordinates.4

What about more complicated states of matter? In
Sec. III of this paper, we try to estimate the effects
of viscosity, and a time-varying equation of state.
We tentatively conclude that as far as the velocity-
dominated approximation goes, they do not affect the
structure of the singularity in the sense that if we
ignore them in the first order, then the correction
terms will only show up in higher orders. Of course,
this kind of argument does not prove anything, and
the question will only be settled when examples of
exact analytic or numerical solutions are found.

In the final section, we present some example of
exact solutions with perfect fluid sources. Inhomo-
geneous exact models are very hard to find, and
except for the case of p = p, we are only able to show

J.Math. Phys., Vol.13,No. 3, March 1972

the existence of velocity-dominated singularities in
the plane and spherical symmetric models through
some ad hoc approximation scheme.

2. THE STRUCTURE OF THE SINGULARITY

The Einstein equations with perfect fluid sources are

pr=0-:-+3 agb=1--- 3,

sgn{— + + +), (1)

Ty = pubu, + ph!, kY =of +utu,

= H = —
hju, =0, utu, 1.

Throughout this section we assume a barotropic equa-
tion of state for the matter p = yp, where y is a con-
stant and p > 0. y = 0 reduces to the dust case. y = %
gives radiation or ultrarelativistic matter whereas

v = 1 corresponds to stiff matter (e.g., the Brans-
Dicke bosons). Although the solutions of the velocity-
dominated equations do not depend on specific values
of y from other considerations (e.g., the existence of
the singularity, causality, etc.), it is reasonable to
restrict y to the range — = y = 1. We also assume
that the fluid is irrotational: w,, = h%hJu, 5 = 0.

Then in “comoving normal” coordinates, the metric
can be written as®

ds2 = — eZO(X".t)d[Z + gab(xc’ t)dx“dx” (2)

and u? = €” 8} is the unit vector field tangent to the
x% = const lines. The remaining allowed coordinate
transformations are

x'e = x’a(xb), = tl(t). (3)
We shall denote ordinary spatial derivative by a
comma (, ), covariant derivative with respect to g,,
by a semi colon (; ), covariant derivative with res-
pect to the spatial metric g, (x¢, ¢ = const) by a
stroke (), and geometrical quantities of the { = const
hypersurfaces by a superscript 3.

The “field velocity”
Kba = %gacatgcb (4)
is related to the second fundamental form Qf of the
= const surfaces by Q,' = ¢ °K,’. K,' can be split into

traceless and isotropic parts:

K, = L, + 36,K, K =K]=3/(na), 5)
(Detlg,, )'/2 = La=0;

o

and let L? = L{L? = 0. Using metric (2) and the con-
tracted Bianchi Identities 7" = 0 one obtains
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. s . v
(i) the conservation equation u, T’ =0

(o + D)K, (6)

(ii) the equations of motion &, T} = 0

= atp ==
> 0,=—p,/(0+ D) (0

Applying the equation of statep = yp, we obtain the first
integral of (7)

—[v/(r + 1] Inp + f(1).

For convenience we set f(f) equal to zero by rescal-
ing ¢ and write from now on

=—[v/(y + 1)} Inp. (8)

The freedom of arbitrary coordination transforma-
tions is restricted to

x'a= x'a(xb), ' =1{+ const. (31
Equation (6) also has a first integral

p = op(x9a~ D, 9)

Let us now look at the Einstein equations. Using
standard techniques (e.g., Eisenhart?) we compute

3 . , -2 a
Gy =Gy + 0%, + oy —e (3 + K—29,0)L,

+ e 27813, + 3K — 9,0)K + 3L* (10)
—e?° (6" o +0/5)] =— pb3,

GY = Ye ?°¢k? — L% — 3R] = p, (11)

2= ¢ e °(K, — 0,K)];, = 0. (12)

Adding (10) to (11) multiplied by y5, we obtain what
we shall call the “evolution equations” free of matter
terms:

Gy — °Ryby + 0%, + 0fy — €23, + K — 3,0)L;
+ E290{I8, + M1 + K — 3,0]K + H(1 — )L

—e®°(0°a, + 0[9)} =0, (13a)

in which

3,0 = K (13b)
is obtained by substituting (8) into (6). Equation (13b)
has the integral

0 = 40(x9) + v Ina. (13c)
Eq iations (13) define a closed system for the unknown
functions g,, and ¢ when combined with Eq. (4). As is
already shown in Ref. 1, they can in principle be con-
verted into a very complicated, covariant, but not very
useful functional equation for g,,. p can then be com-
puted from (11).

Now from the following generalization of Raychaud-
huri's equation8 to include pressure‘gradients

— 362 — Yp + 3p) —[1/(p + p)]
X (02 + b +-266) + [1/(p + P)2J[P% + p+(p + ), ),

6=— ota,,

where
o=ul, +=u'3, 0O?=va
0, = h“fhfu

p!
(a;8) é@hpy,

one checks that if along a particular matter line the
pressure gradients (spatial) are small and p + 3p = 0,
s0 that the right-hand side remains negative, then

6 < 0 always implies 6 — © for some ¢ = ol, so that a
physical singularity (at which curvature invariants
blow up) exists at of- Whether this actually happens
to all matter lines in exact solutions depends on the
specific initial data. But suppose it does, so that

t = ,#{x¢) defines a three-dimensional singularity
manifold, then we are interested in characterizing the
structure and properties of the metric near such a
singularity. We call ,#(x¢) the bang time and assume
that it is C*, and we want to construct a differentiable
manifold out of { = 4#(x€), which we will call the singu-
larity. Following the velocity-dominated approach for
the dust models, the essential idea here is to drop the
spatial curvature and pressure gradient terms in
Egs. (13), and use the solution as a first approxima-
tion to g,, near the singularity. We first generalize
the definition of velocity-dominated singularity intro-
duced in the previous paper.

Let 2,, with corresponding K2, & and bang-time func-
tion o7 = ,/ be an exact perfect fluid solution. Sup-
pose there is another g, which in some neighborhood

of ,t satisfies (a) g, = g,,, sgnlg, =+ 3; (b) g,
obeys (4) and

= 62433, + (1 — KK
+ 31— L% (14)

[3,+ (1 —yK|LE

(c) there exists some component, say W, of g,, such
that for fixed x¢and ¢t — ¢,

(R — K“)K;K )'z —-0,6 —0—0,
B — &IW 1 - 0;  (15)

Then we call g, “velocity-dominated” and call &, its
first approximation. In order that a solution of (4)
and (14) be a first approximation, the consistency
conditions

e2°3 “(KK)1—>0 (16a)
0

2

"0, To) KT — 0, (16b)
0

together with p > 0 in (11), and Eq. (12) must be
satisfied. These will place restrictions on g,,. The
above definition is invariant under the transforma-
tions (3).

The task now is to integrate Egs. (4) and (14) for g,,,
Kb, and o, and check consistency conditions (12) and
(16). If everythlng is all right, then putting the solu-
tions back into (13) will generate a second-order
approximation, and so on. p and p can be computed
order by order from Eq. (11).
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Setting the traceless and isotropic parts of Eq. (14)
to zero separately gives

[3 + (1 —7)K]L; =0, (17a)
(3, + 31— NKJK = — (1 — ) L% (17b)
We consider two different cases.
Case A: y # 1. The integral of (17a) is
L = oMj(x%)a? (18)

where OM,,” is some arbitrary symmetric traceless
3-tensor density. Substituting solution (18) into (17b)
we obtain a second-order equation for a:

2 2
aa_q 14y (Q) + 31— 7)0M20127 =0,

o2 2 at
(19)

oM = oMy M= 0,
which has the general solution
a = ga(xH[t — ot (xI[t — ot (x9]} 1411, (20)
where ,a, of, o¢" are arbitrary functions of integra-

tion related to (M. Putting (20) back into (18), (13c),
(5), (4) and integrating give

K‘;:OKZ(xC)< 1 _ 1 ,)+ 2
(t—ot)  (t—ot") 31 —79)
X 0, 1 ,

t— ot
b _ 1 K° = 1
e = T+ 5’ )

(1—1)2

K¢ = ,
06 0 a 1—‘)’

& = 08 (x°) exp2 Q,Kg[m(z —of) = In(t — 4t")] (21)
_2

3(1 —v)

0= o0(x) + [y/(1 — )] In[(f — oMt — o)),

5 In(t — 0t')>,

Following the terminology of our last paper, we call
this the “Heckmann-Schucking-like”! solution. When
of = ¢!’, we obtain the Friedman-like! solution

- 2 1
ot)4/[3(1 y)], K°

8 = 08t — b =3O =) 5:ﬁ_ Ok

-y (22)
o=,40+ (1%)—5 In(t — ot), a = jo(t — Ot)2/(1 " ¢

Also we get back the Kasner~likel solution by letting

08z = ofac exPM(2{oK§ —[1/3(1 — )6 Hn(— ')

and then taking the limit ¢’ -» — « (after dropping the
prime):
Za» = 08ac €XP[2 oKy In(t — o)}, Ky = oKl — ot)_l’

0=40 t+ [v/(1 — )] In{t — ,t), (23)
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o = Oa(t —_ Ot)1/(1'7),

Note that ;o0 is not arbitrary but is determined by (8)
and (11) when one computes the first nonvanishing
coefficient of p, whose order should be consistent
with the exact relation (9). If we now express the
proper time t of a particular matter line, say x¢ =
const, in terms of the coordinate time £, then we get,
for the Kasner-like case (everything being evaluated
at x¢ = const)

T— T ~ (L — o)1/ (24)
so that Egs. (23) become
a~(1—o7), Ky~ Kp(1— OT)-(1'7)

> Q7 = Q41— o7 and (23")

X & ™~ o8 €XP[209; In(1.— 7)),
where

o = oKy (1 —7)
is such that

b

0%0% = 0% = 1.
Thus, the local behavior is the same as in the dust
model, independent of the value of v. We can there-
fore say, that pressure does not affect the structure

of Kasner-like singularities. On the other hand, for
the Friedman-like case, we have

T— T~ (t— Ot)(l"y)/(l-y)’ (25)

and Egs. (22) become
7)2/(1*)') 6:(7 _ OT)-(l-y)/(lw)

(22')

a
’ KbN

- 2
a~(r=o 31 —79)

1 and

2 a
=% =gy o7

4/[3(1+
g, ~ (1= PV

Thus, we see that in terms of the local proper time of
the comoving observers, positive pressure (y > 0) has
the effect of lowering the power of the time depend-
ence of the metric of the Friedman-like solutions.

Both g, and K, transform as 3-tensors under (3a)
and are uniquely defined for ¢ fixed as in (8). From

their definitions, we see that they can be simultane-

ously diagonalized at any one point of the singularity
by a local real coordinate transformation.

Case B: y = 1. In this case we simply combine
(17a) and (17b) and write

3,K=0 (26)
The solution is

K: = OKl:z(xC)’ Bav = Ogac(xc) exPz{OKbctL

a = 0 expykl, 0= o0+ oKl (27)

= 2

oK = oKG, e = (detlog,, )2

For definiteness we assume K(x¢) > 0 in the follow-

ing, so that a singularity exists for all world lines at

t = — o, To see the structure of the singularity more
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clearly, we redefine the time coordinate as ¢t = ef or
{ = Inl. Then in the new coordinate system we have

ds2 = — e25W.DHgf2 + B Ddxe dx?,
T=00+ ((K—11l, a=,0l% (28)
B = 084 €XP(2pK, 1nd).

The singularity is now shifted to / = 0 and the allow-
ed coordinate transformations remain the same as

in (3). On the other hand, if we again express every-
thing in terms of the proper time 7 of a particular
comoving observer, then at, say x¢ = const, we have

T— o7~ 1% (29)
0

and solutions (28) become

o~ (T - OT)’ gab ~ Ogac exp[ 209'2111(7 - OT)]’ (28,)
where
of% = 0 Ky/oK

is such that
o = 1.

Equatlons (28 ) differ from (23'), in that the condi-
tion (9, OQ =1 is relaxed. We call this type of
smgulanty ‘semi~Kasner—like”. With [ fixed as in
(28), 4g,, and OK: are again uniquely defined and
have similar properties (except for the relaxation
of the constraints on ,K') as in the previous cases.
We now identify them as the metric and extrinsic
curvature tensor of the three-dimensional singu-
larity manifold for all cases. Inthe semi-Kasner-
like case, however, the bang-time function is amazing-
ly constrained to be a constant, so that the price of
relaxing the constraints on K, here is to lose the
two arbitrary functions ,/ and ,/', at least in the first
order.

The task of checking the consistency conditions and
estimating correction terms is very similar to the
dust case. We omit the details in the following and
discuss briefly the main results. We consider only
the Friedman—like case and the Kasner-like case.
(The Heckmann-Schucking-like case is completely
equivalent to the Kasner~like case near any one of
its singularities.) The semi-Kasner-like case, being
pathological, remains to be studied in more detail.
For simplicity, we analyze everything in an open
region on which one of the solutions (22) and (23)
holds.

From the Bianchi identities G/ = = 0, we know that
if a metric satisfies Eqgs. (4), (10) and (11) together
with p = yp, then

GO = ;GO (xYe o1, (30)

a

where (GO are functions of integration. Moreover, if
(12) is also satisfied, then

G = (G(xYa~ 1), 9"

In the Friedman-like case, using solutions (22), Eq.
{12) becomes

_ 4 8y -1
= 24 (- -
[(t o) Pot. < 3(1—y) 31— 7)2>+ (t=of)

4 -2¢0 f— -4y/(1-y) 3
x(————3(1_y) oo,a)}e t— o) . (31)

while (11) gives p to the lowest order:
p=CG9= [%(1 — Y)2] W QN (L — ) 2a0)/A-n,  (32)

Thus (32) and (8) give ;0 a constant, so that the
second term in Eq. (31) vanishes identically. Then
from (12) and (30), we see that we have to set the first
term in (31) equal to zero. Hence we need

ol (¥ = 0. (33)

Assuming (33) one obtains for the 3-Ricci-tensor

BRE = SRA(ONL — Gty V3D, (34a)
where OR; is the Ricci tensor formed with g ..
Similarly, the pressure gradient terms give

0:40, + Oy = 08 g0,(t — o) /30, (34b)

where from now on we denote covariant derivative
with respect to ,g,, by a double stroke |l . Equations
(34) satisfy condltlons (16) iff y > — 3, which is satis-
fied by all known or conceivable states of matter.2
Assuming this and putting (34) back into (13) gives
second-order approximations which can be checked
to be consistent with (15). Since now both 4o and ¢
are constants, the matter lines are geodesics to the
lowest order and therefore our Friedman-like case
is completely equivalent to the isotropic case of
Lifshitz and Khalatnikov.4

The Kasner-like case is more involved and one has to
resort to the use of Cartan frames and stretched
metrics developed in our last paper.l If 72(x¢) are

the unit eigenvectors of (K, orthonormal with res-
pect to ,2,,(A, B = 1, 2, 3 not subject to summation
convention), we can write

P

a __ A a
oy =217 = TA a0y (35)
where
TAa = OgabT/g’

etc. Conditions (21) now require
%}I{4 =§)1;2=1. (36)

For convenience, we arrange P, according to the con-
vention 1 = F, = B = 0 = B, = — 3. Substituting solu-
tions (23) mto the left- hand side of (12) gives a lead-
ing term identically equal to zero, and the first non-

vanishing term is

0_ 2yK1-y)
T;Ga - (t t) y 7{ Ka!la B
T {A = B)/ (= Moo, it — oty Te20% (37)
having the same order as given by (30). However, in
this case we cannot simply set the coefficients equal

to zero because higher-order corrections [e.g.,
~ In(t — /)] to the solutions (23) will in general con-
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tribute to this term. But in any case ;G2 =0 are
three constraint conditions on the metric of the
singularity. On the other hand, p to the first order is
zero from Egq. (11), so the contribution to p must
come from higher-order terms, the coefficients of
which are in general functions of spatial variables.
Thus, 40 of the solutions (23) will in general be spati-
ally dependent and the matter lines are nof geodesics
even in the lowest order. In this sense, our analysis
differs from that of Lifshitz and Khalatnikov? who
use normal geodesic congruence as the time lines,
although the results agree essentially.

The conditions (16) can be checked using (35), etc. and
the formulas derived in the Appendix of our last
paper.! For ,f constant and P = (P, B, P;) # (1,0, 0),
one again obtains the hypersurface orthogonal con-
dition? for 7,,:

T312 — 7321 = 0. (38)
For ,¢ # const, many other conditions arise as in the
dust models, e.g.,

t T

0",a :O’

A=12 (39)

a
A
plus new conditions from (16b), so that ol # const
does not give any extra arbitrary function of three
variables. For P = (1,0, 0) even for ;¢ = const a
variety of conditions results. For example, (16b)
requires

(0% 0% T 0Cqus) 7T = 0. (40)
The meaning and interpretations of these numerous
conditions for all cases are being investigated. In
any case, once all consistency conditions are satis-
fied, then "R, and 0“0, + oy, put back into (13) will
generate the second-order approximation.

What is the degree of generality of these solutions?

To look into this, let us first recall the number count-
ing of the essential arbitrary functions for the generic
case: To get any general irrotational perfect fluid
solution with a specified equation of state p = p(p),
one has to give g, and K, on one spacelike hyper-
surface / = const subject to the three constraints (12).
The initial data for o are not arbitrary but are related
through the integrated Bianchi identity (8) to the
initial value of p, which in turn is constrained by Eq.
(11). Let us also assume that the requirement p > 0
does not affect the counting. Then one has 12 func-~
tions of three variables subject to three constraints.
Taking into account the three coordinate transforma-
tions (3), one ends up with six essential functions in
general. On the other hand, the Heckmann-Schiicking-
like solutions with ,/ = const are generated by ,g,,,
oK, and ¢’ subject to 4G, = 0 in (12). This leaves
four essential functions of three variables. The other
cases are not more general. We thus conclude that
the general irrotational perfect fluid solution is notf
velocity-dominated. In particular, the very interest-
ing mixmaster—like solutions® do not seem to fall
into our category.

3. OTHER STATES OF MATTER

Because of the limited knowledge one has at present
about the properties of matter near a big bang, it
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would be more realistic to consider other plausible
states of matter different from that of an irrotational
perfect fluid with the simple equation of state p = yp.
In the following, we try to consider the effects of (i)
a time-varying equation of state p = y(/)p, and (ii)
viscosity (shear and bulk), again by the method of
estimating the order of magnitudes of the correction
terms. Models with rotations, being more involved,
merit an independent investigation.

A, Time-Varying Equation of State

If the recent theories of hadronic matter2.3 are
correct, then the ratio of pressure to matter energy
density is essentially zero near the big bang, but
gradually increases as the universe expands until it
reaches the ultrarelativistic value of p = 4p in the
lepton era.2 One way to take into account this property
of matter is to consider it as being described by a
time-varying equation of state. (We ignore the spatial
variation of y for simplicity.) A reasonable theoretical
model to incorporate this is to consider y as depend-
ent on the spatial volume element « through some
power law

Y = ov®% oy const, #any real no.>0, (41)
so that y —» 0 as @ — 0 at the singularity. Repeating
the analysis of Sec. I, but dropping y compared to 1,
whenever y + 1 appears, since we are only interested
in the region o — 0, we obtain from (6)-(9),

9,0 = 8,(y Ina) (42)

instead of (13b), while (13a) remains valid.

Putting (42) into (14), the traceless part can be inte-
grated. The solution is again Eq. (18) with y = 0. The
trace of (14) now becomes, after plugging in solution
(18) for L,,

2 2 c
a-la_,a_ — —é—a—z (.a_a) — a‘l(_a_g) <_(_)l/\ lna

32 ot at/ \at/

+§oM2a2 =0, (43)

which differs from the corresponding equation for
dust by the additional third term. Suppose « has the
first-order solution (22) or (23) (with y = 0) near
the singularity; then all other terms in (43) are

~ (¢ — ot)"2, whereas the third term is ~ (t — 4¢)-2*»
In(t — of) or (t — ;£)"2*27 In(f — ,t), which is of a
little higher order as long asz > 0. Replacing (41)
by other elementary functions (e.g., (Ina)-1, e o™,
etc.) would not make the 3,y term any more dominant.
Thus, it is af leas! consislent to ignore it in the first
order. In lhis sense,we say that a time-varying v
with » - 0 as @ — 0 has no essential effect on the
structure of velocity-dominated singularities.

B. Viscosity

Let us first consider shear viscosity. T" in Eq. (1)
is changed to

T! = putu, + pht — ro}, (44)
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where the viscosity coeff1c1ent A is assumed to be
constant and o = h**hPu ., — 6k} is the shear
tensor.

Again going to comoving normal coordinates (2) we
obtain

of=e°L:, o0 =of =05 =0. (45)
The conservation equation is now

3p + (p+ PK —AL2e 0 =0, (46)
and the equations of motion %, T}" = 0 become

(0 + pla, + p, — re °LE. =0, (47
while the evolution equations (14) give

(@, + K—23,0+ xe”)L} =0, (48a)

(8, + (1 + K —3,0)K + 3(1 —y)L2 =0. (48b)

Equations (46) and (47) cannot be integrated because
of the extra viscosity terms. We now assume that
they are of a higher order and drop them in the first
approximation and then check consistency. Then
Egs. (6)-(9), (13b) and (13c) remain valid. Equations
(13b) and (13c) put back into (48a) give the first
integral for L;:

o 4
0 {taY(t’)dz'>.

We see that v = 0 gives the well-known exponential
decay of the shear10.11 due to viscosity. Since we
are primarily interested in the region near o = 0,

¢t is to be chosen as the bang time for convenience
?hls can always be done due to the remaining freedom
in redefining ,M;). From (49) we see that as ¢ - .,
exp( ) — 1 and L goes to solution (18), so that the
first-order solutions are again (22) or (23). (We
ignore the Heckmann-Schucking~like case because
here we are only interested in the region near one of
the singularities.) With solutions (22), L2¢-¢ in Eq.
(46) is ~ (1 — 4)2/1-7), obviously of higher order
than the other terms [~ (t — of)y G /a-ny,

With solutions (23), L2e79 is ~ (t — ;)¢ 2*7/{1=7) which
is of order higher than the other terms

[~ (t — 4t)"2/1-7)] provided y > 0. In Eq. (47) with
solutions (23) the leading viscosity term is

~ (t — ot)-2)/ -7 while the other terms are

~(t — 4£)"2/1-v); with solutions (22), Eq. (47) is identi-
cally satisfied to lowest order. Thus, dropping the
viscosity terms in the lowest order is at least self-
consistent as long asy > 0.

L§ = oM (x9)a? ! exp (—)\e (49)

Next let us consider bulk viscosity. T/ can be written
as

TY = putu, + phY — noht, =ub, (50)
where 1 the bulk viscosity coefficient is assumed
constant. The conservation equation and equations of
motions are (in comoving normal coordinates):

9,0 + (p + p)K = ne °K?2, (51)

(52)

(o + plo,+p, =ne°K,.

Since these equations cannot be integrated, we again
resort to estimates by first dropping the viscosity
terms. Then Egs. (6)—(9), (13b), and (13¢) remain
valid. The evolution equations (14) give in this case

(@, + K —d,0)L, =0, (53a)

[0, + 3(1 + y)K — 3,0 —me°]K + (1 — »)L2 = 0. (53b)

Solving (53a) as before and putting the solution into
(53b) one obtains

2
1% 1+ y) -2<aa>2 3 2 2y-2
1L g BTV 2028 4 31 —y) M

gt 2 ot ' 0

—zneo"aVl@?) 0. (54)

Here we again see that the viscosity term will be of
higher order, if we assume a first-order solution for
o using only the other three terms. In fact, the last
term will be of higher order as long as o — 0 accord-
ing to some power law, and y = 0, because then the
first three terms are ~ (f — t)‘2 whereas this term
is ~ (¢t — 4t)1*» where n = 0. Dropping this last
term in (54) we again obtain the solutions (22) and
(23). With solutions (22), e-9K2 in (51) is

~ (£ — 41)"2/Q-v) while the other terms are

~ (t — oty @1/ Q-7), Equation (52) is identically
satlsfled to lowest order since ;¢ , =0 for this case.
With solutions (23), e70K2 is ~ (t — ,£) 27/ U-7),
while the other terms in (51) are ~ (t — ,t)-2/U- 7)
Also e 9K , is ~ (t — o1)C27)/ -y compared to the

(t — gty 2/a-m dependence of the other terms in (52).
Therefore we again obtain the condition y > 0 for the
viscosity terms to be negligible in all equations in
the limit ¢ — 0.

To summarize, we have shown that viscosity effects
are negligible near the singularity provided p > 0,
in the sense that if we drop them in the first order,
then the solutions are at least self-consistent.

Finally, one observes trivially that the inclusion of
the cosmological term (A = const) in the field equa-
tions does not change any of our previous analysis.

4. EXAMPLES OF PERFECT FLUID MODELS

In the following, we list some of the exact solutions of
the Einstein equations we were able to find, simply to
demonstrate the existence of velocitv-dominated sin-
gularities. No exhaustive classification is intended.

For homogeneous models, the well-known Tolman12
and Bianchi 113 radiation models (y = %) and their
generalizations to other values of y are trivially
velocity-dominated, their singularities being the pro-
totypes of Friedman-like and Heckmann~Schucking-
like singularities, respectively. The radiation (y = 1)
models of Kastowskil4 have both a Friedman-like
(4,3, 3) and a Kasner-like (%, 4, — 4) singularity.,

All Ellis-MacCallum models with 3-spaces of con-
stant curvaturel5 (i.e., 3R, 's are isotropic) are
explicitly velocity- dommated On the other hand, the
Collin's special type II axis-symmetric models18
are no! velocity-dominated. A structure can be
assigned to them, but then P = [(1 — y)/2(1 + »),

3+ v)/4(1 + ), 8 + 7)/4(1 + ¥)]. In general, the
asymptotic behaviors of the Bianchi models are more
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easily seen using the potential method of Misner17
and Jacobs~-Hughston, 18 since the “potentials” V(g)
are essentially the 3-curvatures. A solution will be
velocity-dominated near the singularity £ — ® if the
initial conditions are such that V(g8) becomes negli-
gible compared to the “kinetic energy” (dg/dQ) terms
in the limit € — © . In this sense, types VIII and IX
seem not to be velocity-dominated because of the
recurrent dominance of the 3-curvature terms as the
system point gets scattered off by the rising potential
walls, whereas all other types seem at least to admit
subclasses of solutions which are velocity-dominated.
At this point, we like to clarify a little the termino-
logy used by other groupsl5.18, The “cigar” singu-
larity corresponds to our case P = (P, P, > 0 > P;).
The “pancake” singularity corresponds to our case

P = (1,0,0). The “point” singularity corresponds to
our Friedman-like case if ¥ = 1. Finally, a velocity-
dominated “barrel” singularity can only occur when
v =1

As far as we know, no exact analytic solutions of
inhomogeneous models with perfect fluid (y = 0)
sources have been found except for the special case
p = p.1% However, in both the plane and spherical
symmetric2% models, one can use ad hoc approxima-
tion methods to study the behavior of the metric near
the singularity. The metric for these models can be
written in the form

ds2 = — 20630ds2 + ¢2(x3, 1) dI2 + y 2(x3, {)(dx3)2,
u" = e %6k,  p,p functions of x3, ! only, (55)
where (a) in the spherical case,

diz2 = dQ2, (x1, x2, x3) = (6, ¢, 7),
{(b) in the plane case,

di2 = dx2 + dy2, (x1,x2 x3) = (x93, 2),
and

o =y(ny + 2 Ing), (56)

follows from the Bianchi identities after fixing the x3
and { coordinates. Suppose we assume a first-order
solution of the form

@ = o@ (X3l — gt (x3)]2/13A-], (57a)

Vo OW(XS)[l’ — Ot(x3)]‘1/[3(1’7)]. (57b)
Then putting these into the field equations, one checks
that all lowest-order terms cancel out identically

and the correction terms are of higher order

[10 ~ (t — ot)®y+4)/30-n); W~ (= o) Er1)/30-y)]
as long as ¥ > — 3. Thus one sees that the exact
solution will admit singularity of the type (%, %, — 3).
Similarly one checks that a first-order Friedman-
like solution

¢ = o)t — GH2/130D), (58a)

Y= W(xd)(t — g2/ 30D (58b)
is also consistent with the field equations provided
the conditions yt5 = 0 and y > — § are satisfied.
Moreover, it turns out that the general solution con-
tains the same number of essential arbitrary func-
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tions (two of them) as the first approximation, so that
the data on the singularity uniquely generate the full
metric.

For the special case p = p(y = 1), exact solutions with
plane symmetry can be obtained and are being studied
in detail by Tabensky.19 At least one class of exact
solutions turns out to be velocity-dominated. The
form of the metric near the singularity is

€9~ K(z)t3K(/4+1/2K (2)-1

59
@ = (E@)Y2, W~ K(2)i1/2K(2)-K(2)/4, (59)

where K(z) is some arbitrary function of z. In terms
of the proper time of a particular comoving observer
it can be considered as having the structure

P:( 2K2  2K2 ‘2—K2>
2+ 3K2 2+ 3k2’ 2 + 3k2/’

where now P = (P,, P, P;) are the powar dependences
of ¢ and ¢ on the proper lime of the matter lines.

The interesting feature about this class of solution
is that one of the arbitrary functions gets wiped out
as one approaches the singularity, so that the data on
the singularity (K(z)) is not enough to generate the
full metric, in contrast to the p < p case above.
Another class of special p = p solutions has been
found, however, which has the singularity structure
P=(1/c,1/¢, 1) (¢ any constant # — 2), and which
does not seem to be velocity-dominated.

5. CONCLUSIONS

We have shown in this paper by explicit demonstra-
tion that a unique and elegant structure can be assign-
ed to velocity-dominated singularities of perfect fluid
models with a barotropic equation of state p = yp,
whenever such singularities appear in exact solutions
of the Einstein equations. Furthermore, we show that
it is at least self-consistent to consider the effects
due to a time-varying equation of state in which y -0
near the singularity, and viscosity (for 5 > 0), to be of
higher order so that they do not change the structure
of the singularity.

A great deal of work remains to be done, The
immensely complicated and numerous consistency
conditions remain to be disentangled and hopefully
interpreted, especially for the (1,0, 0) and y = 1 cases.
The Lifshitz and Khalatnikov conjecture,4 that the

(1, 0, 0) singularities are merely caustics of matter
flow lines and will be removed by pressure gradients,
is perhaps somehow buried in the mess of the con-
sistency conditions. This is of particular interest
because of its relation to the problem of horizons. 21!
The effect of rotations is another problem that might
be of interest and importance. The construction of
the b boundary! seems also to be possible. Finally,
the study of the mixmaster-type singularities, which
do not seem to fall into the velocity-dominated cate-
gory as it is defined now, is of crucial importance.

To a large extent, our approach is very similar to

the approach of Lifshitz and Khalatnikov, except may-
be a little more systematic and geometrically intepre-
table. DeWitt has also integrated the velocity-dom-
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inated equations for the vacuum case, though in a
completely different context. 22 In any case, the
number counting tells us that it is still far short of
being generic and generalization in some other direc-
tion must be searched if one hopes to obtain the most
general singularity structure of cosmological solu-
tions of the Einstein equations.
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A scheme is introduced which yields, beginning with any source-free solution of Einstein's equation with two
commuting Killing fields for which a certain pair of constants vanish (e.g., the exterior field of a rotating star)
a family of new exact solutions. To obtain a new solution, one must specify an arbitrary curve {up to parametri’—
zation) in a certain three-dimensional vector space. Thus,a single solution of Einstein's equation generates a
family of new solutions involving two arbitrary functions of one variable. These transformations on exact
solutions form a non-Abelian group. The extensive algebraic structure thereby induced on such solutions is

studied,

1. INTRODUCTION

In Ref.1,a general scheme was described which
yields, beginning with any source-free solution of
Einstein's equation with a Killing vector £¢,a one-
parameter family of (in general, distinct) exact solu-
tions. The method is as follows. Solve

V,w = €,,,6°V¢Ed, (1)

v[nlab] = %eabcd veg 47 gaaa = W, (2)

8, =22 + w2 —1,
(3)

for w, a,,and p,,where x = §2£ . (Existence of solu-
tions, locally,is guaranteed by Einstein's and Killing's
equations.) Then, for each real number 9, the metric

v[aB 8] = 2)\vagb + (")Ea()cavcg d’

éab = Xs‘_l(gab - '\_l‘ggéb) + "Ana My (4)

is again an exact source-free solution of Einstein's
equation,?2 where we have set

X = A[(cosd — w sing)2 + A2 sin26]"1, (5)

. = A", + 2a,cosdsind — B,sin20, (8)

Now suppose we begin with a solution g, which admits
0 1
two Killing fields £¢and £2. Then any linear com-

1
bination of 2“ and £2 (with constant coefficients)is
again a Killing field. We can perform the transforma-
tion above with respect to that linear combination, It
turns out, furthermore, that the resulting metric g,

0 1
again admits £2 and £¢ as Killing fields, provided (i)

0 1
& and £ commute,and (ii) a certain pair of constants
vanish, Finally if (i) and (ii) are satisfied initially, then
they continue to be satisfied after the transformation

{4).

It is clear from the remarks above that the possibility
is now open3 to generate still larger classes of exact

solutions by iterating the transformations (4). To our

original metric g,,,apply the transforn(l)ation viith

respect to some linear combination of £¢ and £9. To
the resulting metric, apply the transformation with

0
respect to some other linear combination of £2and

éa, etc. The crucial question is: Does the result of
applying two successive transformations (4) (with
different Killing vectors) depend on the order in which
they are applied ? If not, iterations of the transforma-
tion would be unnecessary: the entire class of metrics
would be obtained already after the first application

J.Math, Phys., Vol. 13, No. 3, March 1972 394

of (4). It turns out,however, that the metric which re-
sults from two successive applications of (4) does
depend on the order in which they are applied. Thus,
after the first application of (4), we obtain a two-par-
ameter family of solutions. {One parameter repre-
sents the ¢ value of the transformation, the other the

linear combination of 50" and %” used.4) Applying the
transformations (4) to each metric in this family, we
obtain a four-parameter family, The third iteration
yields a six-parameter family, etc. Thus, beginning
with just one solution of Einstein's equation (with a
pair of commuting Killing fields), we expect to obtain,
by successively iterating the transformations (4),a
class of exact solutions too large to be characterized
by any finite number of parameters. That is, the re-
sulting class of solutions should involve arbitrary
functions.

The purpose of this paper is to carry out the program
outlined above,

The iteration process can be described more con-
veniently by using infinitesimal transformations (4)
(i.e., §<< 1) rather than finite ones, Let £2(¢) (0 <t
=< 1) be a one-parameter family of Killing fields on
the space-time M, g, . That is to say,for each value

1
of ¢, &a(t) is some linear combination of (g’a and 9. Fix
a small interval Af. Now apply to our space-time
successive infinitesimal (¢ = A¢) transformations (4),
first with respect to the Killing field (A#)~1[&3(Af) —
£2(0)], then with respect to (Af)~1[£2(2a1) — £e{al)],
etc., ending with the transformation with respect to
the Killing field (Af)~1[£2(1) — & (1 — At)]. The result
is some exact solution of Einstein's equation. Taking
the limit as 4¢ — 0,we obtain, for each curve &(f) in
the space of Killing vectors, a solution of Einstein’s
equation. (In this language, iterating finite transform-
ations amounts to considering only those curves which
consist of broken straight-line segments.) The non-
commutativity of successive transformations implies
that the final metric defined by a curve £4(¢) depends
on the detailed behavior of the curve,not just on its
endpoints, We thus expect to obtain, from one solution
of Einstein's equation,a class of solutions which in-
volves one arbitrary funtion of one variable. [£2(t) is
a curve in the two-dimensional space of Killing fields.
But parametrization is irrrelevant.]

It turns out, in fact,that the presence of two commut-
ing Killing fields gives rise to transformations more
general than (4). As a consequence, one obtains, begin-
ning with a single solution of Einstein's equation, a
class of new exact solutions which depend on two
arbitrary functions of one variable.

Does one expect these new solutions to have any phy-
sical significance ? Suppose we begin with a Weyl
solution. It has a pair of commuting Killing fields
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(static and axially symmetric),and the two constants
referred to earlier vanish, Applying all possible
transformations above to this solution, we expect to
obtain a class of exact solutions involving two arbi-
trary functions of one variable, Each of these solu-
tions will be stationary and axially symmetric. But
the most general stationary,axially symmetric,
source -free solution of Einstein's equation involves
just two arbitrary functions of one variable (physic-
ally, the “mass distribution and angular momentum
distribution along the axis”). Thus, at least by this
crude argument, we expect a single Weyl solution to
yield the general exterior metric of a rotating star!
In other words, it is reasonable to suppose that any
two exact solutions with a pair of commuting Killing
fields (and whose two constants vanish) will, at least
locally, be related by one of the transformations des-
cribed here. (I know of no proof of this conjecture,
however.)

Before one can determine a new solution using (4), it
is first necessary to integrate certain differential
equations,namely, (1), (2),and (3). Now suppose we
have performed one transformation, and wish to carry
out a second. One must first carry out integrals an-
alogous to (1), (2),and (3), but now referring to the
metric g, which resulted from the first transforma-
tion. Similarly, the third iteration requires the values
of integrals referring to the metric obtained after the
second iteration, etc. Ultimately,we wish to express
the final metric in terms of quantities which refer
only to the initial metric g,,,and not to the intermedi-
ate ones. Only in this way can we retain any hope of
describing the final class of new metrics in any sim-
ple way. Therefore, one must reexpress each of the
intermediate integrals in terms of the original metric,
We wish to write down, at the outset, the results of all
the integrations which will ever have to be performed
in iterating the transformations (4).

It is instructive to attempt to proceed directly. To
the metric g,,, apply the transformation (4) with re-

spect to the Killing vector £2. Now write down the
expressions (1), (2),and (3) in preparation for the
applicatlion of a second transformation with respect

to say, £2. Express the (curl-free) right sides in
terms of the original metric, and integrate. After
some effort, one obtains new fields, which are defined
by &,, but which one would have been unlikely to dis-
cover a priori. Now attempt a third transformation,

with respect to £, and again express the required in-
tegrals in terms of g,,. The effort is considerable
this time, but one eventually discovers still other new
fields. The various fields do not appear to fall into
any simple pattern, and so it is difficult, proceeding
in this way, to write down all the fields {or even to
tell if their number is finite).

The solution of this problem—exhausting the list of
fields defined by a single exact solution of Einstein's
equation with a pair of commuting Killing fields—
requires a digression into the properties of such
solutions. This is done in Sec.2. It is convenient to
adopt a two-dimensional formalism, in which the
action of the isometries is “divided out.” Einstein's
equation is then expressed as a set of differential
equations involving certain scalar and tensor fields
on a 2-manifold. (These equations are remarkably
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simple.) We then define the collection of new fields,
which, in fact,form an infinite sequence. It turns out
to be convenient to divide the fields into pairs to
obtain complex fields. The equations can then also be
combined into complex equations. These fields are
potentially important in any discussion of stationary
axially symmetric solutions.

The transformations themselves are discussed in Sec.
3. Once all the fields have been defined, in Sec. 2,
things become relatively simple. We obtain a set of
differential equations giving the change in the fields
(as a function of the curve parameter ¢) in terms of
their values at . The effect of the transformations is
thus merely to shuffle the fields among themselves,
The fact that no finite number of fields will suffice is
reflected in the fact that the change in the nth field is
expressed in terms of the values of the firstn + 1
fields. This feature also makes the equations difficult
to solve,

Unfortunately, it has not been possible to solve the
equations in Sec. 3 in closed form,and thus to write
down explicitly the complete class of new solutions of
Einstein's equation, This deficiency is perhaps not so
serious as it may appear,however. In a large number
of special cases,one can obtain new solutions in
closed form, and, even when no explicit form exists,
one can still establish certain properties of the re-
sulting solutions, What is it in the structure of Ein-
stein's equation that causes its solutions to be subject
to the transformations defined here ? These topics
are discussed in Sec.4,

2. SUPPLEMENTARY FIELDS

Let M be a four-dimensional manifold, and g,, a
metric on M of signature (—,+, +, +) which is a solu-
tion of Einstein's (source-free) equation R,, = 0. Let

0 1
£2 and £¢ be a pair of Killing fields on M which com-
mute:

6 1 1 0
£V, ke — b7 ke = 0, (7)

As described in Sec. 1, the result of successive appli-
cation of the transformations (4) to such a solution '
involves an infinite collection of additional fields,

0

each of which can be expressed in terms of g,,, 2, and

1
{2, The purpose of this section is to define these
fields. The discussion is simplified considerably by
passing to a two-dimensional formalism, in which the
action of the isometries is divided out. Qur starting
point, then, is the two-dimensional formulas giving
Einstein's equation for a space-time with a pair of
commuting Killing fields, (The formalism is descri-
bed in detail, and the equations derived,in Appendix
A.) Using an inductive argument, we then define the
sequence of new fields. These fields,whose mere
existence requires Einstein's equation, have a number
of interesting properties. A few of these are dis-
cussed here,

Let S denote the 2-manifold whose points are the
orbits, in M, under the isometry group generated by

0 1

(e and £4, We denote by £, the induced metric on S
(A5),and by D, the (covariant) derivative on § with
respect to this metric (A7). We next introduce five
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scalar fields on S. Three are given by the inner pro-
ducts of the Killing fields:

01
o1 = Ay = £%&,,

00 11
oo = £98,, Ayq = 898, (8)

and the other two by the formulas
01 0 01 1
CO = eabc‘d ga gbvcga’ cl = eabcdgagbvcgd- (9)

It follows from Einstein's and Killing's equations and
(7) that ¢, and ¢, are constants. Expressed in terms
of hyy, Aggs X013 X112 Cprand ¢, Einstein's equation takes
the form (see Appendix A)
Da[1AD 0] = 2773050l (DA )(D A 1)

— (D% (D2g1)] + 2773(cy)?,
DT 1D, N g ] = 277301 [(D*A (o) (D A )

~ (DX} (D Ao )] + 2773¢er,  (10)
Da[—r— lDa)\].l] = ZT—3A11[(DaA00)(DaA1 1)
~ (Dorg (Do )] + 2773(c,)2,
® = T'z[(Dahoo)(Da)‘ll) - (D“AOI)(DE?\Ol)]
+6774[2¢C 001 — (€)2h1y — (6)2g0),  (11)

where ® is the scalar curvatured of S,and where we
have defined

2 = 2[(21)2 — Xgor11)- (12)
These equations can be written more concisely using
an index notation. We introduce upper case Latin in-
dices with range 0,1. The three fields Ay4,2g,,and
A,; then define a symmetric tensor A , 5, while the
constants ¢, and c; define a vector ¢,. Mathemati-
cally, a quantity with upper case Latin indices re-
presents a multilinear mapping (linear if one index,
bilinear if two, etc.) from the two-dimensional vector
space of Killing vectors to the vector space of scalar
fields on S. These Latin indices will be raised and
lowered with an antisymmetric €,5{i.e.,€00 = €11
= 0,€4y; = — €, = 1), using the same rule as for
ordinary spinors®:

€ACe, = 64, pA=eABp,, pp=pCe ., (13)
In this notation, Egs. (10) and (11) take the form
De[1 1D A 45 = T3 45 [(D 2y, ) (D AMN) |
+ 217 3¢, cp, (14)
® = 412 [(D,A g (DOAME)] — 67790 5 ACE. (15)

We must now make an additional assumption, namely,
that the constant ¢, vanishes. This assumption is re-
quired because of the following result: a transforma-
tion (4) on a solution of Einstein's equation destroys
the presence of two Killing vectors unless ¢, = 0.
(See Appendix B.) Thus, it is only under this condition
that we retain the possibility of iterating the trans-
formations. (This assumption does not appear to be
very restrictive, In fact,I am aware of no solution of
Einstein's equation for which ¢, # 0.) We impose

c, = 0 at this point because only then do the fields we
wish to define exist.
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Note that now the upper case Latin indices appear in
(14) and (15) only in symmetric pairs. Itis convenient,
therefore,to replace such pairs by Greek indices,
Thus, for example, the field A ,; will be written A,
The “a” merely stands for the pair of indices “AB”
that it replaces. More precisely, objects with Greek
indices represent multilinear mappings from a three-
dimensional vector space (symmetric, second~rank
tensors over the vector space of Killing vectors) to
the vector space of scalar fieldsonS. The ¢, ; defines
a symmetric metric:

@ ~AB, B-CD, (18)

Gup =~ €accépyny
with signature (+, — —). We shall raise and lower
Greek indices with this metric,an operation equiva-
lent, by (16), to raising and lowering the corresponding
Latin indices with €,,.

We have now reduced our basic fields to h, and a,
and Einstein's equation to

D[T7ID, ) = T, (D) (Dew)), an
& = 3772 (@) (D], it
where, from (12),
72 = — A, (19)

These are the equations on which the remainder of
this section will be based.

We introduce two further bits of notation. Define the
totally antisymmetric field

€any =~ 271 eqc€p) (28 T Enic D EAl;
a > AB, B~ CD,y—EF (20)
80 €*87¢ 5, = 6. We denote by ¢, the alternating ten-

sor field on S[(A8)]. Finally,we shall use a star,
applied to a vector field on S, to denote the dual, e.g.,

*V, = ¢,0V,. (1)

Thus, ** = — 1,

A solutionof (17) and (18) leads to an infinite sequence
of further fields, each of which has a single Greek
index . [In fact, one only uses (17). Note that this
equation is conformally invariant.] We now define
these. Contracting (17) with A%, and using (19),we
have

DeD,7=0. (22)
That is to say, 7 is an analytic function on S. Its con-
jugate function, defined by

D,o = *D,T, (23)
is therefore also analytic. Next note that (17) implies
that the right side of

Dawa = T~1€apuku*DaAU (24)
is curl-free. Hence, (24) defines a new field, w,. [This
w, 18, in fact,precisely the twists defined by (A8).]
We introduce the complex linear combination
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0
A, =w, +ir,. (25)
0
It follows immediately from (17) and (24) that A
satisfies
0 . 0 0
DeD, A, =— 37 1eaw(D“AH)(*DaA"). (26)

0
This A, is the first of our sequence of fields. It fol-
lows from (26) and (23) that the right side of
1 ] 0 0
DA, =~—¢€,,AD,A + 2(0c + ™D, A,

op v

27

1
is curl-free, and hence that (27) defines a field 4.
But now the right side of
0 1 1 0
(AD,Av + ArD, A?]

2 1
DA, =— z€ap

1 Y
+(c+™DA, + (0 +7%2D,4, (28)

2
is curl-free, defining A,. [Polynomials in * are de-
fined by expanding and setting ** = — 1. For example,
(o0 + 7*)2 = 02 — 72 + 207*.] Proceeding inductively,
-1 n~2 0
we define Zu in terms of ':4(1 ,7,[4“, ..., A4, by

n n=1 2=l 0
DA, =~ (1/n)¢,, (ArDAY + - -+ + ALD,AY)

+@/m)(0 + THDLAL + e + (0 + DA (29)

The existence of a solution (i.e., the vanishing of the
curl of the right side) follows from this same equa-
tion for lower values of n.

To summarize, a solution of Einstein's equation with
two commuting Killing vectors (and with ¢, = 0) is
characterized by two fields, 2, and A, on a 2-mani-
fold S, subject to (17) and (18). Such a solution then
defines, via (25) and (29), an infinite sequence of com-

plex fields,ﬁa,/ia, v

Are the A's all algebraically independent ? The ans-
wer is no. In fact, the 'ilglxa%i_r%ary pa;'t of /ila can be
expressed in terms of A, A, ..., A by the equation

0 -1 -1 0
Imﬁa= — (l/n)eauy(ReA“ ImAY ++ -+ ReAi ImA”

+ (2/n)[Re(o + i7) Im”%i

+-+-+ Re(o + iT)* ImA_] (30)
To prove this equation, one observes, from (24) and
(27), that it is valid for » = 1,and, from (29), that its
validity for n implies its validity for » + 1. Although
one could certainly introduce only the independent
variables (A, and the real parts of the A's),and write
all expressions in terms of these,the result is to
complicate rather than simplify equations. Strangely
enough, Eq. (30) seems never to play a significant
role. It is used at only one point in Sec.3: to get an
induction argument started.

Finally, note that (23) defines o,and (29) each ﬁa,
only up to an additive constant. This feature gives
rise to an (infinite-dimensional) group of gauge trans-
formations on o and the A's. Gauge invariance pro-
vides apowerful check onformulas. Infact, an expres-
sion involving 7, 0,and the A's is essentially uniquely
determined by its behavior under all gauge trans-
formations. (It was through this fact that the induc-
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tive formulas in this and Sec. 3 were obtained.) The
gauge transformations, along with some parity and
dimension transformations, are discussed in Appen-
dix C.

3. GENERATING NEW SOLUTIONS

Roughly speaking, the action of the transformations
(4) is to shuffle the 4 « among themselves. This
“shuffling” is such that if one iterates only a finite
number of transformations, then only a finite number
of A's are involved in the final solution. However, as
more and more transformations are applied in succes-
sion, the number of A's required increases without
bound. In this section we shall derive the equations
governing the behavior of these fields on S under the
transformations (4), first in the infinitesimal and then
in the finite case.

Let the metric g, of Sec.1 admit commuting Killing
1

0 0
fields £¢ and £2,and let &2 be the Killing vector denoted
£2 in Eqgs.(1)~{6). Then the transformed metric g,,

0 1
of (4) also admits £2 and £ as Killing fields provided

£§1w=0, £1§Ola=0, £1§Ba= 0, (31)
where £ denotes the Lie derivative. These equations
can be satisfied if (and, in general, only if) ¢, = 0.
(See Appendix B.) Thus, in this case our new solution—

and all solutions obtained by further iterations of the
0 1
transformations—have &2 and &2 as commuting Killing

fields. Note that, while the transformations alter the
underlying metric on M, they leave invariant the vec-

0
tor fields £ and £¢ on M.7

The general transformation can be obtained by iterat-
ing infinitesimal ones, and so we are led to consider
the infinitesimal version (i.e., << 1) of (4). To first
order in 0, Eq. (4) takes the form

- o

B = Bap — 20000 8up + 40E(, W) (32)
Equation (32) defines an infinitesimal change in our
solution of Einstein's equation, and hence some infini-
tesimal change in the variables on S—k ;, A g4, Xg1
and X, -which define that solution. Using the identity

1 1
285G, @y + Lra, —v, (&%) =0 (33)
and Egs. (2) and (31), we have
1
Ba, = — 27120 + w,. (34)

Hence, when the four-dimensional metric undergoes
(32), the variables on S undergo

00 ~
b —
Moo ™ £98°8, = Ao T 20wy,
01 _
Mo1 > £28%,, = App + 20w R — 21/280 g,
11,
Ay 89808, = Xy — 20whohy,y

+ 46wy Aoy — 23/260%0,

Pap = Hpp — 20Woohgs - (35)

This equation expresses, in two-dimensional language,
the action of an infinitesimal transformation (4).

J.Math. Phys., Vol. 13, No. 3, March 1972



398 ROBERT GEROCH

Eq. (35) can be written more concisely using the
index notation. Define an operator 7; on X, and k,,
by

T, = Agw, — Gaﬂ(wm“) AT (36)

Thgy =~ Wghgy. (37

Then (35) can be written

Mg = A +20KBT 2,

(38)
hap = oy + 20KBT g1, ,

where K8 has components K00 = 1 K01 = K10 = K11
= 0, s0 K® is real, constant,and null. Infinitesimal
transformations (4) defined by other Killing vectors

0 1
(other linear combinations of £2and {¢) are obtainedby
letting K® in (38) be an arbitrary real, constant, null
vector.

These results can be checked directly. Applying the
operator T, to both sides of (17) and (18), using (36)
and (37), we obtain an identity in each case. [Note
that (17) is conformally invariant, while (37) is an in-
finitesimal conformal transformation on S.] This re-
mark applies, of course, whether T; is contracted
with a vector K® or not. Therefore,we may drop the
condition that K# be null. Equation (38) defines an
infinitesimal transformation on exact solutions for
an arbitrary real, constant K#, This is an important
point: The presence of two commuting Killing vectors
gives rise to new infinitesimal transformations (i.e.,
those for which K8 is not null) which are not of the
form (4) for any linear combination of the Killing
fields. Whereas one might have expected at first that
the class of infinitesimal transformations with two
Killing vectors would be two dimensional,in fact it
is three dimensional. This feature comes about
essentially because the operator

T, has a single Greek index, i. e , because an infini-

_ te51mal transformation (32) is quadratlc in the
Killing vector.

Note that, from (19) and (36),
TﬂTz = - 2)\"‘7‘6)&“ =0. (39)

That is, 7 [and hence, by (23), also ¢] is invariant
under all the transformations,

We can now describe the iteration process in more
detail. Let V denote the three-dimensional vector
space of the o's, and let y(¢) be a curve in V, para-
metrized by the real variable (0 < ¢ =< 1), Let y(0)
be the origin of V, and let K2(f) be the tangent vector
to this curve. By iterating the sequence of infinitesi-
mal transformations (38) defined by this curve, we
obtain a one-parameter family, A (¢), k ,,(¢), of solu-
tions of (17) and (18), and hence a one-parameter
family of exact solutions of Einstein's equation. That
is to say, this family of solutions must satisfy

0l = KT, 2 (0), (40)
L j () = KB(OT,h (1), (41)
where the right sides are given by (36) and (37). The
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problem is to solve these differential equations given
initial conditions: the values of X () and k() at ¢ = 0.

That (40) and (41) are not easy to solve arises from
the fact that the right sides of these equations contain
not only X (¢) and &,,(¢), but also w,(¢), and this quantity
is defined only implicity in terms “of A «(t) by (24).
Thus, it is necessary to determine how w,(t) varies
along the curve y(¢). Applying T to (24), and using
(36), we obtain

Taw, =3(w,wy — A Ap)

1
— 3G p(wHw, —aer ) — éeaw ReAn., (42)

That is, the behavior of w (¢) along the curve depends

on that of A t). Equations (36) and (42) can be written
neatly in the complex notation [see (25) and (30)]:
0 0 0 0 1
T A= LA,A,—1G B(Au/? )= Lego At (43)
To determine the behavior of A (t) along the curve, we
apply T4to (27), usmg (43), to obtain

01
srBAa=§ A, +§-A A —%GaB(APA“)

. 2 , 0 00
—fega ¥ — ;eﬁ“aAP(A"AU). (44)
1 2
The behavior of A () depends on that A (t). We pro-
ceed by induction, Consider the equation
n
ToA* =75 (a)) " Yay +ay)"t-- - + 2)°1
al—l “2—1 a, -1
X (€g,vA )€, *A #).. . (€, A )
n+l
—_ €B o A H (45)

where the sum extends over all ordered collections,
(ay,aq, - ,a,) of positive integers satisfying a; +
as + ... ta,=n+ 2. (Hence,1 =m=n + 2.) Equa~
tion (45) reduces to (43) when n = 0, and to {44)
when n = 1. Furthermore,applying T zto (29), we see
that the validity of (45) for n<s 1mp11es its va11d1ty
for n = s. Hence, (45) determines the behavior of all

the A along the curve y(2).

To summarize,a solution of Einstein's equation, g,
with a pair of commutin% Killing vectors and ¢, = 0,
Q

defines a sequence,A, A,,...,of fields on S§. To
obtain a new solution, we must first specify any curve,
y(£){0 = ¢= 1),in the three-dimensional vector space
V, with y(0) at the origin. Let KB(f) be its tangent
vector. We must solve8 the equations

L X0 =Kks(7, A0, (46)
D p () = KBTIy (8) @1

for Xa(t) and % 4, (2), subject to initial conditions: At

t=0, /’ia(t) and h,,(#) reduce to the quantities deter-
mined by our original metric g,,. The right sides of
(46) and (47) are evaluated using (45) and (37). The
values of these fields at £ = 1 then define a new exact
solution of Einstein's equation, again with a pair of
commuting Killing vectors. Thus, beginning with a
curve in V and an exact solution, we obtain a new
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exact solution. (The resulting solution is, of course,
independent of the parametrization of ¥(t).) Equations
(46) and (47) are not easy to solve because, by (45),
the right side of the nth equation (46) involves the

A's up to Z‘Xi Thus, it is not possible to solve the
equations one at a time: they must all be solved
simultaneously.® (This feature, of course, reflects
the fact that the entire sequence of A fields is re-
quired to discuss the transformations.)

Finally,we verify an assertion made in Sec.1, namely,
that the result of integrating (46) and (47) in general
depends on the details of the curve y(¢), not just on
the endpoint of that curve. Clearly,nontrivial depend-
ence on the curve itself reduces to the assertion that
the operator 7,7, is nonzero. But, for example,
from (45), we have
9 ] 0 0 1
Tio Ty A, = 14, Gy, Ard) + 346,548

Bly y€ay

L9 1 0o '
—#Ap€hy AR F AL ) AF — 3 6py (AFA))

s 0 1 2

+ EGy[oteﬂl puA“Au - g'Atazcﬂly' (48)
and the right side is nether zero nor a gauge trans-
formation (Appendix C). Thus,we expect the general
solution of Einstein's equation, obtained from a single
solution, to depend on two arbitrary functions of one
variable. (A solution is defined by a curve, up to par-
ametrization, in the three-dimensional vector space
V)

4, CONCLUSION

The general solution of Einstein's equation in the
static, axially symmetric case [i.e.,of Egs.(17) and
(18)] is not known. But neither is the general solu-
tion of (46) and (47) known. Do the transformations
described here contribute,then, to the goal of obtain-
ing new exact solutions of Einstein's equation ? In
fact, it is considerably easier to obtain specific solu-
tions of (46) and (47) than of (17) and (18). The reason
is that, to fix a solution of the elliptic partial differ-
ential equations (17) and (18), one must specify the
boundary conditions. It is difficult in practice to
select special cases (i.e., simple boundary conditions)
for which these equations can be solved. Equations
(46) and (47), on the other hand, involve an arbitrary
curve in V. If one chooses an explicit, and not too
complicated, form for the curve y(f) (e.g.,any broken,
null straight line),the equations can be integrated
explicitly. One obtains in this way many new, exact
solutions of Einstein's equation in closed form—solu-
tions one would never have guessed from (17) and (18)
(much less from R,, = 0).

Furthermore, many of the questions one might wish
to ask of an exact solution can be answered without
an explicit form. (After all, most solutions, just as
most functions,don't have any “explicit form.”) Is a
solution asymptotically flat ? Static ? What are the
multipole moments ?10 What is the nature of the sin-
gularities ? It turns out that the transformations de-
fined here are well~suited for discussing questions
of this type. The reason, again,is that the solutions
defined by (46) and (47) from a given solution of
Einstein's equation are labeled in a particularly
simple way—by curves in V—while solutions of (17)
and (18) are labeled by boundary conditions. One

could ask, for example, for the necessary and suffici-
ent conditions that a certain property (e.g., staticity)
be preserved by y(f)—a question having no analog in
(17) and (18).

Of course, it is not only formulas for and descriptions
of exact solutions which are of interest in general
relativity, In particular,one would like to understand
more deeply the structure of Einstein's equation, or,
what is perhaps the same thing, of the set of solutions
of that equation. What structure arises fromthe trans-
formations obtained here ? Let V be a real, three-
dimensional vector space,and consider the collection
of all piecewise smooth!! curves y(f) (0 =¢=<1)in
V for which 4(0) is the origin of V. We regard two
such curves as equivalent if they differ by a repara-
metrization or a retracing.12 (Equivalent curves
clearly define the same transformation on solutions.)
On the collection § of equivalence classes we define
a composition law. If 3() and " (¢) represent ele-
ments of G, their product is the element of G repre-
sented by

’ //(t) - y'(2t),
VY T )+ (2t - 1), (49)
Thus, § becomes a (non-Abelian, infinite~-dimensional)
group. [The identity is the constant curve which re-
mains at the origin. The inverse of y(f) is — y(f).]
This G, the group of “effective transformations,” acts
on the collection of all exact solutions of Einstein's
equation with a pair of commuting Killing vectors
for which the constants (9) vanish. The crude argu-
ment (counting functions) of Sec.1 suggests that this
action is simply transitivel3 (i.e.,that any two solu-
tions are related by exactly one element of §). Thus,
these solutions of Einstein's equation are acted upon,
perhaps simply transitively, by some group §. What
is it about Einstein's equation that should cause its
solutions to carry so rich a structure?

APPENDIX A: EINSTEIN'S EQUATION WITH TWO
COMMUTING KILLING VECTORS

Let M be a four-dimensional manifold,and g, a
metric on M of signature ( —,+,+, +) which satisfies

Einstein's equation,R_, = 0. Let Ea and éﬂ be a pair
of Killing vectors an M which commute with each
other (7). Because of the presence of a two-para-
meter group of motions,the metric essentially de-
pends on only two independent variables. One is led,
therefore,to introduce a 2-manifold S such that posi-
tion in S is the “independent variable.” The metric
and Killing vectors can then be expressed in terms
of certain fields on S. The purposes of this Appendix
are to introduce a formalism based on this idea,and
to rewrite Einstein's equation in the formalism. (For
a completely analogous procedure with one Killing
vector, see the Appendix of Ref.1.)

The first step is to divide the space~time M into

orbits under the isometries. Two points p and g of
M are defined as lying in the same orbit if there is
a curve from p to ¢ whose tangent vector is every-

0 1
where a linear combination of £ and &, It will be
convenient to impose three additional conditions on
the orbits. Firstly, we assume that, at eachpoint of M,

0 1
& and £¢ are linearly independent. (This assumption
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eliminates regions such as the axis in the static,
axially symmetric solutions.) Fortunately, the set of
points at which the Killing vectors are linearly depen-
dent is necessarily closed and of dimensionality less
than four,14 and so such points, if initially present in
M, can be excised. The local linear independence of
the Killing fields,together with the vanishing of their
commutator,implies!5 that the orbits are two-dimen-
sional surfaces in M. Secondly,we require that the
subspace of the tangent space at each point spanned by

1
?« and &% be timelike. Thus,the orbits are timelike
2-surfaces. The choice of “timelike” rather than
“spacelike” is merely for definiteness: The spacelike
case differs from the one treated here simply by a
few reversals of sign. On the other hand, it is import-
ant that the orbits do not become null, for we shall
soon introduce a metric on the set Sof orbits,and
nonsingularity of the metric will be essential. Finally,
we assume that Sis a smooth {two-dimensional, Haus-
dorff) manifold, and that the natural mapping ¥: M — S
is smooth. [¥is the mapping which takes each point of
M to the orbit (point of S) which passes through that
point.] This condition always hold locally. Intuitively,
it imposes the global requirement that no orbit
“comes back arbitrarily near to itself.”

It should be emphasized that the sole purpose of these
three assumptions is to permit the introduction of

the two-dimensional formalism below. This forma-
lism in turn serves only to (considerably) simplify

the calculations. The final transformations (Sec. 3)

on exact solutions of Einstein's equation, when expres-
sed in four-dimensional language,do not require any
of the assumptions above.

We now have a 2-manifold S. The next step is to dis-
cuss tensor fields on S. The treatment of such fields
is based on the following result: there is a natural,
one-to-one corvespondence (induced by ¥) between
tensor fields Ta---¢, . on S and tensor fields
Ta---c, . on M which salisfy

0 o]
gaTa...cb'..d:0’...’§dTa-..cb.“d:0’
1

0,+-+ gdTa---c, =0, (Al)

1
T4 %y, .4

£ET”"'Cb__.d—_—O, LiTar-ee, | (A2)

! a=0.
Furthermove, this mapping from fields on S lo fields
on M commules with the algebraic tensor operations
(addition, outer product, and contraction). The proof
is essentially the same as that of the analogous re-
sult for one Killing vector.! As a consequence of this
theorem, tensor calculations on the 2-manifold S can
be performed without ever leaving M. We simply drop
the distinction between tensor fields on S and those on
M which satisfy (A1) and (A2). All tensor calculations
can, at least formally, be interpreted as concerning
fields on the space~time manifold M. However,we
are led to concentrate on a certain class of fields on
M which are of particular interest,namely, those
which are on S[i.e.,those which satisfy (Al) and (A2)].

Consider the inner products of the Killing fields:

o1
A01 = §“£a,

0

0 11
Xoo = £2¢,, g = EBE,. (A3)
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It follows immediately from commutativity of the
Killing vectors that these three scalar fields are on

0
S. The statement that the 2-flats spanned by &2 and
1

&2 are timelike at each point is equivalent to the
assertion that the right side of

72 = 2[(x91)% ~ Agor14] (A4)
is positive. So (A4) defines a scalar field T on S.
Furthermore, the fields
_ 00 _ 11
oy = &g + 277201 18,8, + 277200k &,
01
— 477218,k (AD)
01
eab: 21/27-_1 €abcd Ig'cgd (AG)

are on S. They are the metric and alternating ten~-
sor of S, respectively. The metric,which is positive
definite,will be used to raise and lower indices. Note
that e?%¢,, = 2. Finally, observe that,if Te-:¢,

is any tensor field on S, then so is

D,Ta:--cy | 4 =hh,°%. . . B,Chy .. chy SNV Tme e om

YesoS*
(AT)
Equation (A7) defines the derivative D, on S. Of
course, D, is just the covariant derivative with res-
pect to the metric %, on S. In particular,we have

D, k. = 0,an equation which can easily be verified
using (A5) and (AT7).

To summarize, our space—time M,g,, defines an
abstract 2-manifold S with positive-definite metric
h, (and,therefore,an alternating tensor and deriva-
tive operator). The idea is to find a collection of
fields on S which completely characterize the space—
time, and to rewrite Einstein's equation as a set of
differential equaticns on these fields. It will turn out
that an appropriate collection of fields is given by
the metric,the \’s, and two additional constants (to
be defined shortly).

It is convenient to first introduce some additional
fields. We define the twists of our Killing vectors
as follows:

bch 0
w(‘)’o = €4 gbvcgd,

1 0 1 1 0
why, = Eeab"‘d(gbvc P FAVA 1), (A8)

1 1
wall — gabed gbvcgd'

Unfortunately, these three contravariant vector fields
on M are not necessarily on S—they may fail to satisfy
(Al). To obtain fields on S, we take projections:

01 o0 01 1
Co = €9%df £V £, €y =e€ddf £ VL, (A9)

v§r = kol
(A10)

It is not difficult to verify,using Einstein's and Kill-
ing's equations and the vanishing of the commutator,
that ¢; and ¢; must be constants. (The vanishing of
both ¢, and ¢, is a necessary and sufficient condi-

0 1
tion that the 2-flats orthogonal to £ and £¢ at each
point be integrable.) Einstein's equation implies,

— — b
vho = h%wlo, V81 = h%whi,
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furthermore, that the twists (A8) are curl free.
Taking the curls of (A10), and using this fact,we
obtain

Dleyl] = 27172171 (¢ )2 gy — €€ g0lE®,

Dlaybl = 32712771 [(c)2x;, — (c)) 20 l€%, (A11)

Dleyl) =27 1/2771[(che hy1 — (€1)PhoqJe.

Although the twists will later play an important role,
they do not carry any new information from the
space—time M to S. In fact,there are equations, which
we now derive, expressing the v's in terms of the

A's. The vanishing of the commutator of the Killing
vectors implies

. 0 1 10
DN = £V, E, = EOV &, (A12)
Substituting into (A12) the expressions!
0 _ 0 .0
Vb = 2(h0) " Teanat Wy + Roo) 1 sDar 00s
1 (A13)

, _ 1 1
Vabp = (1) Yegpeabefy + My D1,

for the derivative of each Killing vector in terms of
its norm and twist, we obtain

vgo = 21727719 (— X1 Dk og + AgeDyhoy),

Ve, = 191/2;-1¢cab( — A11Dh g0 + AgoDsrq1)s (A14)
vfy = 2V/277eab(— a1 Doy + Ao DyAy4)

The projected twists, the v's,are therefore extrane-
ous.16

We now derive the first set of Einstein equations.
Taking the curls of (A14),and using (Al1),

201D [T7 DA 00] — Ao [T D2 ]
= 1771[(cp) g1 — €100l
A 11D2[TTID N 0] = AggD[TT DA )
= 7-"1[(6-0)2)\11 - (Cl)zhoo]: (A15)
Xo1De[T7 DA 4] — A1, D4[772D,0,4]
= 771(e1) 2 gy — €A 1q]-
Unfortunately, these three equations are linearly
dependent, and so cannot be solved immediately for

De[t71D,x 0], D?[T"1D,\ ;] and D4[T71D,x4,]. To
obtain a further equation, we proceed directly:

0 0
DaD gy = k@Y, (1, ™V, Ao ) = 20DV, (EmGE )

0 0 0 0
= 2hEMYV VE + 20 (VEMV,E,)  (Al6)
= 27720 [(DoA ) (DR | 1) — (DX o H(D, 2 1))
+ 77D, 7D o) + 2772(c,) 2,
where, in the last step, we have used (A13),R_, = 0,
0
and the fact that any Killing vector £¢ satisfies

0 0
vavbéc = Rabcdgd' (A17)

Equations (A15) and (16) now imply that the three
norms, Ayq, gy, and Ay, satisfy
De[17 1D o] = 27730 [(DOX ) (D24 4)
— (Do) (DA gy)] + 2773(c,)2,
Da[T71D,ag,) = 27731 [(DoA ) (D11 ,) (A18)
— (Dex ) (DA gy)] + 2773¢cy,
De[77ID ] = 27730 [((DA ;) D2y ;)
—~ (Dxg (D rg)] + 2773(c))2.
The first three Einstein equations are (A18). The
final one, which relates the curvature of S to the other

variables, is derived by communting D~derivatives. Let
k, be any vector field on S. Then

%(Rabcdkd = D[an]kC = h[a mhb]nhgvm[hnrhpsvrks]’ (Alg)

where R, is the Riemann tensor3 of S. Expanding

(A19), and eliminating first derivatives of k, using
(A1) and (A2), we have

0 [¢]
2 Qasca k9 = kg "hy "k PR4[3R, T2 (V6 )V E)

11 0.1
+ 72000V, 0V, 8 ) — T72001(Y, 8,0V, 8 )

- 7-2’\01(Vmén)(vq(€)p) (A20)
— T—zxu(Vmgp)(V,,%q) — T"ZAOO(Vmép)(Vhéa)

0 1 1 0
+ 172001 (V£ )V, E) + 77201 (V6 (Y, E)].

Since %k, is arbitrary (on S), (A20) gives the Riemann
tensor of S in terms of that of M. Contracting twice,
using (A13) and R, = 0, we obtain the desired result:

® = 772[(DX M DX 11) — (DN91)D,201)]

+ 6774[20,¢ 01 — (60)2Ay; — (€)) 200 ). (A21)
Equations (A18) and (A21) are equivalent to Einstein's.
That is to say, a 2-manifold S with (i) a positive-de-
finite metric k,, (ii) three scalar fields Ay, 243, and
A;1.and (iii) two constants ¢, and ¢; subject to (A18)
and (A21), defines a unique space—time with two com-
muting Killing vectors and with R, = 0,and conver-
sely.

APPENDIX B: WHEN ARE KILLING FIELDS PRE-
SERVED ?
Let M, g,, be a source-free solution of Einstein's

0 1
equation, with commuting Killing fields £¢ and &2,
Suppose we apply to this metric the tran(s)formation

(4) with respect to one of the fields, say £% Then, of
0 1
course, & and £¢ will still be commuting vector fields

0
on the manifold M, and £¢ will be a Killing field flor

the new metric g,,. Under what conditions will £«
also be a Killing field for g,, ? More generally, what
are the necessary and sufficient conditions that the
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transformatmns (4) (w1th respect to all linear com-

binations of §“ and E") preserve the presence of two
commuting Killing fields ? We answer this question
here.

Suppose first that neither Killing vector is destroyed
by (4), for any 11near combination of E” and ga Apply
(4) with respect to £“

derivative of

00
EaEbZ, = Xpol(Cos — wyy 8inB)2 + (Ayp)? sin26]?

(B1)

by 5“ must be zero for all §. But J.’;)\OO = 0 by (7), and
so the quantlty

Then, in particular, the Lie

0 0
cegl Woo = gaeabcd ‘gbvcgd =—¢C (BZ)
must vanish. Similarly for c,[Eq.(8)]. Thus, a neces-
sary condition that all transformations (4) preserve
both Killing fields is ¢, = ¢4 =

Conversely, we show that, if ¢, = ¢; = 0, then £,
necessarily has a pair of commuting Killing vectors.?

Apply (4) with respect to ga Taking the Lie deriva-

tive of ga,, with respect to £a and using the vanishing
of (B2), we have

£égab = Z‘Xﬂ (a"eg1 Ts) (B3)
Substituting (6), it follows that the vanishing of (B3)
(for all @) is equivalent to

£1 a, = oCxB (B4)
Thus, the new metric g, will have &“ as a Killing
field provxded we can choose the vector fields o, and

B, to satisfy (2),(3),and (B4). There is gauge freedom
in a, and B,: We can add to either the gradient of a

scalar field which has vanishing derivative in the .E“
direction. The idea is to use this freedom to satisfy
(B4). Suppose a given a, satisfies (2) but not (B4).

Then a, + V,¢ will satlsfy both (2) and (B4) provided

§"Va<p =0, (B5)

1
Vp(£9V,¢)

= — £§1ab. (B6)

Taking the curl of the right side of (B6), using (2), we
obtain zero. Hence,£ja,= V,# for some scalar field

£
k on M. Equations (B5) and (B6) reduce to

0 1
ev,0=0, &V,o=—=Fk (B7)
The integrability condition for (B7) is
£51(0) - l’g( —k)y=0. (B8)
But (B8) is satisfied, for
0 0
Lok= £V k= t0L10,

0 0
= £xE%0,) — o, £8% =

where, in the last step, we have used (2) and the vani-
shing of (B2). A similar argument applies to 3,.
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Thus, a necessary and sufficient condition that the
transformations (4), for an arbitrary linear combina-

0 1
tion of £2 and £¢, preserve both Killing vectors is
CO = Cl - 0.

APPENDIX C: GAUGE, PARITY, AND DIMENSION
TRANSFORMATION

Consider a pair of fields A, and /%, on a 2-manifold
S, subject to (17) and (18) (i.e., a solution of Einstein's

Q

equation).n Define 7 by (19),0 by (23),A,, by (24) and
(25), and A, by (29). At several points in this proce-
dure, we defined a quantity by an expression for its
gradient, and so we have the freedom to add to that
quantity a constant. That is, not all the fields 7, o,

ﬁa are uniquely determined: There exist gauge trans-
formations. The resulting gauge group (an infinite-
dimensional, non-Abelian Lie group) certainly re-
presents a fundamental property of the fields. Fur-
thermore, two alternating tensors were used in Sec.
2, €, (A6) and €,q, (20). One can reverse the signs of

these, with consequent effects on 7, 0, and A Finally,
there is freedom to multiply either of the two metrics
ky [Eq. (A5)] and G, [Eq. (16)] as well as A, by con-
stant factors, giving rise to dimensions associated

n
with 7, 0, and A . In this Appendix we shall derive the
formulae for the effects of these transformations. It
is interesting that these transfiormations can be
extended to the operator 7, (that which gives the in-
finitesimal change in an exact solution of Einstein's
equation) of Sec. 3.

We first consider the gauge transformation which
arises from (23). This equation defines ¢ only up to
an additive constant. Hence (taking the infinitesimal
case), we ask for the effect, to first order in ¢, of

g 0+e (C1)

Since T and A are mvariant under (C1), (24) implies
that w , and hence A
that, under (C1), A - A + 2€A ,to first order in €.

Then (28) gives Aa - A(>L + 3€Aa. Proceeding induc-
tively,using (29),

are 1nvar1ant But (27) implies

n n nl
A, PA, +ln+ 1eA,. (c2)
A second gauge transformation arises from adding a
constant to w,, defined by (24). This clearly leaves 7,
o,and A, 1nvar1ant and so has the effect

0
A, —)A +P (C3)

where P is real and constant. Proceedmg inductively
as before, we have, to first order in Pa,

‘Za - /'"1& - eapuP“’Z”' (C4)

n
Finally, there is freedom to add a constant to A, [Eq.
(29)], leaving the earlier A's invariant:

AgoA +m+ 1P, A, A& (m<n). (C5
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Using induction on (29), (C5) has the following effect

m
on the remaining A
m m p n-m-1

A, A, — Pe Av, (Cé)

€ ouy
. . n
to first order in P,.

These infinitesimal gauge transformations can be
dealt with most easily by introducing appropriate
operators. The action of (C1) is expressed by the
operator W, defined by
Wo=1, Wr=0,
m=1

m+1) A,

. €
WA

o

(4]
m=1 WA_=0.

a

For each integer n = — 1, define an operator ‘K)’{?a by

n n
W,0 =0, W rT=0,
‘&?a me——-O (m < n), '&?af’lnﬁ =m+ )G, (m=n),
n m m-n=-1
WoAg =€, AF (m>n), (C8)
Then, for » = — 1, (C8) represents an infinitesimal

rotation in the (indefinite, three-dimensional) vector
space of the a's, while the action of (C4) is given by
(C8) for n = 0,and that of (C5) by (C8) for n > 0. The
commutator of two infinitesimal gauge transforma-
tions is another. These commutators follow immedi-
ately from (C'7) and (C8):

n n+l
[W,®, =0+ 1) W,
n m ntm+l
[We, W] = €5, WH. (C9)

Finally, the commutators of the gauge operators and
the transformation operator 7, (45) are.17

-1
[W’ Ta] = ww
n n=1

[WQ’TB.I = G(XBHW K.

(C10)

We next consider parity transformations. Reversing

the sign of ¢,, leaves 7 and A, invariant, but reverses

the sign o(f) o [b}:)(23)] and of w,[by (24)]. Hence, the
0

effect on A, is A, ~ — A, where a bar denotes com-

403

plex conjugation. Then (29) implies that, for general
n

s

n n
A, > (=114, (c11)

Similarly, reversing the sign of ¢ g4, leaves 7, 0, and

A, invariant, but, by (24) reverses that of w,. Hence,
for general n,

A - —A, (c12)

Both parities of T, are negative.

We next consider the A-weight. If #,,, is a solution
of (17) and (18), then so is h,, cx,, where ¢ is any
nonzero constant. The x-weight of a quantity will be
defined as the power of ¢ by which it is multiplied
under (k,,, ) = (h,, c2,). So A, and 7 [and, by (23)

o] have x-weight 1, while k,, has x-weight zero. From

0
(24), w,, and hence A, has A-weight 1. Then (29) im-

plies that f'ia has A-weight (¢ + 1). The operator T,
increases the x-weight by 1.

Equations (17) and (18) are invariant under constant
conformal transformations on S(k,, — Q2h,) provided
2, is left unchanged. Since (23), (24), and (29) are
conformally invariant, all the fields except %, are in-
variant.

Finally, we consider the “conformal transformation”

G,, = 922G, (C13)
where Q is a real constant. One might think that the

G dimension of a quantity is best defined as the power
of @by which it is multiplied, under (C13). This, how-
ever, would be inconvenient, for the G dimension of an
indexed field would then depend on the location (raised
or lowered) of its indices. To avoid this inconvenience,
we define as the G dimension of a field: [the power of
Q by which it is multiplied under (C13)] — (the number
of lowered Greek indices) + (the number of raised
Greek indices). Then the G dimension is invariant
under raising and lowering of indices, and under con-
traction.18 The G dimension of G gand €,,, are zero.
We are free to choose the G dimension of A arbitrar-
ily,for two distinct choices differ only by a A-weight
transformation. We therefore choose for A, G dimen-
sion zero,whence all fields have G dimension zero.

* Present address: The Enrico Fermi Institute, 933 E. 56 St.,
Chicago,I11.60637.

1 R.Geroch, J. Math. Phys. 12,918 (1971).
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Ref. 1.
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surface orthogonal (i.e.,w = 0) was earlier obtained by Ehlers,
in Les (héories rélalivistes de la gravitation (CNRS, Paris, 1959).
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4 The transformation (4) with ¢° replaced by some constant mul-
tiple of ¢% is identical with (4) with 0 replaced by a certain func-
tion of 8.

5 Our conventions are as follows: Dy Dyk, = 3 R0k, Ry, = Ry, ™.

6 See, for example, F. A.E. Pirani, in Brandeis Summer Institule in
Theo. Physics, 1961 (Prentice-Hall, Englewood Cliffs, N.J., 1965).

7 Eguations (2) and (3) permit the addition of certain gradients to
a, and B,. This alters the final metric (4), but only by applying to

it a diffeomorphism. Consequently, although (4) always has a
pair of commuting Killing fields, these fields may not be £° and

1

% It is always possible, on the other hand, to choose o, and 8, so

0
that £° and g“will themselves be the Killing fields. The existence
of this possibility is not surprising: any two 4-manifolds, on each
of which there is specified a pair of pointwise linearly indepen-
dent, commuting vector fields, are locally identical.
8 Once (46} has been integrated, the integration of (47) is easy.
[See (37).] Hence, we need not be concerned further with (47).
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12 More precisely, () and 4’ (/) are equivalent if there is a con-
tinuous mapping ¢: (0,1} X [0,1]— V such that
(i) «©(s,0) =(0) = v'(0) and ¢(s,1) = (1) = v'(1) for all s,
(ii) @(0,f) = v(t) and ¢ (1,!) = y'(¢) for all ¢, and if
(iii) the range of v is a subset of the union of the ranges of 4 and
v’. T wish to thank M. MacCallum for this definition.
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13 One would only expect this statement to hold locally, in a suitable 17 Compare Egs. (C10) and (C9). As far as its commutation rela~-
sense. An analogous global result may exist, but one would have tions are concerned,TM behaves exactly like an infinitesimal
to eliminate space—-times which contain “holes,” or which are gauge transformation, W« for » = — 2!
obtained by making “identifications.”

14 See, for example,R.Geroch, Commun. Math. Phys. 13,180 (1969), 18 This scheme is also convenient for defining the dimensions of

15 See, for example, J. A, Schouten, Ricci Calculus (Springer-Verlag, quantities in general relativity. One considers a solution of all
Berlin, 1954), pp. 78. his equations, with metric g, ,and asks for a corresponding solu-
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Relativistic Spin-Zero Wave Equation*
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We have studied the solutions of a wave equation which describes a spin-zero particle in the Coulomb field of a
nucleus. An interesting feature of this equation is that the kernel is not of the Fredholm type. The behavior of
the momentum space wavefunction for large momentum is not determined solely by the angular momentum
state but, as in the cases of the Dirac and Klein-Gordon equations, it depends on the electric charge as well.
Our analysis of the asymptotic properties is based on a Mellin transformation of the momentum space equation.
This leads to a singular integral equation with a Cauchy-type kernel which may be treated by standard methods.

The equation is shown to have unique solutions.

I. INTRODUCTION

When we began a phenomenological analysis of pion
alpha-particle scattering sometime ago, we were
faced with the problem of choosing a wave equation
incorporating two-particle relativistic effects. We
wished to describe both electromagnetic and strong
interactions. At first,the Klein—-Gordon equation
appeared to be a likely possibility, but it has no pro-
bability interpretation so we were led to consider the
problem of Coulomb scattering for two spin-zero par-
ticles from the field theoretic point of view.

This led us to the following wave equation for two
free particles of mass m,m, and momenta p,, p,:

(0% + m§)/2 + @F + mB)1/2]Y(py,Ps) = Po¥(p1,P2),

where P, is the total energy, and we choose # = ¢ = 1.
If the Coulomb interaction is included, an additional
term,

S V1,92, 01, P) VD), pp)d3pid3p),

describing the Coulomb interaction V appears.

This equation is a member of the class derived on the
basis of general relativistic principles by Bakamjian
and Thomas! almost two decades ago. Such an equa-
tion has been known2 even longer. The relationship
between this equation and the Klein~Gordon equation
has been discussed by Feshbach and Villars.3 More
recently, Zemach?4 has analyzed the relation between
this equation and that for the two-body Green's func-
tion® defined by Schwinger.

The Bakamjian—-Thomas equation has been studied by
a number of authors®é during the past few years. They
have concerned themselves with the case of short-
range interactions. In the following pages we present
the theory of the equation for the case of an interac-
tion which is the time component of a vector field. In
this case the resulting integral equation is not of the
Fredholm type. Its solutions may be shown to behave
as p~s for large momentum where the specific value
of s depends on the angular momentum state and the
strength of the interaction, Because of this behavior,
a Mellin transformation of the momentum space wave
function seems particularly appropriate. When such a
transformation is carried out, the kernel of the new
equation is found to have a Cauchy-type singularity.
The choice of a contour of integration for the inverse
Mellin transformation is made by demanding that the
wave function be integrable for large momenta and
that the transformed kerpel be Hermitian. The inte~
gral equation may then be reduced to a Fredholm
equation by a standard method which we describe in
detail. We are thus able to prove the existence of
unique solutions for both bound state and scattering
wavefunctions.

405

II. THE BAKAMJIAN-THOMAS EQUATION FOR
COULOMB SCATTERING

We consider two spin-zero fields ¢, x of masses m
and M, respectively, interacting through a Coulomb
interaction. The Schrddinger representation is em-
ployed. Free particle states are normalized by

®'1Ip) = py6(’ —p), 1)
where p, is the free particle energy and 6 is the

Dirac delta function. This implies commutation rela-
tions of the form

[a(), a*(p’)]

for the operators a(p),b(p) and A(p), B(p) associated
with the fields ¢ and x, respectively. For ¢ we write

= poblp —p") (2)

1 PP (aple’-r+ bHp)e-Pr] 3)

3
o) = (21)3/2(2)1/2 J Po

and correspondingly for x(r). If ¥(p,q) is a function
of the variables p and q referring to two different
particles, we may introduce a two-particle state vec-
tor |¥) by writing

0= [ LRy garpur@ o, @
o %
where |0) is the vacuum state vector. One finds
ds
wiw = Jf S22 w0l (5)

The Schrddinger equation which we seek is just
, 0
<P,QIH|\I')=za—t-<p,QI‘I’>, (6)

where H is the Hamiltonian of the system. The non-
interaction part of H contributes [(p2 + m2)1/2 +
(g2 + M2)1/2}y(p, q) to the left-hand side of this
equation, and the Coulomb interaction term is

b, =ze2 [ Pm P ()P (x’)

lr—r|
where p,, and p,, are the charge densities of the two
fields. In terms of the charges e and Ze for the ¢
and x fields (the particles “a” and “A” have charges
e and Ze, respectively),

P, = ie(@tTt —n0), (8)

where 7,7+ are the fields canonically conjugate to ¢,
¢*, respectively. The representation of the 7(r) field
is

——— d3rd3r’, )
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(r) = '3/2 o173 J aplatple-ipr —ppleiv-r). (9)

(2m)
Similar expressions describe p,, and the x field.
The evaluation of the Coulomb contribution is
straightforward. One finds

p,qlH | ¥)
Ze2 Sp’ d3q’
87)‘2 f by (po + .bo)(qO + ‘70)
bpta—p —q)
X R 10
©_p)? v, a) (10)

Since we were immediately interested in pion-helium
scattering where m, < mg,, we were led to the
approximate equation for the case of an infinitely
massive field x. If P, now denotes only the energy
of the particle of finite mass, we find

(P2 + m2)1/2y(p)
L Z€% [ 4% (o + pp)
2 " py P—p')?

This is the equation we will study.

Y(p') = Po¥(p). (11)

II. SOLUTIONS OF THE BAKAMJIAN-THOMAS
COULOMB EQUATION

This section will be devoted to a study of the general
properties of Eq. (11)7 when the interaction is attrac-
tive. This restriction will be removed later. A par-

tial-wave decomposition yields

Ze2 o (PO + P(’))
2 4+ p2)1/2 4+ — dp ———
(b2 +m2)1/2y)(p) + —— [ dp o

2\ 2 o0
N2:2<Ze> dp,{;d

(A + m2/p2)1/2 + (a2 + m2/p2)1/2]Q2([(1 + a2)/2a])

R. J. RIDDELL, JR,

P2 + pr2
X 1@, (W—)wl(pw = Pyw,(p),

where @, is the Legendre function of the second kind
and ¥, (p) is the new wavefunction. If we try to write
Eq. (12) in standard integral equation form, the result-
ing kernel is not symmetric. To find an equation with
a symmetric kernel, one may introduce 5 by

p§/2¥5 =[Py — (p2 + m2)1/2]11/2py (p).

(12)

(13)

The new equation is then
Ze2 (o (py +ph)
i) =——Jo ap
2 (P()Po)
Q,([(p2 + p'2)/2pp"))
[Po — (p2 + ,,12)1/2]1/2[130 —(p'2 + m2)1/2]1/2'
(14)
Equation (14) has a kernel which is not of the Fred-

holm type. To see this, we consider the integral of
the square of the kernel (the Fredholm norm):

Ze2\2 o 0 (Pg + 16)?
2 = _— ! —_————
N _<2w) fO dp% @ Pobb
o Q2([(p2 + p'2)/2pp"])
[Py — (p2 + m2)1/2][Py — (p'2 + m2)1/2]]

(15)

The kernel will be non-Fredholm if the energy P, is
in the scattering region, because the energy denomi-
nators can then vanish. This difficulty is common to
scattering integral equations and can be readily re-
moved,8 so we will ignore it. If we set p’ = ap and
take account of the symmetry in p and p* we find

x [ +m2/p2) (a2 + m2/p2)|1/2|[Py/p —

As p tends to zero the integral is well behaved; when
b becomes large, however, the integral diverges loga-
rithmically. The integrand is positive definite and for
any nonzero region in o the logarithmic divergence is
present. (Note that when @ - 1 no trouble arises
since @, diverges only logarithmically and is there-
fore integrable.) It should be noted that if we had con-
sidered the interaction appropriate to the time compo-
nent of a vector meson field of mass p the argument
of the function @, would be replaced according to
(p2 + p'2)/2pp" = (p2 + p'2 + 12)/2pp"; (17)
but similar arguments to those above would show the
kernel still not to be of the Fredholm type. Since the
non-Fredholm nature of the kernel is related to its
large momentum behavior, our next task is to study
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1+ m2/p2)1/2][p0/p — (@2 + mz/pz)l/z]v ]|‘

the behavior of the equation for large momenta. For
this purpose it is convenient to use the unsymmetric
form of the integral equation, Eq. (12). Thus for

pO > PO’

, (Po + 0g) #’ +p'2
Vi(p) = ——— L e Q,(——,—>wl(p’).
Poby P 2pp (18)
The integral representation for @, i.e.,
p (t)
Q,(z) = 19)

may then be used to give

Ze2 .1
vi(p) = ——— [, atP,©
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P'2y,(p")
(p2 +p'2 —2pp't)

(bg + Pp)
Pobo

x [ ap (20)

We now conjecture that solutions of this equation be-
have as p~¢ for large p. We are thus led to examine
the two integrals

Ze2

1=

L )2 3
(p2 + P'z — 2pp't)
(p)28

______.[ atp (t)L PL(p2 + p'2 — 2pp't)”

The integrals may be evaluated by standard contour
integration methods. Both have branch points at the
origin; I, has additional branch points at + im. We
thus find that

and (21)

Ze2 etk T
— infdoP 6
Iy 27p 27 sinmé J[; sin Z(COS )
f ap'(p')?t
C (P —pei®)(p'— pei®)
and
_ Ze2 eint (22)
I, = _— 8dgp g
2 27 2i sinmf 0 f sin i(eos )
« [ ap'(p')?t
C Pt —pei®)(pr — pio)
where we have set
t = cosb, (23)

and C is a contour from + © to + © taken around the
origin in the counterclockwise direction below and
above the branch cut which has been taken along the
real axis from the origin to + © as shown in Fig. 1.
The integrals in Eq. (21) are well defined in the neigh-
borhood of the origin and at « if
1<E<C2, (24)
The integral I; may be evaluated by the method of re-
sidues. The integrand has polesatargp’' =6, 2r — 6
(the last value obtains since we may not pass through

p' plane
im )
,pele
c’ o c
iy o pei(27-6)

FIG. 1. Structure of the p’ plane together with
contours used in evaluating integrals.
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the branch cut along the real axis; see Fig. 1). One
finds for 74, if 0 is less than /2,

I = Ze2 pt f d9P,(cosd) sin[(2 — &) — 6)]. (25)

2 sinnt 0

The integral I, may be treated in a similar manner
except that account must be taken of the additional
branch cuts from im to ® and — im to — . If 6 is
again assumed to be less than 7/2 and if I, ; repre-
sents the contribution from the branch cuts, one has,
in the limit p > m,

Ze2
Io =155 —
2 2B 2 smn&

f dgP,(cos8) sin[(1 — &)(n — 9)].

(26)

Let us now consider the integral over the branch cuts
I,5. Since we are dealing with a square root singu-
larity, it follows that we need only integrate over the
portions of the contour which lie in the left plane pro-
viding we double the result. Next let us consider an
integral I, 5, of the integrand over the path C’ in Fig.
1, which lies in the left-half plane and which connects
the branch points + im. Clearly

Iyp +1Iyp, =0. 27}
The contour for I, 5, may be taken along the imagi-
nary axis, except for a small indentation of radius p
to the left of the origin which allows one to avoid the
branch cut to the origin. We thus have

yZ'-Edy
I,g3, = —"— singd 6P, (cosh (-—————-‘-——
2B 27 smn& L ( ) [J (m?2 — y2)1/2
e£1r§/2 )
+ c.c.
(y pet(e 11/2))(y + pe- z(6-1r/2))
7r
— p3-tpimnt
p elTl’ L/z
y ei3-Da gy
(m2 + p2e2ia)1/2(pgic — peib)(peict — pe~i6)
(28)

The last integral in Eq. (28) vanishes as p — 0 for Re
£ < 3. Thus one finds in the limit p — «,

2 2-t
Iyp, = —-i——f smGdE)P cos@)£ __y___{ly_
2m p2 sinmE 0 (m2 — y2)1/2

ginE/2
CeCul.
L1+wmwﬂmﬁ»a-@mwwem» ]
(29)
Therefore I, ; behaves as p~2 so under the restric-
tions in Eq. (24),1, ; does not contribute to the asymp-
totic behavior. Thus

_ Ze2pt u )
12 =" 3 sinmt [ d9P,(cos) sin[(1 — )r — 6)). (30)

If I, and I; are now combined, one finds that for self-
consistency a solution whose asymptotic form is p-¢
requires that

2 L dgP (cosb) {sin{(2 — &)@ — 9)]
2 smni
—sin{(1 — &) — O = 1. (31)
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This may also be written as

(— 1)iZe2 f«

.. 8 g
sintg 0 doP (cos) sm—2- cos(¢ — 3/2)6 = 1,

(32)
The integral vanishes as £ - 2, as it should, since

otherwise there would be a pole in either I or I, in
contradiction to the condition (24).

The integrals in Egs. (31) and (32) may be evaluated
in a straightforward manner.? When [ is even, we find

2 l
?-?—E(,ﬁ)B(Z—k + k43
21 k=0

tannt /2

x( cotnt/2
J—2k+2—¢

”z—2k+1~g)=1’ 33)

and when [/ is odd,

l
Ze? 5 @B(z—k+§,k+g)
27 »=0
x( cotnt/2
" ta—¢t

tannf/2 ) -1 (34)
l—o%k +1—¢ )

In these expressions, the symbol (}) is the usual bino-
mial coefficient and B(x,y) is the beta function of x, y.

The asymptotic behavior just developed strongly sug-
gests that the Bakamjian-Thomas equation be studied
by using a Mellin transformation.® We now turn to
that task, which will verify rigorously that the asymp-
totic behavior is indeed given by a solution of Eq. (33)
or Eq. (34), and, further, will lead to a method for
obtaining a unique solution of the singular equation
(12).

IV. MELLIN TRANSFORMATION OF THE
BAKAMJIAN-THOMAS EQUATION

The Mellin transformation and its inverse are defined
by the equationsi?!

$)=[ wppsidp (35)

and

vi(p) = — f Y, (s)p-sds, (36)

" oni

where C goes from — i® to i®, The contour C must be
chosen appropriately in order to effect a solution. We
note that from Eq. (36) it follows that the asymptotic

behavior of ¥/,(p) as p — ® is determined by the singu-
larity in %(5) with the smallest Re(s) to the right of C,

while the behavior as p — 0 is determined by the singu-

larity with the largest Re(s) to the left of C. From
these relations one finds the transformed integral
equation

1 ’ 7
w’(s)zififc K (s, s" W (s")ds’, (37)
where the kernel K,(s, s’) is given by
Ps 1(!)0 + polp’
K = — dp dp’ ——————
18,59 L J[’ v Py ~— bolPob
Pz +P'2>
e (p’ ) sdp’. 38
><Q,< a7 (38)
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The conditions for the existence of K (s, s*) must now
be examined. A consideration that the integrals over
P and p’ be convergent at both limits of integration
gives the requirements

asp—0, Re(s) » — 1,
asp-o>®,  Rel(s)<1+2, (39)
as p’= 0, Re(s')<1+ 3,
as p’ >, Re(s’)>—1+1,
It may be noted that the factor (Py — py)~1 may be

expanded in an appropriate manner according to
whether |P,/p,! is greater or less than 1 and that
such an expansion will not alter our conclusions about
the domain of existence of K since each successive
term is as well behaved at the origin and is better
behaved at infinity than the one for which P, = 0.

Alternatively if the kernel K is divided into two parts,
the first of which, K, is obtained by setting P, = 0 in
K, and the second is simply the difference between K
and K, by such an expansion argument for large p as
has just been given one sees that the domain of exis-
tence for K is the same as that for K. We find

R (s,s") = — 22
$,8')=— ——
B 2

(Po + b9)
X e Tol
bobo

fo dp [ dp'ps
'2
(') s1Q, (——————“’ ) (40)
2pp’

To carry out the integrals, we again replace @, by its
integral representation, Eq. (19), to get

K,(s,s') -————f sinfdoP,(cos0) f dpL dp'ps-l
x(-l-+l—> (?)’SH'Z‘ . (41)
pg Do/ (b’ —pei)p’ — pei®)
Consider now the integral
[ A(pryer
Is,s = [ ap f dpt ——L .
! 0 fo bo(p' — pe®)(p’ — pe~i9)
e”rs/ foo dpf dp/(p/)—su-z i
21 sints’ 0 py ¢ (P - pei®)(p' — pei®)
(42)

This is one of the terms in Eq. (41). The contour C is
the same as that in Eq. (22). We integrate first over
p' and then over p to avoid the branch cut associated
with p, at the first integration. The other term in the
integrand of Eq. (41) is treated by integrating first
over p and then over p’. Denoting this second term by

I,, we have
0 L (p/)—sH-zPs-l
Iy(s,s") = d dp’ , .
)=kl = et
~isw o 1Yy-§1+2
- £ apr B2
2 sinws 0 b b
x [ dp L (43)

(p— preie)p—pei®)
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For I, we find

7 sin[(2 — s")7 — 0)] f‘” @ps_s .
sinns’ sinf 0 po (44)
If this integral is to converge, we see that C must be
chosen so that

Il(S,S’) =

Re(s) < Re(s’) < Re(s + 1), (45)

The remaining integration can then be performed to
give

7r sin[(2 — s"){m — 9)]/@) s-s

I.(s,8')=—
1(58") 2 sinms’ sinf 2

XB(SI_S,S’—S+1>. (46)
2

The second term I, may be evaluated in the same
way. The result is

7 sin[(1 —s)m — 9)]<%> s-st

2 sinms sinf

IZ(S,S') =
xB(‘—S’—;—S,s—-s’+1>. 47)

In the last two equations, B denotes the beta function.
Equations (46) and (47) may now be used to evaluate
the expression for K (s, s'}):

= Ze?2 fm)\ s~ (s’—s >
K, (s,s') = —(— B ,s—s' +1
80 =7 <2> 2

sin[(2 — s")@ — 6)]
sinns’

X foﬂ doP,(cosf) x

_sinl@d —s)m —6)] (48)

sinms

We thus find, when [ is even,

Ze?2 fm)\ 5=’ (s’——s >
(s, s) = 2™ *'p s—s+ 1
(8,8 <2> 5

x ‘Zj ()B(l——k+ b+ )

k=0

tan 7s’/2
I—2k+2—5s'

X cot 773/2 ) (49)
S,

l—2k+1—

and when [ is odd,

=£E(ﬂ>s_S’B(s,_s,s——s’ + 1)
4m \2 2

:
xZ}() I—Fk+3,k+3)

k=0

cot ns’/2

x( tan 7s /2
1— 2k +2—5’

_l—2k+1—s>' (50)

Poles of the beta functions relate to the conditions of
Eq. (45). The reader may note that the even-odd
alternative forms for K (s, s’) have terms which pro-
duce poles for values of s or s’ in the regions which
are not excluded by the inequalities in Eq. (39).
These poles are canceled when the entire series in

k is included. For example, when ! = 1, we find

K, (s,s') « cotns’/2[(3 — s')L + (1 —s")71]
— tanns/2[(2 — s)™1 — s71], (51)

The poles at s’ = 2 and s = 1 from the cotangent and
tangent are thus canceled by the zeroes in the
brackets at these values. Hence,K,(s,s’) for I=11is
analytic for — 1 < Res < 3,and 0 < Res’ < 4,

We are now in a position to begin a determination of
the contour of integration C. Firstly,the contour may
be taken to run parallel to the imaginary axis from
— 10 to {0, It is to be noted that the conditions for
the existence of K,(s, s’) do not at first lead us to an
integral equation of the usual type for ¥ (s), since we
have derived an equation which relates ll/ (s)to
values of ¥/,{(s’), where the set of values of s is dif-
ferent from the set of s’ values because of the re-
quirement in Eq. (45). However, we may deform the
s’ contour by shifting it to the left so that it half en-
circles the pole contained in the beta function at s’ =
s or we may increase Re(s) to Re(s’), again taking
the contour to half encircle the pole at s’ = s, In the
neighborhood of this pole,

K,(s,s") 2——-—51(_3)8, (52)

where R,(s) is given by

Ze? l(l) 1 1
R,(s) = £& B(l~k+%5k+1
() =22 % ()0 Lk o+ )
% tanms /2 ____cotns/2 . (53)
l—2k+2—s 1—-2k+1—s

when [ is even, and by

!
R =22 5 (Ba~k+ 4k +h)
Z‘n 2=0
x( cotrs/2 tanms /2 , (54)
l1—2k+2—s 1—2k+1—35

when [ is odd.

We may now write the kernel K s, s’) as

R,(s) + (—( ) — (S)>’ (55)

s’—s s’ —s

I—(Z(S, §') =

where the kernel

Ky(s,s") =K (s,s') —R,(s)/(s' — s) (56)

is not singular at s’ = s,

This leads to the singular integral equation
R, (s)y,(s) 1 stico — , e,
———————2 + E;z— fs_iw Ky ,(s,s")W,(s')ds

1Tlfs

%(S) =

11/ (s'¥s’, (5T)

2

-to0 S’_

where P denotes a principal value integral. There is
also an “associate” integral equation to Eq. (57);

J. Math. Phys., Vol. 13, No. 3, March 1972



410 J. V. LEPORE AND R. J.
. R, (s)y¢(s) 1 psvio , ,
ll/l (S):——-—Z——‘*"le oo ds Kfl(S,S )t,bi’(s )
P s+ieo R,(s")
—_—— s’ 2(s’), (58)
2ng “s-ie si—s v,
where

K§,(s,s") =K, (s's) + R ,(s")/ (s’ — s).

Our method of solution of Eq. (57) consists of first
investigating solutions of a singular equation, the
“dominant equation.” We then derive a new integral
equation for the problem which incorporates K ,.
This new equation is of the Fredholm type; its
development will be given later in this section,

We shall conclude this section with a qualitative dis-
cussion of the solutions of the Bakamjian-Thomas
equation. For simplicity, we consider the case when
1 = 0, In this case, Eq. (53) then becomes (when we
drop angular momentum subscripts)

R(s) = _Z_ef(tannsﬁ _ cotnsﬂ) ) (59)
2 \2—s5s 1—s

If we write f(s) for the term involving 7(_1, we have

(1- By o) RGP 1= 40 HD _ yi5). g0)

2 2 “stiw

This equation can be written as KOy = f, where KO is
defined to be the dominant part of the original kernel
K,

An equation of this form was first treated by Carle-
mann and is extensively discussed in the books by
Muskhelishvilil2 and Pogorzelski.l3 We follow the
discussions given by these authors, First, we intro-
duce the function

His) = = [ WAsTMs" (61)
211 ¢ s’ —s

where the contour C goes from — i® to i®©. We can
look at H(s) as a single-valued function in the s plane,
cut along C. If we denote the region to the left of the
contour by S* and that to the right by S™, we can
obtain two functions H*(s), analytic in $*, respec~
tively, according to whether s lies in S* or S~. These
two functions can then be analytically continued be-
yond the cut C. Because of Cauchy's theorem, the
contour C can be varied without affecting H*(s) or
H~(s) unless a singularity in the integrand is en-
countered on C: i.e., ¥(s’) is singular, or C passes
through s. If C is chosen to pass through s, we have

H(s —€) + H(s + €))up = H*(s) — H(s) = W¥ls),

(H(s — €) + H(s + €)oo = H*(s) + H™(s) (62)
_P julsnds!
i

s’ —s

These relations reduce Eq. (60) to an algebraic equa-
tionl4:

(1 —zR(s)|[H¥(s) — H(s)]
=f(s) + sR(s)[H*(s) + H™(s)].  (63)
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To solve this equation, we begin by considering the
solution of the equation with f = 0 and denote the
solutions by Hf. We have

[1 —R(s)H§(s) = Hg(s) (64)
. HE(s)/H5(s) = 1/[1 — R(s)]. (65)
Upon taking the logarithm of both sides, one finds

InH{(s) — InH5(s) = — In[1— R(s)}. (66)

If one now introduces
1 In[1 — R(s")]

InHy(s) = —
0 27i °C s'—s

(67)

this effects a solution of the discontinuity equation
(64) for the homogeneous equation.15 From Eq. (67)
one sees that H{(s) are neither singular nor zero in
the regions S*, respectively.

A solution of the inhomogeneous problem is achieved
by using Eq. (64) to replace 1 — R in Eq. {63). Thus

[Ho(s)/HE (S)H*(s) = H™(s) + f(s)
or
Hi(s) H7(s) _ f(s) (68)

Hi(s) Hg(s) Hz(s)

If we now introduce

H(s) = F(s)Hy(s), (69)
we obtain
Ft(s)— F~(s) = f(s)/Hg(s), (70)

which can be formally solved by

1 f(s')ds’
Fs) = 2ni fc (s’ — s)Hy(s) )

and we see that F#(s) are regular in the regions S%,
respectively. The solution of our equation for ¢ is
then obtained using Eqs. (62) and (69).

We now continue consideration of the choice of con-
tour for our problem. For the ! = 0 case, we have
the conditions

0 <Re(s) <2, Re(s)<Re(s’)<Re(s+1),

1 <Re(s’)<3. (72)

At the various limiting values for s, s’, there are
singularities in K (s, s’), of which the pole at s = s’
has already been made explicit in the singular inte-
gral equation, Eq. (57). We note that 1 — R(s) can be
given an infinite product representationl€ in the form

s —
0 ( ’é,,) ’ (13)
n=-0 \g —n
Since R(s) has poles at all integers, R(s)—> 1 as

|Ims| — «, and for each n there is an s = £, such that
R(¢,) = 1.17 Further, as | n|— «, one finds

£, —n ~Ze2/mn, (74)
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which guarantees that the infinite product converges.
Finally, R(s) is symmetric about s = 3, so that

REG+H=RGE—-1. (15)

Thus the complex s plane shows a pattern of poles and
zeroes as indicated in Fig. 2 (for Ze2 < 0).

Let us now note the following facts: The function H(s)
is analytic and nonzero in S*, while Hg(s) in analytic
and nonzero in S~. All three contours C;,C,,and C,
of Fig. 2 satisfy the conditions on s’.18 We do not con-

S plane

ColC1 [C2
—4& *—& s O—HF© ¥ ¥k
-3 -2 -1 o] | 2 3 4

FIG. 2. Structure of R(s); poles are represented by x, zeroes by
C. At first sight Cy, C,, C, represent possible contours of inte-
gration but only C, is really allowed.

sider contours in which Re(s) < £, because such con-
tours can either be distorted so that Re(s) > 2 or
there will be a singularity in Y(s) for Res < 3. The
former case is of no interest, while the latter one
would lead to a wavefunction in momentum space
which is not square integrable, and is therefore ex-
cluded. If we consider C,, we find from Eq. (67) that

e = B (=2
n= s—&,

and
_ (76)
P~ = (5 =),

n=-oo

§—n

while for C,

H(()2)+(S) - ﬁ (S —n )
and (77
HBZ)—(S) = lgl

s — ‘57;)
n=-00 <s —n/"
On the other hand, for contour C, the integral in Eq.
(67) is singular, since the phase of the logarithm does
not go to zero as Ims — ®, so Hy(s) cannot be defined
by Eq. (67). One could attempt to use

H(()1)+(s) =(s—2) ﬁa <ss:z >
and * (78)

HEO=(s) = (s — ) nrll (s — 5") ,

FTONS—n

since this separation of 1 — R(s) satisfies Eq. (65). In
this case, if we consider the “solution” of the homo-

geneous equation for Y{s), we see that as {Ims|— «,
Y(s) = (55 — 2). But this asymptotic behavior is not
allowed, since the principle value integral in Eq. (60)
is not well defined; in fact, we will show that the con-
tour C; is not acceptable. If Ze2 > 0, the relative
positions of the poles n and zeros £, in 1 — R(s) are
reversed. In this case, we obtain a valid solution of
the homogeneous equation using C,, in which

Fle) 1 © (s—mn
HO(S) - (S _ EZ) nI:—[3 <S —_ £n> (79)
and :
! 1 [s— &,
Hyls) = (s —2) ’Fr'l“’ (s — n> ) (80)

Thus the solution for Y(s) will not be unique, because
an arbitrary amount of the soluticn of the homoge-
neous equation can always be added to a particular
solution. We will return to a further consideration of
C,, C, subsequently.

As was seen from Eq. (36), the behavior of Y/(p) for

p — «© is determined by the properties of Y (s) in S,
In this region, Hg(s) and F~(s) are analytic, so it is
convenient to express the solutions in terms of them.
In S™ it is convenient to represent H*(s) as

f(s)
. 81
H5(3)> (8D

_H3ls) [
_1—R(s)<F (s) +

Thus if 1 — R(s) vanishes, y/(s) will have a pole;i.e.,at
points s = £,. By construction we also know that f(s)
has a pole at s =, but here R(s) also has a pole
which cancels the singularity, so that Y/(s) is regular
at n. Thus the asymptotic behavior of ¥/(p) will be
dominated by the smallest £,, £1i7 in the S~ region;
i.e.,

Y, (p) o prat,

po

H*(s)

We now come to the decisive part of our investigation,
the complete solution of Eq. (57). This depends on the
existence of solutions of our equations,1? which in
turn can be determined using the Vekua theory of
singular integral equations,20 which we will now
briefly recapitulate. Vekua's theorem states that,
under certain conditions, each singular integral equa-
tion of the form

Ko =a)es) + £ [ as MEWED _ po) (a2)
e s — 8

is equivalent to a Fredholm equation with a complete-
1y continuous kernel.21 The conditions which must be
imposed are the HSlder relations:

|A(s) — A(s")| < const |s — s’ |,

1 F(s)— f(s")]| < const |s — s'|",
and (83)

[K(s,s"Yy—K(s",s"’)| < const [ls— s"l# + |s' — s"'[n],

where 0 <#x < 1, Of central importance in the Vekua

theory is the index «,
A c arg(&ﬂﬁ) .

S, wAR=BE) _1
K=o B ln(A(s)+B(s)> an A(s) + B(s)
(84)
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Here,

B(s) =N(s,s) (85)
and the notation A, is meant to indicate the total
change in phase of (A — B)/{A + B) as we traverse
the entire contour C. In our case,A(s) = 1 — 3R(s)
and B(s) = — 3R (s), and the contours C, and C, give
k = 0, while C, gives x = = 1 according to whether
Ze2 2 0, We have seen that only for Ze2 > 0 and the
contour C; is there a solution of the homogeneous
equation K9¢ = 0 in which ¢(s)— 0 as [Ims|— «, In
order to effect the reduction of the singular equation
to Fredholm form, the “dominant” operation

KO = A(s)p(s) + BEE [ 4o &) (86)
7i € s’—s
and its “associate” operation22
K¢ = As)p(s) — L [ as BEIOE) (87)
i s’ —s

are introduced. If « is the index of KO, then « is said
to be the index of the original equation. Since the sign
of the imaginary unit has been changed in Eq. (87),— «
is the index of KO'. A theory of Eq. (82) was first
developed by Carlemann.23 If the index of Eq. (82) is «
and

k>0, (88)
there are « linearly independent solutions of the homo-
geneous equation of the form

®(s) = Hy(s)P,(s), (89)
where P, (s) is a polynomial in s of degree x, On the
other hand, for « = 0, the associate operation in Eq.
(87) has a k < 0,and there are then no nonvanishing
solutions of K0'¢ = 0 which tend to zero at infinity.

It can be shown by use of the Poincaré~Bertrand
transformation24 that K9’ is a “regularizing” operator
for the kernel K that is, the kernel KO'K(= f KO'(s,s")
K(s”,s')ds") is completely continuous, although K is
not. Thus if ¥ = 0, solutions of the equation K¢ = f
can be sought via the regularized equation

KO'K¢ = KO'f, (90)
for which the usual Fredholm theorems apply. Since
K%'y = 0 has no nontrivial solutions, no extraneous
solutions are introduced.

If, on the other hand, « is negative, one may define

¢ = KOy (91)
and form the equation
KKO'y = f, (92)

which may be shown to have a completely continuous
kernel. The solution of the original Eq. (82) is then
obtained by quadrature from the solution of this equa-
tion.

The relevance of the above theorem to our work de-
pends on the following theorems. We first note that
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for any kernel K and its adjoint, if we have solutions
¢, ¥ such that

K¢ =f (93)
and

Ky =0, (94)
then the general relation

[ uK ddsds' = [ ¢K'ydsds’ (95)
requires that

[ wfds =o. (96)

This is, of course, just the generalization of the fami~
liar property which is known from the theory of Fred-
holm operators; that is, a necessary and sufficient
condition for the solution of an inhomogeneous Fred-
holm equation is that the driving term be orthogonal
to the eigenfunctions of the transposed operator (or
Hermitian conjugate operator if orthogonality in-
cludes complex conjugation). We now remark that, in
analogy to the Fredholm case, the condition (96) is
also sufficient to guarantee a solution of Eq. (93):
First, suppose that k is positive or zero. We consider
the solution w of the Fredholm equation

HKYK)Yw =10 97)
or, equivalently,
K'KOw = 0. (98)

Since the solutions of Eq. (98) always satisfy Eq. (94),
K% must be a linear combination of the Y. According
to the Fredholm theory, however, a necessary and
sufficient condition that there be a solution of an in-
homogeneous Fredholm equation is that the inhomo-
geneous term be orthogonal to all solutions w of the
homogeneous equation, with transposed kernel. Thus
a sufficient condition for the solution of Eq. (90) is

[ wKO'fds = [ fKOwds = ffzi‘,a,.zp,.ds.

Thus, if Eq. (96) holds, there is a solution of Eq. (90)
and hence of Eq. (93), and sufficiency is proved.

(99)

If « is negative, we introduce the solutions y of the
transposed Fredholm equation

(KKO'Yy =0 (100)
or, equivalently,

KOK'y = 0, (101)
The Fredholm theory shows here that if

[ fyds =0, (102)

one may find a solution of Eq, (92). This allows one

to construct ¢ by quadrature [Eq. (91)]. Since the
dominant equation for « negative has no nontrivial
solutions, those of Eq. (101) must be linear combina-
tions of those of the homogeneous associate equation
(89). Thus the condition of Eq. (96) is sufficient in this
case also,
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A further theorem has been proved by Vekua: The dif-
ference between the number % of linearly independent
solutions of the singular equation K¢ = 0 and the cor-
responding number k' for K’y = 0 is equal to the in-
dex « of the first equation. This can be shown as fol-
lows: We assume that « = 0 without loss of generality,
since if k < 0 the roles of K and K’ can simply be in-
terchanged. Then we know that the equation

K$p=0 (103)
is completely equivalent to
KO'K¢ =0, (104)

and therefore the latter also has & linearly indepen-
dent solutions. From the Fredholm theory we know
then that
K'KO% =0 (105)
has % linearly independent solutions as well. Since

KOy = 0 has « linearly independent solutions, it fol~
lows that &’ = %2 — «.

Let us now apply the foregoing analysis to our equa-
tion. As has been seen, the choice of contour C affects
the resulting k. We note that if « is positive or zero,
except for certain eigenvalues there are no nonzero
solutions of the homogeneous adjoint equation. Hence
there are no restrictions on the function f as indica-
ted by Eq. (4). If « is negative, however, f cannot be
arbitrary. Thus the contour must be chosen so that «
is positive or zero. Thus, if Ze2 > 0, the path C; must
be excluded since there will not generally be a solu-
tion of the equation. On the other hand, if Ze2 < 0 for
physical reasons, Cy again is excluded since the solu-
tions in this case would not be unique. Thus we are
left with the possible contours C, and C,.

Again let us consider ! = 0. The generalization to
arbitrary ! is simple. We have seen that the behavior
of Y(p) as p — 0 is determined by the highest singu-
larity in S*. Thus it is convenient to express the solu-
tion of Eq. (60), y/(s), in terms of Hf and F*:
V(s) = R(s)H(s)F*(s) + f(s). (106)
The singularities of ¥/(s) in S* are then found either in
R(s) or f(s), or in both. Thus there may be poles in
Y{s) at all of the integers to the left of C. If Eq. (37)
is used to continue y/(s), however, it is seen that only
the singularity in s associated with K(s, s’) produces
a singularity in ¥(s), and hence if C, is chosen, there
will be a pole in Y(s) at s = 0 (and at the negative even
integers). On the other hand, if C, is chosen, it is
convenient to first let Re(s) » Re(s’) on C,, since we
have the analytic continuation explicity of K (s, s’) for
Res = 2, and then obtain a solution of the equation on
C,, and finally use Eq. (37) to continue back to s = 2,
We thus find a pole at s = 2, and

w(p) T, 72 (107)

This behavior is not acceptable, however, since the
wavefunction would not be normalizable, and so we ex-
clude the path C, from further consideration, and we
have a unique solution to the singular equation, Eq.
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(12). Since we are thus restricted to the path C, we
may ask whether there is some especially appropriate
path. It is shown in Appendix A that if Re(s) = Re(s’)
= 2, the kernel of the integral equation satisfies a
hermiticity condition, and so this choice seems to be
called for.

We shall close this section by noting that there is a
maximum value for — Ze? for which a unique solution
of Eq. (12) is possible, Again for I = 0,it is easil
seen that R(s) is real for Ims = 0, and for Res = 3. In
the latter case,

Zez/l—-i tanh(r/2)s; 1

R(s) =— - —— +c.c.),
2 \1 + i tanh(n/2)s, %—is,
(108)
where s = 3 + is;. As|s;| =,
R(s) ~— Ze2/s;. . (109)

On the path along which R(s) is real going from s = 2
to either s = 2 + i, |R(s)| is 2 monotonic decreasing
function going from « to 0,and if Ze2 < 0, there will
be a point £, on the path at which23

R(¢(,) =1, (110)
This point £, will only have Im(s) = 0 if

RE)<1, (111)
that is,

|Ze2| < 4. (112)

If this condition is not satisfied, the points §; and &,
become complex conjugate pairs and the contour C
and solution ¥/(s) are not unique. The situation is
completely analogous to that with the Dirac equation,
for which there are too many acceptable solutions
also if Ze? is too large.26 The problem raised here
is only of mathematical interest, however, since a
large Z nucleus would necessitate a form factor to
describe its spatial extent and the potential for large
p would be cut off, in contradistinction to the point
particles dealt with here. Thus we will not pursue
this case further.

The Dirac equation may also be dealt with using the
Mellin transformation technique, In that case it is
found that R(s) is a quadratic function of s and there
are only two possible £;. A brief account of the treat-
ment of the Dirac equation is given in Appendix B.

V. MOMENTUM SPACE INTERPRETATION OF THE
K, KERNEL

In the preceding section, we have provided an analysis
of the non-Fredholm Bakamjian~-Thomas equation
which leads to a unique solution. Although this pro-
vides a mathematically satisfactory solution, its signi-
ficance is probably somewhat obscure. In the present
section, we will provide an alternative momentum
space treatment which is closely related to the Carle-
mann approach in Mellin space, but which gives direct
insight into the above results.

Since the non-Fredholm behavior of the equation is
associated with high momenta, one might try to sepa-

J. Math. Phys., Vol. 13, No. 3, March 1972



414 J. V.

rate the kernel into an asymptotic part and a remain-
der. Thus we write Eq. (12) as

Ze? o (p+p') (pz + p'2>
— d U ’ ’
Yy(p) = {, S (g U W)
Lz~ ,dp'( (bo + Pp)
2 p2 p(l)(Po '—Po)
(p+ P’)) (P2 + P’2>
U n,  (113)
(0) =)l )

where U(p) is zero for p < 1,and is one for p =

Let us consider the kernel in the first integral to be
Ko (p,p’'), and the balance of the right-hand side as if
it were an inhomogeneous term f(p). We thus look
for solutions of the equation

pY= [ ap’Ko(p, o' W(p') + £(p).

The step function U must be introduced because other-
wise there would be no solution of Eq. (114) because
of the behavior as p,p’ = 0.

(114)

Clearly the kernel K is of such form that we can
write

v = L R(BYur + 100 (115)
p 4

This equation can be solved in two ways: If a new

variable x = Inp is introduced, Eq. (115} is converted

into a Wiener—-Hopf equation which can be solved by

known techniques.27 On the other hand, if a Mellin

transformation is carried out as in Sec. IV, we get

L g FOME)
i °C

Y (s) = — + £ (s), (116)

s’ —s

where Re(s’ — s) > 0. This equation can be brought to
the form of Eq. (57), and is easily seen to be identical
to it. Thus the Carlemann solution of this equation
corresponds to finding a solution of the inhomogene-
ous Eq. (114) to remove the non—Fredholm term

Ko(pypl)'

In obtaining Eq. (113), we essentially took the asymp-
totic form of the kernel for p,p’ — ©, and then multi-
plied the kernel unsymmetrically by U(p’). If, on the
other hand, we had multiplied by U(p), the only change
which would occur would be that in Eq. (116}—F(s')
would appear instead of F(s).

VI. CONCLUSION

In this paper we have given arguments which lead to
an approximate wave equation for spin-zero particles.
This equation has been studied for the case of an in-
teraction which is the time component of a vector
field. A simplification was afforded by assuming one
of the particles to be infinitely massive. Because of
the nature of the interaction the Schrédinger integral
equation is singular so that the Fredholm theory does
not immediately apply. We have given a simple dis-
cussion of the nature of the solutions to be expected
for our equation and have then gone on to rigorously
show that a unique solution may be achieved if the
potential is repulsive or the coupling constant is not
too large. We have also gone beyond the considera-
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tions of this paper to construct explicit numerical
solutions for both bound state and scattering problems
for the case when [ = 0. Because of the length and
complexity of this paper and the special techniques
which are required to effect a numerical solution, we
will report these results elsewhere.

APPENDIX A: HERMITICITY OF THE MELLIN
TRANSFORMED EQUATION

In this section we shall show that the kernel in the
Mellin transformed integral equation is Hermitian if
the contour C is taken to lie along Re(s’) = 2. For

this development, we divide the kernel into two parts:

K, (p,p') =K,(p,p") + KR(p,p"), (A1)
where [see Eq. (40)]
— Ze2 p' (pg + pi 24+ p2
Ry(p,p) ==L Lo T00) o (20 ) @2
21 p pobl 2pp’
and
(Popp)1/2 —
KR(p,p') = — (1— )K ,9").
! (Po _Po)l/z(Po _p(’))l/z l(
(A3)

This division separates K, into a part which has a
Mellin transform that is regular at s = s’ K4,and a
singular part K for which we already have the trans-
form explicity. The singularity in K,(s, s’} for s = s’
arises from the asymptotic behavmr of K ( p,p’) for
large p,p’. If we set p’ = ap in Eq. (41), we find

K,(s,s") = ———2 f do sinf P,(cos6)
m
o0 2-s7
x [ da —
0 (a —_ ele)(a —_ e—le)

X j(; dp ps—s:[(pz + mz)—l/z

+ (@2p2 + m2)~1/2], (A4)

Thus, the integral over p diverges as p — ©, unless
Re(s — s’) < 0. If we use the same approach to
K¥&(s,s’), however, as p = ® the terms involving p, and
P are now of order p72,and hence K¥(s, s’) is regular
at s = s’.

To investigate the hermiticity condition for the kernel,
we convert the transformed integral equation to one
in real variables. Thus we set

S=SR+ZSI
and

r ol

$' =sp +isy,

(A5)

so that the integral equation becomes (we do not ex-
plicitly exhibit the dependence on s, which now be-
comes a parameter in the equation)

R (isph (s

’
s)—8;

P o0
wl(sj) = %Rl(isj)u/l(s[) + - f dS}
2mi o0

f dsilK (s, isp) + K, Rs,, isPi, sy
(A6)
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The K%, part of the kernel considered as a function of
$;, St can easily be shown to be Hermitian for sp = 3.
We begin by noting that the transform can be written
as

*f,(sR+z‘s,,s;1+is;):fO dpfo dap’

X pORISITL(pry SRTISIUZR (p50)  (AT)

where

FZ(P,[J') = F[(plub)*- (A8)
(We only consider bound states, so P, < m.) Then we
find

K&(sp +is},sp + is))*

=[

[ @b Ly E s ), (a9)
in which Egs, (A7) and (A8) have been used, and the
dummy varlables b, p' have been mterchanged Thus,
if sp = %, we see that28 as a function of the real vari-
ables s, sy,

K§,G +is;, 3 + is)) =KB,(G +is}, 3 +is))*, (A10)
so that K%, is Hermitian. We must now look more
closely at the singular kernel. We consider the case
in which ! is even. Choosing sy = $, we then find from
Eq. (49),

_ ze2 fm\ 1D s, — 1
K/sp,s)) = _(E) B(~(—1—~1—),i(sl-— sy) + 1)

4n 2
~ (1 L gt
XZ; kB(l——k+‘2‘,k+§)
£=0
>((1 — i tanh(rs}/2) 1
1 + i tanh(rs)/2) 1 —2k + 3 —is}
. 1 + i tanh(rs;/2) 1 )
1—itanh(rs,/2) | —2k + 3 +is,
(A11)

in which the second term in the bracket is obtained
from the cotrs/2 term in Eq. (49) by interchanging &
and ! — & in the summation over #. From Eq. (116)
one can easily see that

(s sp) =K (s}, s)* (A12)
and that R (s,), which is the residue of K, in the pole
of the beta function at s’ = s is real. Thus we have a
Hermitian kernel for the equation. It may be men-
tioned here that the Fredholm kernels obtained in the
Vekua theory do not satisfy the hermiticity require-
ment. This occurs because of the lack of symmetry in
the choice of K, for example, not irom the singularity
at s’ = s.

APPENDIX B: MOMENTUM SPACE ANALYSIS OF
THE DIRAC EQUATION

In this appendix we apply the Mellin transformation
technique to the solution of the familiar Dirac equa-
tion for a spin-} particle in a Coulomb field. The con-

ventional discussion29 is based on a study of the in-
dicial equation of the differential equation for this
problem in coordinate space and involves boundary
conditions at the origin.

Let us now consider the nature of the solutions of this
equation in momentum space:

f~—B——w(p)

(ap + pr)wip) + Z5 o7 Poy ().

(B1)
The usual solutions of the Dirac equation involve the
operator

k= glL + 1),

which has the eigenvalues * (j + }), since it commutes
with the Dirac Hamiltonian. If we write

a = p10>
Eq. (B1) becomes

(010°p + Bm )V (p) + f —P——w(p = P¥/(p).

(B2)
We choose

01 1 0 op O
pl:< >> B=< ),‘ °'p=< ),
10 0 —1 0 o
(B3)

where each of the elements in a matrixisa 2 X 2
matrix and the corresponding ¢'s are Pauli spin
matrices.

An angular momentum decomposition can be achieved
by setting

ij = ( R >,
Y% 1/2 (j))G]-(]b)

(B4)

where y/7 is an eigenfunction of total and orbital angu~
lar momentum of e1genva1ues j and [, respectively,
and of j, = m,and p is a unit vector in the direction

of p. In the ﬁrst place this function is an eigenfunction
of k, since30

(O L+ 1y, =% G+ 2,1, (B3)

Now consider the effect of the operator o+p on the
state v We set

Y =opyp. (B6)
To characterize this state we note that
2%,0°p) =0,
(3,0°p) =0, (BT)

(L2,0°p) = 20°p + 26°po-L
Since

o°L=J2—-12 -3 (B8)
we find that

J. Math. Phys., Vol. 13, No. 3, March 1972



416 J. V. LEPORE AND R. J. RIDDELL, JR.
L2Y = [2j(j + 1)~ 1 + 1) + 3]Y. (B9)  G;(p) + mF,(p)
It Ze2 (® p/ (p +p’ >
+ 5 | S dp'Q .\t )F (") = PoFy(p)
l=j—3, 7 fO b 12 g 0
the new eigenvalue is j + 3, and when and (B14)
l=j+3, ij(P)”‘mGj(P)
i Ze2 (*p’ <p + p! 2)
the new one is + 2 | £dp'Q,,q ol ——I|G; = PoG;(p).
— 4 S Qo560 = Po
1=j—4%
Equation (B14) may be rewritten as
Choosing the conventional Clebsch-Gordon coef~
ficients, we may write _ Ze? f°° plap’
Fi(p) = o
op p(P§ —1p3)
i1z =75 Vil X[(Py + m)Qj1 o F; + PQjuy /261
and (B10) a B15)
o an
Yi-172 = _Pp Ve
G.(p) = Ze? foo _pap
If we now substitute Eq. (B4) into the Dirac equation ! 7 0 p(PE— pg)
B2 h denoti it tor by p,
{B2), we have, denoting a unit vector by p % [PQj-l/sz + (P — m)Q,u/z]-

PGP -1/2(P) + MF(DW]I_y j2(P)

2 PN
j:z f__L,)E j(P’)yﬁ_l/z(P')

= Pon(P)y]"}—l/z(ﬁ)

(B11)
and

ij(p)yj,;'l+1/2(£) - mcj(P)yﬁq/z(f;)

3 ~
+ —22-77%2— f (p‘i— 2 G]-(P')Y}?+1/2(P’)
:POGJ(P)y]"]'q/z(.E)-

To eliminate the angular functions, we multiply by
yP /2(1>) and integrate over solid angle. We use the

relations

21 +

Lp (5 +5) = Typ G0ymp)

Jm
and (B12)
(g —tyl = 12_30 (21 + 1)Q,(2)P,(t)

and the normalization condition, The interaction term
in the first member of Eq, (B11) is

d3 N

f dQ 7 g a(0)* _(;)_:%)_éy;";—l/z(p,)Fj(p,)
0O 4t , ~ pz + prz
= L %d[) mpdﬂplyj'g—]_/z(p )* jll'zz:zl er< zpp, )

X yj"r"l;(E)yﬂ‘;,(5’)*3’]‘7;'_1/2(5')1;‘]'(?’)
P

(B13)
2P1>
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We thus obtain the equations

The arguments of the Legendre function have been
suppressed.

We now make a Mellin transformation on Eq. (B15):
© sl
Fis)= [ p*F,(p)

and (B16)

G]-(S) = _Lw Ps'lcj(l’)-

For convenience we use the same symbols for the
functions and their transforms. In matrix notation
this leads to the integral equation

W(s) = — [ K(s,sds", (B17)
2mi ¢
where
; Ze2 o ,ps—2(pl)—sl+1
Ki(s,s") =282 [ ap [ ap B2\ -
T fo f" (P§ — rg)
Py +m)Qiysa  PQjr1s2
X .
PQj-1/2 (Po—m)@;.q/5
(B18)

The integrals may be evaluated by the methods used in
the foregoing paper. If K is conventionally labeled
according to the scheme
K1 LSP
Ki = . ' , (B19)
K5 K}y

we fmd the following: If — 1 < Re(s — s’) < 1 and
—j+ 3 < Res'<j+ %, we find

Ze2 (Py + m)ks-s'-1

B20)
2  cosin(s —s’) (

Kli(s,s") = C;(s")8;(s",
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where we set

F-1/2
= ’§0<k /(1—2k+§—s>’ B21
k = (m2 — PR)L/2
and
C,s) = CW2A = E DL costs'] gy

sinrs’

Thus, if j — 3 is even, C, (s ) = tanns’/2,and if j — % is
odd, C (s ) =— COtﬂS'/ 2 The other elements of K are
easﬂy obtained from K7, (s, s’). Thus

Kl a(s,8") =K{{Xs + 1,8")/(Py + m),
21(s,s )=K11(3 + 1,8")/(Py + m),
and (B23)

. P —m R
Jo(s,8") = (—‘L———)Kf*l(s,s')
22 P +m 11

0

It is seen that the integral equation is of the singular
type since it has a pole at s = s’.

In analogy to the B—~T equation, the integral equation
can be written

R(s) _P
2 MS)_Znisz

+—Lf K (s, s"W(s")ds’,
2wi °C

R(s)
—s

1-— Y(s')ds’

(B24)

where K, is a regular 2 X 2 matrix and R(s) is the
residue of K at s’ = s, A singularity in Y/(s) will now
occur if the matrix [1 — R(s)] is singular;i.e.,it has a
zero determinant. From Egs. (B20) and (B23), we find
that only K4, and K, have poles at s = s’, so that

PHE (4 \BG —k+ LE+ D)
j-»l(s) E . 5
0\ B ) (j—2%+5—5)
(B25)
and similarly for R, (s}, where j + 1> j. The condi-
tion that det(1 — R) = 0 is thus

1 = (Ze2/1)2C (5)C;,1(5)S,(5)S,+1 (5)

Ry,(s) = Zet C

(B26)

= — (Ze2/m)28,()5;.,1(s).

We see that S;(s) has poles at s =j +3 5+4,...,
—j+ 3, and hence S S, j+1 can be expressed as a sum
of poles times res1cfues which will now be evaluated.

We first consider the residue of the poles at s =j + 3
— 2k, where k is an integer. For this purpose we note
that31

S, + 5~ 2k) = (- D12

X n[l — (= 1)J"1/2 cosn(j + 3 — 2k)]"1

L N
xfo P;_y (cos®) sin[(m — 8)(2k — j — 3)]d6. (B27)
The factor in the square brackets is just 2, and the
integral can be written as

(- 1)i*1/2 {) P;_15(cos8) sin(j — 2k + 1)6do.  (B28)

Further
’ [(j-2k+1/2)/2]

sin(j — 2% + )0 = sind Eo P 1 3-2 m(€OSH),
m-
s0 the integral vanishes unless 2 =0ork =j + 5
Similarly, one gets zero for all of the residues asso-
ciated with poles in C;. Thus the product of §;(s)
S;.1(8) only has poles ats=j+2ands =13 —-] At

s'=7+ %, we find
S;(i + 3 =—T(+ DTE)/TG+ 1), (B29)
and at s = 3 — j, the result is the same except for a
change in sugn. We finally obtain
2)2
A0 ol (N W ) (B30)
@i+ DV +5~s j—t+s

From this one easily finds the singular values in s:

S19=2%[(j+ 2)2 — (Ze2)2]1/2, (B31)
These are the analog of the well-known result in co-
ordinate space for the indicial equation.
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although we have a solution of the discontinuity equation (64),
Hy(s) cannot be represented in the form of Eq. (61). We therefore
do »ot have a solution of the original homogeneous equation.

16 E. T, Whitaker and G.N. Watson, Modern Analysis (Macmillan, New
York, 1943), p. 138.

17 For 1 # 0, as has been seen, R (s) has no singularities for — [ + 1
< Re(s) < 1+ 2. One also sees that, at least for very small Ze2,
there can be no £, near the integers in this region, either. For
small Ze2 the smallest £, above 2 will be near / + 2. Thus a
representation of this form is also available for / # 0, except
that some n values must be excluded.

18 For ! = 0,C; and C, would be chosen between the lowest zero-
pole pair in R(s) for Re(s) > 4, and to the right of that pair, res~
pectively, See Footnote 17.

19 1t is to be noted that H(s) must tend to zero at infinity if Eq. (61)
is to hold.

20 See Ref. 12 or 13,

21 The latter kernel need not be bounded. It is only necessary that,
for its kernel K, [ |K(s, s')|2dsds’ exists.

22 The associate to a'kernel K (s, s’} is given by K'(s,s’) = K(s/, s).
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23 See Ref. 12 or 13.

24 See Ref 13.

251f Ze? > 0, the point £, lies at Res > 2 and R{s) is negative on the
entire path discussed here so that for a repulsive potential there
is no difficulty.

26 See K. M. Case, Phys. Rev. 80, 797 (1950).

27 See, e.g., Titchmarsh, Ref. 10,

28 Throughout this analysis we have assumed that the integral equa-
tion has an integration weight factor of p’2 so that the complete
kernel is p'2K(p, p'), where K (p, p’), is Hermitian. This factor can
be modified by a change in the wavefunction of the form ¥'(p) =
Py (p), which then introduces a factor {p’/p)® in the kernel. If
such a change is made, the hermiticity condition becomes s, =
2 + o and at the same time the conditions of Eq. (39) are also
shifted by o.

29 See, e.g., L. 1. Schiff, Quastm Mechanics (MeGraw-Hill, New York,
1949), pp. 322, ff.

30 We only consider the case in which the eigenvalue of k is j + 3.
The other case can be similarly treated.

31 This relation has already been used to obtain Eq. (B20), using the
integral representation for Q.
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A systematic perturbation theory is presented for the analysis of nonlinear boundary-value problems.
In particular, those equations are considered whose unperturbed form belongs to the class of linear
special-function equations; the nonlinear terms are then regarded as perturbations of special-function
operators, Utilizing the coordinate representation of quantum mechanics,a matrix representation is
obtained for the perturbed operator, truncation and diagonalization of which will determine the perturbed
eigenvalues and eigenvectors. In most cases the method is applicable even when the perturbation term
is of the same order of magnitude as the remaining terms, perhaps even when it is larger. To illustrate
this point the nonlinear Legendre-like equation (d/dx)}(1 — x2){du/dx) + Au + ax?u? = 0 is solved for the
cases when @ = 1 and o = 5. Other examples include the Hartree equations for the helium atom, where
a qualitative comparison of the ground-state energy is made with experimental data, and a detailed
analysis of the van der Pol equation for ¢ = 0.5and ¢ = 1.

1. INTRODUCTION

From the theory of representations it is known
that a linear operator L which transforms a Hil-
bert space into itself gives rise to a matrix repre-
sentation of that operator. The matrix elements
can be defined by the inner product
Ly = (¢, L)), (1.1)
where {¢, | represents a complete set of ortho-
normal vectors over the space. We shall extend
such representations to certain nonlinear forms
of special-function operators, the matrix elements
of which can be computed by algebraic manipula-
tion instead of by utilizing expressions like (1,1).

The type of nonlinear operator to be considered is
represented by the hypergeometric-like form

_d o d d.
S_%(l—x )——2(u+vx)a+ax Uy,

T (1.2)

from which we obtain the nonlinear eigenequation

(S + A u, =0. (1.3)
The term ax2u, is regarded as a perturbation of
the linear hypergeometric operator

d

d d
=4 (q_ 2y 4 4
L Tx (1 —x2) 2(u + vx) i

e (1.4)
Thus a will serve as the perturbation parameter,
but will be treated as a positive constant of arbit-
rary magnitude in contrast to the usual restric-
tion that ¢ remain small,l The operator S can
now be written as

S=L +N, (1.5)
where N = ax2y,, an expression which can itself
be regarded as the product of a linear perturbation
ax? with a nonlinear perturbation #,. For a =0,
of course, Eq. (1. 3) becomes a hypergeometric
equation with known eigenvalues and eigenvectors.
We shall seek solutions of such equations that will
reduce to the known solutions in the unperturbed
case a@ = 0, and yet will continue to hold when o
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takes some value large enough to make the non-
linear term at least as important as the linear
terms.

In what follows, quantum mechanical examples will
be stressed, not because the method to be pre-
sented must be limited to such cases, but because
they constitute an exceptionally promising field of
application. Perturbation techniques have long
been used to obtain approximate solutions of the
extended, linear special-function forms that
usually result from separating variables in the
Schrddinger or Klein-Gordon equations. However,
as soon as realistic particle interactions are
included. these same equations become nonlinear,
and little progress has been made in dealing with
them systematically. Moreover, it has been widely
recognized that any general field equation which
incorporates the behavior of the elementary par-
ticles must also be nonlinear. Heisenberg, for
example, suggested the following equation:

L, 0
io a—xu- + 120" x(x*o,x): = 0, (1.6)
x

where x(x) is a local field operator, the o¥ are the
conventional Pauli matrices, ! is an arbitrary con-
stant with the dimension of length, and the dots ::

in the second term refer to the definition of a pro-
duct of three field operators at the same space-
time point.2 Einstein's writings leave no doubt that
he believed in the existence of such an equation,
and de Broglie has for many years invoked a non-
linear wave equation in connection with his double
solution theory.3

We wish to rewrite the differential equation (1. 3)
in terms of algebraic operators representing the
dynamic variables. This involves transformation
of the functions u,(x) of the differential equation
to the vectors y(*) (g) of the algebraic equation.
Such a transformation can be represented by

ulw) = ¥ ey Pg), (1.7)
where x is treated as an unrestricted coordinate
variable and p and ¢, the linear momentum and
position operators, are understood to satisfy

gp —pq =i (with # = 1), Since in general

J. Math. Phys., Vol. 13, No. 3, March 1972



420 L. C. ANDREWS,

ibx

xe™ = g — g, (1.8)
it follows that
xuy (x) = POy ®, (1.9)
. d —(0) i
— i 1) = Y Py @, (1.10)

assuming that q® = 0. Using these relations it
is easily deduced that

d du o
7 (1—22) 2= —gO%Pp(1—¢2)py®,  (1.11)
duy T it *)
—Autwx) ==Y T2 + v py®,  (1.12)
Moty = § QB @), (1.13)

but the nonlinear term in (1. 3) requires further
analysis.

To transform this term we write, parallel to (1.7),

u,(q) = ¥ Pei@ay O = W(g,y®), (1.14)
where p ® g represents the direct product matrix
Pid;ys So that W(g,v*)) will in general be some
operator function of ¢ and ¥ ), For most of the
applications we have in mind, however, W(g, ¢
can be expressed in the form V(g) ¢(#, where, as
will be shown later, V(q) is automatically absorbed
in the process of forming the matrix elements of
the nonlinear operator. Hence, the term becomes

ax2uf — E(O)eipxaqzuk(q)w(k)
=y Det*aq2V (q)y®2?; (1.15)

and, combining results, (1. 3) may now be written
as

(A — x®yy ) — o, (1.16)
where
A=p(1—q2p +2i(p+ vg)p — aq? V. (1.17)

More generally, the algebraic operator A may be
taken to have the form

A=T{,q)B(p,q) + Mp,q)2(p,q,¥®), (1.18)

where B represents an unperturbed self-adjoint
linear operator, I" and A are nonsingular linear

perturbations, and Z is a nonlinear perturbation.
For the above case,

B =p(1—q2)p +2i(n+ vqlp,

r=1,
A= — ag? (1.19)
z = Vig®,

while two other examples with different features
are, firstly,
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2
duk

dx?2
[p2 + 42 — agt V(g) y®? — 2\ < o,

+ A, — %2, + ax4u;} =0,

B :pz + q2’
r=1 (1.20)
A =— aq4’
7= V(q)w@)2’
and secondly,
2 d 2 duk duk
(1 —ax?) 7 (1 =x2) 7= + 20(1 — 22w, —
* )‘kuk = 0’
[(1 —ag2)p(1 —q2)p — ia(l — q2)gp V(q)zp(k) _ )\(k)]
x y® =9,
{1.21)
B =p(1 - qZ)p’
I'=1-— aqz’
& =—1ia(l —q2)gp,
Z =Vigy?®.
When @ = 0 and I = 1, Eq. (1. 16) reduces to
B —p®u® <o, (1.22)

where b(® a5q 7® genote the unperturbed eigen-
values and eigenvectors. A factorization method

for solving linear differential eigenequations of
this type was suggested by Schriddinger in 1940
and later developed in detail by Infeld and Hull.4
The procedure is to assume that for some self-
adjoint operator M, whose eigenvalues m are de-
sired, there exist mutually adjoint linear operators
J+,J~ (usually complex conjugates) satisfying

[M,J*] = MJ* —JtM = J*, (1.23)

M, J)=—dJ". (1.24)
If, in addition, they satisfy certain other conditions,
the operator B is said to admit a factorization. In
particular, if a transformation can be found such
that B has the form

B =p2 +uwlq), (1.25)
then Eq.(1.22) can be factorized into the two
equations:

[K(g, M + 1) —ip]U = (b —atm + 10,03,
(1. 26)
. i i 1/ .)
(K@, 0 + p]U, = b — atm))* 0,13,
(1.27)
with
Jt =K(q,M+1)—zp, (1.28)
J- =K(g,M) + . (1.29)
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Actually, (1.26) and (1. 27) were originally present-
ed as differential equations

(K(x,m + 1) -—-di> ] [b _a(m + 1)]1/2 m+1
(1.30)
and
<K<x,m) ¥ ;Zx'l-) u' = [ —aGm))* ], (1.31)

and the fact established that a necessary and suf-
ficient condition of factorization is for K and a
to satisfy the equation

4 (K(x,m + 1) + K(x,m)] + K2(x,m + 1)

dx

— K2(x,m) + am + 1) —alm) = 0. (1. 32)
Miller has also shown that Riccati equations simi-
lar to (1. 32) are sufficient to determine the four-
dimensional Lie algebras G(a,b) whose represen-
tations correspond to a study of all special func-
tions of hypergeometric type.5:6

The factorizations (1.26) and (1.27) permit one to
obtain the eigenvalues and eigenvectors of the
operator B in a simple and elegant manner. How-
ever, the step operators J*,J~ are not unique, as
more than one factorization is often possible.
Green and Triffet have recently introduced a sys-
tematic procedure for determining such opera-
tors.7 They have shown that construction of a
sequence of linearly independent operators, which
do not commute with the unperturbed operator B,
will ultimately lead to an appropriate form. Step
operators determined in this fashion will usually
not be mutually adjoint; however, they retain their
most useful properties and are more general than
those defined by the Infeld—Hull factorization tech-
nique. Also featured is the basic notational scheme
utilized here and an algebraic method for finding
matrix representations of linear operators which
has been adapted to the present purpose.

2. GENERAL DEVELOPMENT

A nonlinear differential equation of the form

(L +aN +2a)u, =0, (2.1)
where L is a linear differential operator, N a non-
linear differential operator, and @ a constant of
arbitrary magnitude can be treated as a perturba-
tion problem. To do so, however, it is generally
more convenient to utilize “physical boundary con-
ditions” instead of the more common artificially
imposed boundary conditions related to the Sturm-
Liouville equation. For the special case when

a = 0,Eq.(2.1) becomes linear, so it is natural to
regard a as the perturbation parameter.

Writing (2. 1) in algebraic form, displaying the
quantum mechanical conjugate variables p and ¢,
we arrive at

(A —XO® = (rB + az -\ ®® =0

(2.2)
where A is understood to contain o as a factor.
The linear operator L therefore consists of a

self-adjoint operator B multiplied by a perturba-
tion T (ordinarily unity in the examples to be con-
sidered). The nonlinear operator N is decomposed
in such a way as to separate out the dependency
on the eigenvectors ¥ (¥; only Z will be a function
of (¥, Introducing the distinct operators A and
Z for N is not necessary but merely a convenience
for calculating the matrix elements, since A may
then be interpreted as a linear perturbation of the
type treated in Ref. 7.

We seek a matrix representation for 4,

4 F]rtBnk

diagonalization of which by numerical methods
will determine the perturbed eigenvalues. Hence,
our general procedure will be to find separate
matrix representations for each of the operators
T',B, A and Z. For each choice of a basis which
defines the Hilbert space a different, equivalent
representation will be obtained; but the most con-
venient basis to select is the set of normalized
eigenvectors belonging to the unperturbed operator
B. The representation for B will then be the diago-
nal matrix

AnZyd), (2.3)

@
=b O

(2.4)
where the 57 are the eigenvalues of B, and it only
remains to determine the matrix representations
for T', A, and Z with respect to this basis.

A. The Operators B, A,and T

A method of finding such representations for I" and
A when B is some special-function operator is
also presented by Green and Triffet, together with
specific results for a number of important cases.? -
Building on their technique for defining the step
operators J (O and J @ (generalizations of J* and
J~), they assume that A, for example, can be repre-
sented as a function of these operators and a third
operator M, in terms of which B can easily be
expressed, but whose eigenvalues m® =D+ p

— 1 are separated by unity.

Denoting by A® the diagonal matrix whose non-
zero elements are identical w1th the center diago-
nal elements of A, and by A”%¢" and 874" the
matrices whose only nonzero elements are iden-
tical with those of A in the #th diagonal above and
below the center diagonal, respectively, one may
write

o0
A= a9+ % (CANIEN oY
r=

A® = AW, (2.5)

Since the matrix elements of the unit step opera-
tors 6, and 6_ will be

(6+jk = 5]' b+l (2.6)

(9_)].k =011 & (2.7)
the matrix elements of A will be given by
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BN ()]
B = Aj

0
Cr)
y 6;p +1Z_i(Ak 5 pr T A].(”)GJ.W o)

20 = AP @, (2.8)

But, supposing that A can be represented as some
function of JM,J () and M, we may also write

o0
A= E(O) + E (J(l)VE('r) + E(’V)J(Z)T)’

r=1

(2.9)
with

EY = Q).
It is establishéd by Green and Triffet that

I = o Panr P + 1) -+ kO +r - 1),

(2.10)
IO =P @M +1) -+ BP0+ —1)67,
(2.11)
where
RO — 1) = [ OF D)2 (2.12)
and
RO — 1) = TR @2, (2.13)
Thus, comparison of (2. 5) with (2. 9) yields
NGO TY% (2.14)
A(—r) - E("’)(]l/f)h(l)(lvl)h(l)(M +1)
...h(D(M+,f_1), (2.15)
c RPW +r — 1), (2.16)

From these relations the matrix representation of
appropriate perturbation terms can be obtained.
This is explicitly illustrated in Sec. 3.

B. The Operator Z

There is a difficulty inherent in the form of the

operator Z that does not occur for the linear

operators; it is a function of the unknown perturbed

eigenvectors ¥ *°°. However, this problem can be

alleviated by applying a technique characteristic

of the standard theory. It is assumed that y (® is

a continuous function of the parameter . When

such a parameter does nat explicitly appear in

the eigenequation it can be introduced and later

set equal to 1, so that we can always form the

Taylor expansion about @ = 0:
vPa) = ¢ + apl® +--- (2.17)

where ¢ {* is the derivative of y (¥ with respect
to @, evaluated at @ = 0, and ¢**) is a normalized
eigenvector of the operator B. Assuming that Z
is analytic, it too may be expanded about @ = 0:

Za, Py =Y +az, +, (2.18)

where, by definition,
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Y = 2(0, 6 (2.19)
and
VA (k)
Z, = PGS 1 o (2.20)

For first-order perturbations we shall henceforth
approximate the operator Z by Y. The validity of
such an approximation will, of course, depend on
the convergence properties of (2.18).

Equation (2.19) makes clear the dependence of ¥
on the index k. Since this index refers to the kth
column in the matrix representation, the matrix
elements of ¥ must be calculated by columns,i.e.,
for each column, Y will essentially be a different
operator. It is this column selection for the mat-
rix elements of Y that constitutes the primary
function of the operator V{g) defined in the Intro-
duction.

The operator Y can be represented in a manner
analogous to A. We shall denote by ¥ 67 v 7,
and Y97 matrices similar to those definéd by the
corresponding expressions containing the operator
A; hence,

0
v=v©@ 1+ v+ v,

=1

2.21)
Y(") — Y(")(M),
with the matrix elements
©) ) ®
Y, =Y, 6, +Z}1(Yk & iy T Y 050y ),
& 2.22)

Yj(")= Y(‘V) (m (j))_

Assuming algg th&% Y, like A, can be expressed as a
function of J*7,J ", and M, we obtain

o0

r=1

(2.23)

which, with the aid of Eqs.(2.10) and (2. 11), allows
us to make the associations

v @ = E@u), (2. 24)
Y7 = B 0nr Ponn P + 1)

e n O 7 — 1), (2. 25)
Y® = EQ0nn®enn®m + 1)

ce e BBM oy —1). (2. 26)

Because of the presence of the operator V(g), the
above representation must be repeated for each
column of the matrix Y, but only those elements
that occur in the given column need be calculated.
For example, suppose that the matrix elementg in
the third column of ¥ corresponding to ¥ = ¢>( )
are desired. By utilizing Egs. (2. 21)—%2. 26), the
complete matrix representation for d)( ) could be
obtained:
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- -
o oD 4 4B ...

11

3) (3) 3) 3

¢ = b gm0 (2.27)
(3) (3) (3) 3 *
31 b33 ¢33 ¢§4)
¢(3) ¢(3) ¢(3) ¢(3)

e p—

However, most of this effort is unnecessary since
only the elements in the third column will be need-
ed to represent ¥,

To help eliminate other unnecessary caleulations
in computing the matrix elements of Y, we note
that whenever the coordinate ¢ has a symmetric
matrix representation, then

EQn P on @ + 1) - 1@ 47— 1)

RO v — 1),
(2.28)

This means that none of the coefficients of /7 in
Eq. (2. 23) need be computed; the coefficients of

J 7 will determine all of the matrix elements in
a given column.

=E 00 Ponn®Pw + 1) -

3. A NONLINEAR LEGENDRE-ILIKE EQUATION

When = v = 0,Eq. (1. 3) reduces to the nonlinear
Legendre-like equation

(a% (1 —x2) £+ ax2u, + Ak>uk =0, (3.1)
which in operational form featuring p and ¢ be-
comes

[p(1 —q2)p — ag?V(ghy® - 2P * = .
(3.2)
Expanding ll/(k) in a Taylor series about o = 0
yields

p P =P ray 4o (3.3)
where 4>(k) again represents the normalized eigen-
vectors of the unperturbed operator. Hence, sub~
stitution and retention only of terms linear in o
gives

[p(1 —q2)p ~ ag?V(g)¢"? — x&R™ = o,

(3.4)

Comparison of this with the standard form [(1.16)~
(1. 18)] will then establish the following identifica-
tions:

B =p(1 —‘qz)f’,
r=1,
(3.5)
A =—aq?,
Y = V{g)p™.

A. The Operator B

Before the matrix representations of the operators
A and Y can be constructed, the eigenvalues and

eigenvectors of the operator B must be found. The
unperturbed form of Eq. (3. 4) is given by

[p(1 —q2p — PP =0, (3.6)
To determine the associated step operators J { )
J @), it is most convenient to select J; = ¢ in the

deﬁmtlve relations provided in Ref, 7:

(B,4,] = T,dc;, (3.7
JP=z,0P n=12 (3.8)
Then
[B,d;} = [p2,q9] —q?[p2,q] + 2iq[p,q]
=—2i{1—q2p + 2
= 2(J; +dy) (3.9)
[B,J,] = [—ip(l —q2) +i(1 —q2)pp(1 —q2p

= 2J,B, (3.10)
where J, = —i(1 — ¢q2)p. The eigenvalues of the
matrix c] are AW =1 + (1 + 4B)1/2 and A@
=1~ (1+ 4B)1/2, To avoid the square root B

may be equated to M{M + 1), so that AD = 2(M +1)
and A(® = — 2M, The right eigenvectors of ¢;, are
EDV=(M +1,1) and £@ = (M, — 1); hence

JW =g(M +1) — i1 ~q2)p, (3.11)
J@ =gM + (1 —q2)p. (3.12)
Now
TOJ@ = [g(M + 1) — i(1 — g2)p]d @

= g/ OM — i(1 — g2)pJ @
=q2M?2 + ig(1 — g2)pM — i(1 — q2)pgM
+(1~¢q2)p(1 —¢2)p

=M2—~(1—q2)MM +1) +(1—q2)p
x (1—q2)p
= M2, (3.13)

from which it may be concluded that the first
eigenvalue of M is m @ = 0,

&) _

Therefo(re 6 %k — 1 and applying the relation

8% = 1O ® + 1) gives the eigenvalues

b® = k(e — 1). (3.14)
The first eigenvector U () satisfies

JAOU® =0, (3.15)

which is equivalent to the differential equation

(1 —x2) ——= =0, (3.18)
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with v, corresponding to the unperturbed eigen-
function. Thus v, = const is a solution of (3.16).
Successive eigenvectors may be determined from

U(k+1) - J(l)kU(l)’ (3. 17)
which in the form of (3.16) becomes
Vir :((k + Dx + (x2 —1) E‘j;) kvl
P
=c, .4_? (x2 — 1%, (3.18)
dx

where the C,’ s are constants. Normalization of
the eigenfunctions v, yields

Uk(x) ={k — %)I/ZPk-l(x), (3.19)
the .
i) = b
2°k1 dx

being the well-known Legendre polynomials.
Accordingly, the normalized eigenvectors of (3. 6)
will be given by

6P = = VP10, (5200
Since

JO = (M ~ 1)g + i(1 — ¢q2)p, (3.21)
but from (3, 11) and (3.12)

g={dD+IJ@)/(2M +1) (3.22)

and
— i1 —q2)p = [JOM —J M + 1)]/(2M + 1),

(3.23)
it follows that
JDO = (M — 1)(JD +J@)/(2M + 1)
~ [JOM —JOM +1)}/(2M + 1)
=[JOM +J M — 2) —JOM +J@M + 1)}/
X (2M + 1)1

=J@2M — 1)/(2M + 1). (3.24)

Thus, /@ is also determined and Egs. (2.12) and
(2. 13) define

ROOM — 1) = M(2M — 1)1/2/(2M + 1)1/2 (3.25)
and
RM — 1) = M(2M + 1)¥/2/@M— 1)1/2_(3.26)

Results for the operator B are summarized below
for easy reference:

(a) B=p(l—q2)p,n=1(see Ref. T);
(b) B=MM +1);

(€) Jy=g=UD +J@)/(2M + 1),
Jp =—i(1—q2)p
= O — SR + 1)}/2M + 1);

J.Math. Phys., Vol. 13, No. 3, March 1972

@ mP=r—1, *® =pk—1)

(e o =&~ 1P, _,(q);

() M) =(M + 1)(2M + 1)1/2/(2M + 3)1/2;
RM) = (M +1)(2M + 3)1/2/(2M + 1)1/,

() JOJO = r@QN)ROWM) = (M + 1)2.

B. Matrix Representation for A

The matrix representation for A = — ag? can
readily be obtained from the expression

g2 = M2[2M+ 1)@M— 1)1 + (M + 1)2

X[(2M + 1)@M + 3)]L + JO2[2M + 1)(2M + 3)]L
+1(2M + 3)2M + B) D2, (3.27)

derived by employing the above list of properties.
From Eq.(2.9)

A= EQ + f; (JOTEED 4 0@y, (3.28)
so that the folh;:ving may also be identified:
EOW) = —alM?[(2m + 1)2M — 1]?

+ (M + D2(2M + DRM + 3}, (3.29)
ESP0n) = — aj(2M + DM + 3], (3.30)
E@Puy = — a[@M + 3)@M + 51, (3.31)

all other E”(M) being zero. Thus, Eqgs. (2. 50)-
(2.52) yield
2900 = — a(2M2 + 2M — D|(2M ~ DM + 3)])2,

(3.32)
and

A(*2)( M) = A(2)( M)
=—a(M + 1)M + 2)[(2M + 1)(2M + 3)2
x (2M + 5)]1/2, (3.33)

Consequently, since m® = — 1, the matrix ele-
ments are

A= A(O)(m(j))(ﬁjk + A(vz)(m(k))éj w2

+ 2P Mg, (3.39)

or

Bp=—3a(kZ —k — 3)/[(k + D —D),  (3.35)

Bppz = Bpny
=—Sakk+ 1)/ + 52k — 5k + 3)V/2,

(3.36)
with all other 4, = 0.

C. Matrix Representation for ¥

By utilizing (3. 22) the normalized eigenvectors of
the operator B can now be expressed as functions
of JW), JR) and M:

oW = (3172, (3.37)
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o @ = @)1/2q

= @12 D +.J@)/(2M + 1), (3.38)

@ = 33)1/2(3¢2 — 1)
1@)172{3[(JD + JD)/2M + 1)]2 — 1},
(3.39)

Keeping in mind that the matrix elements for ¥
must be calculated by columns as determined by
T(q), we have for the first column, where ¥ = ¢@),

EO(M) = (3)1/2, (3. 40)
Therefore

E©(0) = (3)1/2, (3.41)
and the only nonzero matrix element in this
column is

1= (3)1/2, (3.42)

For the second column, where ¥ = ¢ @,

EO(M) =0
and

ECD(M) = 91/2/(2M + 1), (3.43)

so that by Eqgs. (2. 25)~(2. 28) the required matrix

elements must be

Y, = ECD(0)21(0)

= (3)172, (3. 44)
Y,, = EO(1)

=0, (3. 45)
Y32 — E(‘l)(l)h(l)(l)

= 2(3)1/2, (3. 46)

For the third column,

Y = ¢®
=3@)12{m2[@M + 1)@M — 1)) + (M + 1)2
X [(2M + 1)@M + 3)]71 — § + JD2
x [(2M + 1)(2M + 3)]71
+ [(2M + 3)(2M + 5)]"1g@2}, (3.47)
Thus
E©(M) = 3@)172{Mm2[2M + 1)(2M — 1)]‘1
+ (M + 1)2[(2M + 1)2M + 3)]71 — 3},
EC2(M) = ¥3)12[(2M + 1)(2M + 3)]"1 (3.48)
and the nonzero matrix elements become
Vi3 = E©C2)(0)2 @ (0)2D(1)
= ()12, (3.49)
Yy3 = E©O(2)
=2()1/2, (3.50)

Yoy = EC2(2)pW(2)h D) (3)

= §(H1le, (3.51)
Following the same procedure for ¢@, ¢, -,
will determine as many columns of ¥ as may be
needed.

D. Discussion of Results

The first few matrix elements calculated from the
above relations for B, A, and Y as they appear in
the nonlinear Legendre-like equation (3. 4) are
displayed below:

-
[o 00 0 -
020 0 ---
B=|006 0.1}, (3.52)
000 12 -
L 0 2/3V5 .-
3
A=—a | 0 5 0 , (3. 53)
2/3V5 0 3
N2 INZ INE 7]
0 0 0
0 2410 2V5/72 -
Y = 0 0 0 (3.54)
0 0 6/12

Combining these results gives the desired re-
presentation for A:

Ay =076, + 20T, (3.55)
A modified version of the FORTRAN program
described by Green and Triffet? was used to find
the eigenvalues and eigenvectors of the resulting
nonsymmetric matrix. The eigenvalues corres-
ponding to @ = 1, computed by truncating A to 10
rows and columns, are listed in Table ], along with
comparable values computed by the standard per-
turbation method.1

The reason that every other value agrees exactly
is that the nondiagonal elements of A are zero for
every other row; hence, the diagonal element is
itself an eigenvalue. This is a peculiarity of the
particular matrix being considered. The difference
in the other eigenvalues can be accounted for by
the fact that standard perturbation theory presumes
that the matrix A is essentially a diagonal matrix
from the beginning, i.e., that all nondiagonal
elements are either zero or negligible in com-
parison with the diagonal elements. For such a
matrix the eigenvalues can be approximated by the
diagonal elements themselves. To assure that the
nondiagonal elements will be small, conventional
theory requires that the perturbation parameter

a be small, thus forcing the desired condition.
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Table I A comparison of eigenvalues for Eq. (3. 1) obtained by ~ Substituting these values into Eq. (3.1) yields

standard and matrix perturbation methods with a = 1.

Standard method Matrix method

k ACR) k AR

1 — 0.235 170 1 — 0. 249 90
2 2.0000 2 2.0000
3 5.3977 3 5.394 3
4 12. 000 4 12. 000

5 19. 631 5 19. 638

6 30. 000 6 30. 000

7 41,703 7 41,709

8 56. 000 8 56. 000

9 T1. 744 9 71. 150
10 90. 000 10 90. 000

Table II. Eigenvalues for the matrix given in Eq. (3. 52)-(3. 55)

with a = 5.

k AR b A

1 — 1.6896 14 182. 00
2 2. 0000 15 209. 04
3 3.0686 16 240. 00
4 12. 000 17 271. 08
5 18. 309 18 306. 00
6 30. 000 19 341. 07
7 40, 591 20 380. 00
8 56. 000 21 418. 97
9 70. 758 22 462. 00
10 90. 000 23 504. 78
11 108. 88 24 552. 00
12 132. 00 25 598. 51
13 154, 97

When o = 1, the nondiagonal elements of the
matrix (3. 55) are relatively small so that the two
methods of computing eigenvalues should give
nearly the same results. As @ increases in mag-
nitude, however, a great deal more error is intro-
duced by neglecting the nondiagonal elements of A.

To present a qualitative comparison of the two
methods we shall examine how accurately the
eigenvalues and eigenfunctions satisfy the original
equation. The first eigenvalue and eigenfunction
computed by the standard theory are

Xy =—0.23570 (3.56)
and

u,(x) = vy(x) + 0. 0351 v,(x), (3.57)
where v,(x) is defined by Eq. (3. 19). Substituting
these expressions into Eq. (3. 1) yields the
inequality

d du
EY(I — xz)g-x—l- + huq + xzuﬂs 0. 069,

lx|=<1, (3.58)
whereas an exact solution would reduce the right-
hand size to zero. The corresponding eigenvalue
and eigenfunction for the matrix method are

A, =— 0.24990 (3.59)
and
uy(x) = vy(x) +0.0374 v5(x) + 0.0008 v5(%)

+ 0.0001 v,(x). (3. 60)
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duy
1— x2) i Aqty + xzu% = 0. 004,

xl=< 1.

d
Z
(3. 61)

Equation (3. 57) has been limited to the sum of two
unperturbed eigenfunctions because that is all the
standard theory predicts. On the other hand, the
matrix method generates an infinite series of
terms, the first four of which have been used for
this calculation.

To provide an example where the perturbation
term dominates the remaining linear terms, we
have chosen the case where @ = 5. Table II con-
tains the eigenvalues obtained by truncating A to
25 rows and columns. Substituting the first eigen-
value and eigenfunction computed into Eq. (3. 1)
gives

d duy |
E(l - xz)g; + )\lul + 5x2u§ = 0. 44,

lxl= 1. (3.62)
Though this represents substantially more error
than when a = 1, it still may be considered a fair
approximation for a first-order perturbation. No
attempt at comparison with standard perturbation
theory is made, since the latter is not expected to
give even a qualitative solution for such a large
perturbation.

In general the amount of error will increase with
an increase in the magnitude of «. However,

for the nonlinear theory a significant amount of
this error can be introduced when we approximate
equations like (3. 2) with equations like (3. 4). No
similar approximation occurs in the linear per-
turbation theory,” and it is this fact that most
clearly distinguishes the one from the other.

4. GENERAL NONLINEAR SPECIAL-FUNCTION
OPERATORS
A. A Nonlinear Hypergeometric-like Equation

Consider again the nonlinear hypergeometric-like
equation introduced in Sec. 1,

(d—‘i(l — x2) % —2(p + wc)i + ax2u, + Ak> u, =0,

dx
(4.1)

with the first-order algebraic form
[p(1 — ¢2)p + 2i(p + vg)p — C!qu_/(q)(p(k)— }\(k)]

x lp(k) ~0, 4.2)
so that

B =p(l — q2)p + 2i{p + vq)p,

=1,

A =— ag?, (4.3)

Y = Wq)o®.

Since most of the special-function equations can be
obtained from the hypergeometric equation, it is
appropriate to feature this case as a general
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example. The results may then be applied to many
other equations through appropriate transforma-
tions, and different kinds of nonlinearities may be
studied separately. There is,in fact, no essential
reason beyond computational convenience why con-
siderations need be restricted to equations of
special-function type.

By procedures similar to those of Sec. 6 the
following relations may be obtained for the unper-
turbed operator B:
(a) B =p(1— g2)p + 2i(u + vq)p,

n - (1 __q)“(u*ll)(l + q)'(l/“p);

(b) B=(M—v)(M+v+1)

(€) Jy=¢=(D+IJD) /@M + 1) — pw/[MM + 1)],
Iy =—i(l — q2)p
= [JOM—v)— J(M + v + 1)}/(@M + 1)
+uM— )M+ v +1)/[MM + 1))

(d) p? = (m(l) + &+ v)(m(l) +k—p—1),
m2 4 202 /W2 = 2 + 2

(@) JOID = M2 + p22/M2 — p2 — y2;

(f) JU = J22M— 1)/(2M + 1),

Details of computing the matrix elements of A and
Y will be omitted since they also are analogous to
those given in Sec. 3. To represent A = — ag2,
however, note that in this case

g% = Ry(M) + JD2R, (M) + R, (M + 1)J @2

+ JUR,(M) + R, (M)J @), (4.4)

where the following have been defined for notational
convenience:
R{(M) = JOJQ/[(2M + 1)(2M — 1)) + h@(M)

x RX(M) {(2M + 1)@M + 3)] + p2v2/[M2(M + 1)2],
4.5)

Ry(M) = [(@M + 1)(2M + 3)]71, (4. 6)

R3(M) =— p{[M(M + 1] + [(M + 1)(M + 2)]71}

X @M+ 1)1, 4.7
Ry(M) =— pr[M(M + D)1 + [(M + 1)(M + 2)]-1}
X (2M + 3)°1, 4. 8)
Thus we identify
A© = — aR (M), (4.9)
A - ACD
=— aR;(MhD(M), (4.10)
A = A2
=— aR, (MMM + 1), (4.11)
and by setting M = m(“, m(k) =m +p— 1,

calculate the matrix elements:

427

By =— aRl(m(k)), (4.12)
Bppr1 = Bpop
- aRs(nz(k))[m(k*l)Z + “sz/m(k“l)z
_ “2 _ V2]1/2[(2m(k) + 1)/(2m(k) + 3)]1/2’
(4.13)

Bpprz = Bpea
=— aR,(m
v2]1/2 [m(k+2)2 " uzuz m(k*2)2
V2]1/2[(2m(k) + 1)/(2m(k) + 5)11/2.
(4.14)
All elements not listed are to be taken as zero.

(k))[m(k*l)z + ,.12V2/7n(k+1)2

2
-y -
2
—p -

To represent the operator Y we begin by assuming
the normalized eigenvectors of B to have the form
of polynomials:

N
o = 2 Py, (4.15)
n=0

where the C,Ek) are constants. When this is not the
case the eigenvectors can always be approxi-
mated by polynomials through the use of a trun-
cated Taylor series. For the first column,

Y = ¢(1) — E(O)(M) — C(()l); (4. 16)
so the only nonzero element in this column is

¥y, =CP. (4.17)
The second column has

Y = ¢@
= C52) + C§2)q
=CP® + Pl w/lMM + 1)] + JOEM + 1)1

+ (2M + 3)"1g@)}, (4.18)
from which we identify
EO() = c@ — O pv/[M(M + 1]},
ECD() = cPem + 1)1, (4.19)

Thus, the matrix elements are

Yio = ECDOn )R Q)
- Ciz)[m(z)z + p2u2/m@2 — 2 . y2]1/2

X [@Zm® + 1) 2m@D + 3)]"1/2, (4. 20)
Y,y = EO(m®)
= C@ — CO(uv/mPm®), (4.21)

Yy, = ECU(m @)a Wi @)
- C?)[m(m + p2v2/m@®2 2 2)1/2

X [(2m® + 1)(2m@ + 3)]-1/2, (4.22)

Subsequent columns can be computed in the same
manner.
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B. Other Nonlinearities

Theoretically, matrix representations can be

found for any nonlinear perturbation for which a
Taylor series expansion like (2. 18) exists. Listed
below are a few examples specially selected to
illustrate other forms of nonlinearities. In addi-
tion to the first few matrix elements of the pertur-
bations, all essential operator relationships are
provided.

1. Nownlinear Legendve-like Harmonics

d du du
E;(l nd xz)d—xki + 2(1(1 —_ x2)-d—xkuk + )\kuk = 0,
A =p(1 — P —ia(l — T (g™,

B =p(l1—q?)p = M(M + 1),

=1,
A =—ia(l — ¢2)p,
¥ = 7(g)"*,

g =D +J@)/(2M + 1),

—i(1— q2)p = [JOM— JO(M + 1)]/(2M + 1),
JOJ@ = M2 JD = g@2M -~ 1)/2M + 1),

p B = ke —1), mP=r-1,

1/
o* = (e~ 9P 40,
where Pj(q) is the jth Legendre polynomial,

Bpgp = k(e — 1)/[(2k — 1)(2k + 1)]1/2,
Bppor =— ak(k + 1)/[(2k — 1)(2k + 1)]1/2,

The matrix elements of ¥ are exactly those given
in Sec. 3 for the nonlinear Legendre-like equation
discussed there.

2. Nonlinear Hevwmite-like Havmonics

Pre 0B | g 42 0
—_— L axu U, =
dxz dx k -2 ] ?
A =p2 + 2igp— aqV(g)e??,

B :pz + 2iqp = 2M,

r=1,
A=—ag,

Y = V(ge™*?,

7= I + ),

ip =JD,

JOI@D — oy TW = @
bRk —1), m® k-1,

d)(k) _ [2k-1_”1/2(k _ 1)!]—1/2111?_1((7),
where H]-(q) is the jth Hermite polynomial,

Bipere = Bppel
-~

¥y, = (1/77)1/2’ Y5 =0, ey
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Y,, =0,
Y31 = 0’

Y,y = (9/m)1/2,
Y30 =0,

: b

. e oo
It should be noted that the unperturbed operator
B = p2 + 2iqp is related by a similarity trans-

formation to the familiar harmonic oscillator
operator B' = p2 + 42,

3. Nonlinear Laguerve-like Harmonics
dzuk+ (1 —x)d—uk + axu, sin(u,) + yu, =0
dx? dx & % K s
A =qp?—i(l — q)p— aqV(g) sin(¢"),
B=gp?2—il—qp =M,
r=1,
=— agq,
Y = V(g) sin(¢
g=TD +J) +2M + 1,
JOJD =y, TD =g,
b k-1, m®P=r-1,
o = 1,.4(a),

X

(€]
)

’

where L(q) is the jth Laguerre polynomial,
Ay, = — a2k — 1),

Aprp = Bppna

=— qkl/2,
Y,, =sin(l), Y,,= 3 sin(1), ceey
¥5,=0, Yo =0 T
Yy, =0, Yy, =—zcos(l), -,

. s e
b )

5. OTHER EXAMPLES
A. The Hartree Equations for the Helium Atom

The Hartree equations for the helium atom are
classic examples of nonlinear equations arising be-
cause of interactions between particles. They fol-
low from applying the theory of the self-consistent
field to the Hamiltonian

(5.1)

where r, and r, are the coordinates of the two elec-
trons relative to the nucleus,»,, = ¥, represents
the distance between the electrons, and a is a para-
meter related to the strength of the Coulomb repul-
sion between the electrons. Spin-dependent forces
are neglected.

The time-independent wavefunction is written as

l,b(rl, rz) = u(l)(rl)u(2)(r2), (5. 2)
where
W) ~ RO )6, 0), j=12 (6.3
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designates the one-electron orbitals; 7, 6, and ¢ are

the standard spherical coordinates; the Y)(l]nf are the

spherical harmonic functions; and the RY) ‘are

radial functions. This leads to

<— 4z W+ 4, iqs(r,n, l))P,(j)
Y.

drj2 rj2 75 f
() p(i)
=E}P,]’, (5. 4)
forj=1,2,
ngl)(r]) -7 R(njl)(rj)’ (5. 5)
and
v ) o
S(r;,n, 1) = .([)] B, (r)]2dr + [r [P(nl)l("i)]2
J
Y.
x (;1—>dri, (5. 6)

where i = 1, 2, but { # j.

When o = 0,Eq. (5.4) becomes a hydrogenic radial
equation with the operational form

[p2 +1{(l + Vg2 — 4”1 — bWBJU®E =0, (5.7)
The operator B = p2 + I(l + 1)g~2 — 4¢™1 does not
lend itself to the calculation of the step operators
J@ and J@ as they have been defined; this is a
consequence of the fact that the discrete eigen-
values of B are bounded above.

We consider the transformation
Q = (— bW)12q P = (— b))~ 1/2p, (5. 8)

QP — PQ = i, which transforms the operator B to

B ' =QP2+ @+ I(l + 1)1, (5.9)
with the associated eigenequation
B'UM® = 4(~ bR~V 27 (&), (5. 10)

The eigenvectors of B’ in the coordinate @ are the
same as for B in the coordinate g¢.

Following the procedure of Sec. 2 the step opera-
tors of B’ are determined to be

JU=@Q —iQP—-M (5. 11)
and

J@ = Q +iQP — M, (5.12)
from which it follows that:

B' = 2M,

J,=Q=3JW+ J@) + M,

J,=—1QP =3I W — J@),

JOJ@ = MM —1) — {1 +1),JW = J@,

B/ = 4(— b))~ 1/2 = 2(k + 1),

U® = (2)"e L2 (29) (5.13)

where » = k + [ and the L7 (x) are generalized
Laguerre polynomials. Thus, the eigenvalues and
normalized eigenvectors of B are given by

b(k) = — 4/7'12y (5 14)

o® = 20 ~ 1 — 1)!>1/2<i‘l)me'z‘?/"Lz”(éﬂ) (5. 15)
n2[@m + 1)113 n " \n

n=1,2, -+,

The perturbing operators A and Y for Eq. (5. 4)
also have similar forms, defined by

A= 2ag™1 (5.16)
and _

Y = Vig)S(g,n, ). (5.17)
Because the discrete eigenvalues b(*) have the
upper limit zero, the discrete eigenvectors ¢ #) of
the operator B do not form a complete system of
orthonormal vectors and, accordingly, do not pro-
vide a suitable basis for a matrix representation.
The eigenvectors associated with the operator B’
do form a complete orthonormal system, however,
and this set may be utilized for matrix representa-
tions, even though the operator B will no longer be
diagonal.

To calculate the ground state energy of the helium
atom we seek to diagonalize the matrix

A= B+ AY, (5. 18)
where B represents the energy of one electron due
only to the Coulomb potential of the nucleus, and
AY expresses the energy of interaction of the elec-
trons. To the first eigenvalue of A must be added
the energy b of the other electron due to the
potential of the nucleus alone. Our matrix repre-
sentation will be based upon the condition that I = 0,
even though this is not entirely correct whenever
n > 1; there is a degeneracy in the / quantum num-
ber but the major contribution to the energy occurs
for [ = 0. Also, for [ = 0 the operator Y can be
approximated by3

Y=1-— (1 + 2g/n)e4d/n, (5. 19)
Because the form of the perturbation does not lend
itself to the algebraic method of computing matrix
elements, we have in this case utilized the analyti-
cal technique discussed in Sec. 6. Matrix represen-
tations for B and AY can then be defined by

00 .
B,= [ ¢7pes"dq (5. 20)
and

© +G) - (&)
(a¥); = 20 [ ©7°715(,%,008%dg, (5. 21)
where ®(%) represents the normalized eigenvectors

of the operator B'. To be explicit, with & = 1 the
first matrix elements of (5. 20) and (5. 21) will be

B,y =—4 [ e2(g2 + 29)dg

=—3 (5.22)
and
o0
AV, =8 [ [e2ag — e 62(2q2 + g)ldg
= 1. 6296. (5. 23)
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Continued calculation will yield the representations

— 3.0000 1.1550
= [ J (5. 24)
1. 1550 — 1. 6667
and
[ 1. 6296 — 0. 3512} (5. 25)
AY=1{_ 0. 6842 1.0000J '
The first eigenvalue of A = B + AY is
E{D) =—1.1724 Ry, (5. 26)

so that the total ground state energy becomes

— g @ D
EIO_E§O+b<

= — 5.724 Ry. (5. 27)
Compared with the experimental value of — 5. 807
Ry, this represents an error of 0. 083 Ry. If larger
matrix representations are desired, the approxima-
tion (5. 19) probably should not be used, even though
the calculation of ¥ from expressions like (5. 6)
will be tedious.

Millman and Keller® have computed the ground
state energy for the helium atom by applying a
modified form of the standard perturbation method
to the Hartree equations. They obtained a value of
— 5. 500 Ry, representing an error of 0. 307 Ry with
the experimental value. In addition, they made a
comparison of results with those achieved by apply-
ing conventional perturbation techniques to the
Schrédinger equation and showed that the eigen-
values agree up to first-order terms, but that the
eigenvectors agree only up to zero-order terms.

By the present method, however, it can be shown
that the matrix representation for the radial
Schrodinger equation, whose Hamiltonian is given
by (5. 1), becomes

H, = 2B + AY, (5. 28)
where B, A, and Y are the same as defined for the
Hartree equations and, again, / = 0. Clearly, the
eigenvalues of (5. 28) will not be the same as those
for the Hartree equations, since the sum of the
eigenvalues of two matrices is not the same, in
general, as the eigenvalues of the sum of those
matrices.

B. The van der Pol Equation

An equation of frequent occurrence in the field of
nonlinear oscillations is the van der Pol equation

u” — ol —u2)u’ +Au=0, Ar>0, (5. 29)
where the primes indicate derivatives with respect
to time. In nonlinear oscillation theory such equa-
tions are ordinarily treated as initial-value pro-
blems, where one seeks periodic solutions for a
fixed value of A, rather than as eigenvalue problems
featuring definite boundary conditions. Because of
this distinction, the matrix perturbation method
featured here must be applied in a slightly different
way.
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To be precise, we look for solutions of (5. 29) with
A = 1 satisfying

u(t + 21/w) = u(t) (5. 30)
and subject to the initial conditions
u(0) =2, «'(0)=o0. (5. 31)

The existence of such solutions is guaranteed by
the theorem of Liénardl; and stability require-
ments indicate that the amplitude of u(f) varies
between + 2 and — 2.

The unperturbed solution of (5. 29), subject to the

initial conditions (5. 31), is given by
u(l) = 2 sin(wyt + 6), (5. 32)

where w, = VX =1 is the angular frequency and

6 = 37 is the phase angle. The effect of the non-

linear term in the van der Pol equation is to change

the angular frequency w, to a new value w, but this

can be calculated by expanding VXina Taylor
series about a = 0,

IX=wy+ap, +--, (5. 33)
then setting A = 1 to obtain
w=1—ap,, (5. 34)

where ap, represents the first-order perturbation
in the square root of the eigenvalues.

In order to acquire a complete set of eigenfunctions,
from which appropriate matrix representations can
be derived, we reformulate (5. 29) as a boundary-
value problem. Choosing 0 = ¢ < 7 as the funda-
mental domain of the Hilbert space, the eigenvalues
and normalized eigenfunctions of the unperturbed
equation become

b,= k2 (5. 35)

and

v,(f) = C sinkt, C = (2/m)1%2, (5. 36)

As a first-order perturbation, the nonlinear opera-
tor of (5.29) may be identified as

NO=(1—22) 4,

by (5.3M

To compute the matrix elements of NO it is again
most convenient to apply the method discussed in
Sec. 6, writing

N9, =kC? [ " [sinj?(1 — C2? sin?kt) cosktldt. (5.38)

Upon evaluation this yields
o 0

Nep=N3p =0, (5. 39)

and for i # R or 3k,

o _jkC2Z . ;+k(4—c2+ c2 )
Niw= 4 (1= ]jz_kz j2—gk2/
(5. 40)
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Table III. Approximations of «(f) and u’(#) for the van der Pol equation obtained by numerical and matrix techniques.

=0.5

a=10

Numerical method Matrix method

u(t) u'(t) u(t) u'(t)

~

Numerical method Matrix method

0.0 2.00 0.00 2. 00 0.00
0.1 1. 99 —0.19 1.99 —0.12
0.2 1. 96 —0.34 1.98 ~0.25
0.3 1.92 —0.48 1. 94 —0.37
0.4 1. 87 - 0.60 1.90 —0.50
0.5 1. 80 - 0.71 1. 84 —0.62
0.6 1.73 —0.80 1.78 —0.75
0.7 1. 64 —0.89 1. 69 —0.88
0.8 1.55 — 0.98 1. 60 — 1.00
0.9 1.45 — 1.07 1. 49 —1.13
1.0 1.33 —1.15 1.38 —1.25
1.1 1.21 —1.24 1. 24 —-1.37
1.2 1.09 — 1. 34 1.10 —1.49
1.3 0.95 — 144 0.95 —1.60
1.4 0. 80 —1.54 0.78 - 1.7
1.5 0. 64 -~ 1.65 0. 60 —1.81
1.6 0. 47 - 177 0. 42 - 1.90
1.7 0. 28 —1.88 0.23 - 1.97
1.8 0.09 —2.00 0.03 - 2.02
1.9 -0.11 - 2.10 ~0.18 — 2.06
2.0 —0.33 —2.18 —0.38 —2.07
2.1 —0.55 -~ 2.22 —0.59 - 2.05
2.2 —0.71 — 2.22 -~ 0.79 —2.01
2.3 —0.99 —2.15 —0.99 —1.93
2.4 -120 —2.02 —1.18 —1.82
2.5 - 1.39 - 1.83 —1.35 — 1.68
2.6 -~ 1.56 — 1.58 —1.91 —1.51
2.7 —-1.7 —1.29 — 1.66 —1.31
2.8 —1.82 - 1.00 —- 177 —1.08
2.9 —-1.91 -0.7 — 1.87 -~ 0.83
3.0 — 1. 96 —0.43 —1.94 -~ 0.57
3.1 —1.99 —0.19 ~1.98 —0.29
3.2 - 2.00 0.02 —2.00 —0.01
3.3 —1.99 0.20

3.4 —1.96 0. 36

3.5 ~1.92 0. 50

t ult) u'(8) u(t) u'(1)
0.0 2.00 0. 00 2.00 0.00
0.1 1.99 —-0.17 2.00 —0.08
0.2 1.97 —0.30 1. 98 —0.15
0.3 1. 93 —0.40 1. 97 —0.23
0.4 1. 89 —0.47 1. 94 —0.31
0.5 1. 84 —0.53 1. 90 —0.38
0.6 1.178 —0.59 1.86 —0.46
0.7 1.72 — 0. 64 1.81 —0.53
0.8 1. 65 — 0. 68 1. 76 —0.61
0.9 1. 58 —0.73 1. 69 —0.70
1.0 1.51 —0.78 1. 62 —0.79
1.1 1.43 —0.83 1.53 —0.88
1.2 1. 34 —0.89 1. 44 —0.99
1.3 1. 25 —0.96 1. 33 —1.10
1.4 1. 15 —1.04 1.22 —1.23
1.3 1.04 —1.12 1.09 —1.36
1.6 0.92 —1.23 0.95 —1.49
1.7 0. 80 — 1.3 0.79 — 1.63
1.8 0. 65 —1.49 0. 62 - 1.77
1.9 0.50 —1.65 0.44 —1.90
2.0 0. 32 —1.83 0.24 -~ 2.01
2.1 0.13 — 2.04 0. 04 —2.11
2.2 —0.08 —2.25 —0.18 - 2.18
2,3 - 0.32 — 2.46 —~0.40 —2.21
2.4 — 0.58 — 2. 62 —0.62 —2.21
2.5 —0.84 — 2.68 —0.84 —2.17
2.6 —1.11 — 2,59 — 1.05 — 2.08
2.7 —1.35 —2.34 —1.25 —1.95
2.8 —1.57 —1.95 —1.44 - 1.176
2,9 — 1.7 +~ 1.48 - 1.61 —1.54
3.0 — 1. 87 —1.02 —1.75 —1.27
3.1 —1.95 - 0.62 —1.86 —0.97
3.2 —1.99 —0.29 —1.94 —0.65
3.3 —2.00 - 0.04 —1.99 —0.30
3.4 — 2.00 0. 14 —2.00 0.05
3.5 —1.98 0. 28

where C2 = 2/7,

Diagonalization of the matrix 4;, = b;6,, + aN;,
will produce an infinite set of eigenvalues and
associated eigenvectors, from which solutions of
the van der Pol equation may be extracted. The
first eigenvalues are

AW =1,0381
and
AL =1, 1502

(5.41)
(5. 42)

for ¢ = 0.5 and a = 1, respectively. From these
we determine

ap, = 0.019
and

ozpl

(5. 43)

0. 072. (5. 44)

Hence, by applying (5. 34), the perturbed angular
frequencies become

w =0, 981,
and
w = 0,928,

a=0.5 (5. 45)

a=1. (5. 46)
The desired solution can be expressed in the form

u(f) = DZ ¢, sin(kwt + 0), (5. 47)

where the ¢, have been determined along with the
eigenvalues, and D and 8 designate constants to be
evaluated from the initial conditions (5. 31) and the
additional boundary condition

u(m/w) = — 2. (5. 48)
This condition, consistent with stability require-
ments, is necessary for the complete formulation
of a two-point boundary-value problem. The solu-
tions corresponding to ¢ = 0.5 and @ = 1 are
given by

«{f) = 0. 2083 + 1. 9837 cosw!

— 0. 2083 cos2wt + 0. 0163 cos3w? (5.49)
and
u(f) = 0. 4011 + 1. 9367 coswt
— 0. 4011 cos2w? + 0. 0633 cos3wt. (5. 50)

These solutions provide values of #(f) and u'(#)
which are at least as good as those obtained
through the use of time-consuming numerical
techniques. 10 The comparison is presented for half
a period in Table III; by periodic extension the
entire solution can be constructed.

It should be noted that the results for the matrix
method were calculated from a first-order per-
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turbation, whereas for the standard method the
second~order perturbation must be included before
a change in angular frequency is detected.

6. FINAL REMARKS

For applications where the nonlinear term is no
larger than the linear terms (@ = 1), first-order
corrections obtained by the present method are
probably sufficient. However, when the perturbing
term becomes larger (o > 1), higher-order correc-
tions to the unperturbed solution may be necessary
in the interests of accuracy. A second-order per-
turbation will appear in the form of another opera-
tor added to A:
A=B+ AlY +Q), (6.1)
where B still designates the unperturbed linear
operator, AY is the first-order nonlinear perturba-
tion of B, and AR represents the second-order per-
turbation. Here T is assumed to be unity, since it
plays no important part in the following discussion.

To obtain the explicit form of the operator { from
which its matrix elements can be calculated, it is
desirable to reconsider the general nonlinear
Eq. (2. 2);

(B + AZ — AR =0 (6. 2)
As before, the operator Z may be expanded in a
Taylor series about a = 0:

Z=Y+aZ +a2Z,+ -, (6.3)
where again
= (®)
1 aw)w g (6.4)

o =0
Eq. (6, 2) will then take the form

<) =AY = g
(6. 5)

(B+AlY + aZ, + a2Z, + -

or, retaining both Y and the new term aZ,,

[B+A(Y + az) —x®y® =0, (6. 6)

so that & = aZ,.

Assuming the f1rst order perturbation problem to
be solved, ¥$*) will be known; hence, Z, will also be
known and we write

VA
Q=2 (k)¢(l) 0

, 6.7
17k LAY

a=0

where 'y(, )

(normalized in such a way that y{¥) =
the expansion

represents the vector components of v®
= 1), and use of

B 3
ll/(k)= ( \,l/()

— ‘b(k) + E ‘/(lk)d’(l) (6. 8)
1#k
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for the first-order terms is implied. A matrix re-
presentation for @ can now be obtained in much the
same way as that for Y, and A expressed as

+Z A

A;, =0, +2,8, (Y, +Q,). (6.9)
There is, of course, one form of Z which simplifies
the computations required to obtain the matrix ele-

ments of 2. This occurs when Z = V{ghy(®), so that

Q= %} y OV ®; (6. 10)
l
in particular,
2y, =0,
Q]]_:')’_(jl)/\/i jil,
(k)
Qe = E Y Y (6.11)

Some of the matrix elements of  for the nonlinear
Legendre-like equation discussed in Sec. 3 are dis-
played below; for the case when o = 1:

0 0 0
o= | 0 —o00592 0 ..
0.0264 0  —0.0303...

- (6.12)
This leads to a first eigenvalue of
1 =—10.2579
and a first eigenfunction
uy () = v, (x) +0.0396 v;(x),
compared with

A, =~ 0.2495

and
u,(x) = v,(x) +0.0373 vy(x)

for a first-order perturbation and 3 X 3 matrix
representation. Substituting these values into
Eq. (3.1) gives

a (1—x2)d-ﬁ1+xlu +x2u2'<0 042,
dx dx
xl <1
and
a (1__xz)@_’1+)\ u +x2u§ISO.018,
dx
x|l <1

for first-order and second-order perturbations,
respectively.

Following similar procedures, one can in principle
obtain more and more accurate results by defining
third-, fourth-, and higher-order perturbations. In
practice, however, calculating the matrix elements
in such cases may well take too long to be feasible.

It was shown in Sec. 5 that there are certain dif-
ferential equations for which the algebraic tech-
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nique of computing matrix elements is not parti-
cularly convenient. In these cases the usual inte-
gral method was applied. To understand the latter
approach and its relation to the former, consider
again the nonlinear Eq. (2. 1),

(L + aN + Mu=0.

Assuming that v = u(x) is also a continuous func-
tion of ¢, the Taylor expansion about @ = 0 may be
formed,

u=uy,+ ol + -, (6.13)
where u, represents the unperturbed solution and
a7, is the first-order perturbation. Thus it fol-
lows that

c) = oN

Nlx,u, - N0+aa—T1+---, (6. 14)
u

defining NO = N(x, Ugy * ). Substituting and retain-
ing only the linear terms in « then reduces the
basic equation to

(L + aNO + X)u = 0. (6. 15)
Suppose that when a = 0 this equation has the
eigenvalues and normalized eigenfunctions

)\o = bk (6. 16)
and

uo = vk(x), (6. 17)
Expanding the perturbed eigenfunctions #(x) in
terms of the unperturbed eigenfunctions vk(x) yields

u=2; cp,, (6. 18)
%
and substitution into (6. 15) gives
27 (L +aNO%+a)cp, = 0. (6.19)

k

Multiplying (6. 19) by v; and forming an inner pro-
duct over the fundamental domain we get

- Zk) (@, Lv,) + al;, NOv)]c, = re,6;, (6. 20)
or

— D Ly aNg)e, = A¢;, (6. 21)
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where

L, = (v, Lvy) (6. 22)
and o o

Ny = (0, N"v,). (6. 23)
However, L has the diagonal representation

Lj=—0;0,, (6. 24)
so that (6. 21) can be written

2 (b0~ aNp)c, = g, (6. 25)

and completing the diagonalization of the matrix
A, = b0, — aN§ will yield the perturbed eigen-
values A. The matrix A referred to here is the
same as that utilized for the development of the
algebraic method. It is the form of the differential
equation that will generally determine which
method should be adopted for the computation of the
matrix elements.

A comparison with standard perturbation theory
can easily be made at this point. If, instead of mul-
tiplying (6.19) by v;, one multiplies by v, and forms
the inner product, (6. 20) will become

> [(,, Lv,) + oz(vk,Novk) +A)e,=0 (6. 26)
I3
or
77?) [b, — aN?, —A]c, = 0. (6. 27)
Thus
X =b, —aNy,, (6. 28)

which clearly defines the perturbed eigenvalues as
the diagonal elements of the matrix A.
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Errata: On Green’'s Functions to the Bethe-Salpeter Equation
[J. Math. Phys. 11, 715 (1970)]

Justin C.Huang and Brian DeFacio
Depayiment of Physics, University of Missouyri—Columbia, Columbia, Missouri 65201
(Received 8 September 1971)

Figures 1 and 4 are reversed; however, the equations Equation (3.12) on page 717 should read as
in the text describing choices of poles are all correct

and explain which poles and contours were used in the m
analysis. NR,+T) = [, k exp
Figure 6 is incorrect for the contour used for the inte-

gral L(—, +) and should close over the upper half-
plane and enclose the top half of the branch cut and The conclusions of the paper remain unaltered after

the branch point at & = im. the above corrections.

] 2 __ p2)1/2
[ itm® — 12T b (3.12)
k2 + g2
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